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FROM THE AUTHOR’S PREFACE TO 
THE FIRST EDITION 


E INSTEIN’S Theory of Relativity haa advanced our 
ideas of the structure of the cosmos a step further It 
is as if a wall which separated us from Truth has 
collapsed Wider expanses and greater depths are now ex- 
posed to the searching eye of knowledge, regions of which we 
had not even a presentiment It has brought us much nearer 
to grasping the plan that underlies all physical happening 
Although very recently a whole senes of more or less 
popular introductions into the general theory of relativity has 
appeared, nevertheless a systematic presentation was lacking 
I therefore considered it appropriate to publish the following 
lectures which I gave m the Summer Term of 1917 at the 
Eidgen Technische Hochschule m Zurich At the same time 
it was my wish to present this great subject as an illustra- 
tion of the intermingling of philosophical, mathematical, and 
physical thought, a study which is dear to my heart. This 
could be done only by building up the theory systematically 
from the foundations, and by restricting attention throughout 
to the prmciplea But I have not been able to satisfy these 
self-imposed requirements : the mathematician predominates 
at the expense of the philosopher, 

The theoretical equipment demanded of the reader at the 
outset is a minimum Not only is the special theory of rela- 
tivity dealt with exhaustively, but even Maxwell’s theory and 
analytical geometry are developed in their main essentials. 
This was a part of the whole sqjieme. The setting upxif the 
Tensor Calculus — by means of Which, alone, it is possible to 
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express adequately the physical knowledge under discussion 
— occupies a relatively large amount of space. It is therefore 
hoped that the boob will be found suitable for making physicists 
better acquainted with this mathematical instrument, and 
also that it Will serve as a text-book for students and win 
their sympathy for the new ideas. 


RlBEITZ IN M^CKLBNBUEO 
Easter, 1918 


HERMANN WEYL 


PEEFACE TO THE THIED EDITION 

A LTHOUGH this book offers fruits of knowledge in a 
refractory shell, yet communications that have reached 
me have shown that to some it has been a source of 
comfort in troublous times To gaze up from the rums of 
the oppressive present towards the stars is to recognise the 
indestructible world of laws, to strengthen faith in reason, to 
realise the “ harmoma mundi ” that transfuses all phenomena, 
and that never has been, nor will be, disturbed 

My endeavour m this third edition has been to attune this 
harmony more perfectly Whereas the second edition was 
a reprint of the first, I have now undertaken a thorough 
revision which affects Chapters II and IV above all The 
discovery by Levi-Civita, in 1917, of the conception of infini- 
tesimal parallel displacements suggested a renewed examina- 
tion of the mathematical foundation of Riemann’s geometry 
The development of pure infinitesimal geometry in Chapter 
II, in which every step follows quite naturally, clearly, and 
necessarily, from the preceding one, is, I believe, the final 
result of this investigation as far as the essentials are con- 
cerned. Several shortcomings that were present in my first 
account m the, Mathematische Zettschnft (Bd 2, 1918) have 
now been elitmnated Chapter IV, which is in the main 
devoted to Eir is tem’s Theory of Gravitation has, in considera- 
tion of the various important works that have appeared in the 
meanwhile, ip particular those that refer to the Principle of 
Energy-Momentum, been subjected to a very considerable 
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revision. Furthermore, a new theory by the author has been 
added, which draws the physical inferences consequent on the 
extension of the foundations of geometry beyond Riemann, 
as shown in Chapter II, and represents an attempt to derive 
from world-geometry not only gravitational but also electro- 
magnetic phenomena Even if this theory is still only in its 
infant stage, I feel convinced that it contains no less truth 
than Einstein’s Theory of Gravitation — whether this amount 
of truth is unlimited or, what is more probable, is bounded by 1 
the Quantum Theory 

I wish to thank Mr Weinstein for his help m correcting 
the proof-sheets. 

HERMANN WE YE 

Acla. Pozzoli, near Samadun 
August, 1919 


PREFACE TO THE FOURTH EDITION 

I N this edition the book has on the whole preserved its 
general form, but there are a number of small changes and 
additions, the most important of which are (1) A para- 
graph added to Chapter II in which the problem of space is 
formulated in conformity with the view of the Theory of 
Groups , we endeavour to arrive at an understanding of the 
inner necessity and uniqueness of Pythagorean space metrics 
based on a quadratic differential form (2) We show that the 
reason that Einstein arrives necessarily at uniquely determined 
gravitational equations is that the scalar of curvature is the 
only invariant having a certain character in Riemann’s space. 
(3) In Chapter IV the more recent experimental researches 
dealing with the general theory of relativity are taken into con- 
sideration, particularly the deflection of rays of light by the 
gravitational field of the sun, as was shown during the solar 
eclipse of 29th May, 1919, the results of which aroused great 
interest in the theory on all sides. (4) With Mie’s view of 
matter there is contrasted another (vide particularly § 32 and 
§36), according to which matter is a limiting singularity of 
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the field, but charges and masses are force-fluxes in the field. 
This entails a new and more cautious attitude towards the 
whole problem of matter. 

Thanks are due to various known and unknown readers for 
pointing out desirable modifications, and to Professor Nielsen 
(at Breslau) for kindly reading the proof-sheets 

HERMANN WEYIi 

Ztaicn, November, 1920 



TRANSLATOR’S NOTE 


I N this rendering of Professor Weyl’s book into English, 
pains have been taken to adhere as closely as possible to 
the original, not only as regards the general text, but also 
in the choice of English equivalents for technical expressions. 
For example, the word affine has been retained. It is used 
by Mobius in his Der Barycentnsche Calcul, in which he 
quotes a Latin definition of the term as given by Euler 
Yeblen and Young have used the word in their Projective 
Geometry, so that it is not quite unfamiliar to English 
mathematicians Abbildung, which signifies representation, is 
generally rendered equally well by transformation, inasmuch 
as it denotes a copy of certain elements of one space mapped 
out on, or expressed in terms of, another space In some 
cases the German word is added in parenthesis for the sake 
of those who wish to pursue the subject further in original 
papers It is hoped that the appearance of this English 
edition will lead to further efforts towards extending Einstein’s 
ideas so as to embrace all physical knowledge Much has 
been achieved, yet much remains to be done The brilliant 
speculations of the latter chapters of this book show how vast 
is the field that has been opened up by Einstein’s genius. 
The work of translation has been a great pleasure, and I wish 
to acknowledge here the courtesy with which suggestions 
concerning the type and the symbols have been received and 
followed by Messrs Methuen & Co Ltd. Acting on the 
advice of interested mathematicians and physicists I have 
used Clarendon type for the vector notation. My warm 
thanks are due to Professor G H Hardy of New College and 
Mr T W. Chaundy, M A , of Christ Church, for valuable sug- 
gestions and help in looking through the proofs Great care 
has been taken to render the mathematical text as perfect as 
possible. 

HENRY L. BROSE 

Ohbibt Chubch, Oxtoed 
December, 1921 
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INTRODUCTION 

S PACE and time are commonly regarded as the forms of 
existence of the real world, matter as its substance. A 
definite portion of matter ocoupies a definite part of space 
at a definite moment of time It is in the composite idea Of 
motion that these three fundamental conceptions enter into inti- 
mate relationship Descartes defined the objective of the exact 
sciences as consisting in the description of all happening in terms 
of these three fundamental conceptions, thus referring them to_ 
motion. Since the human mind first wakened from slumber, and 
was allowed to give itself free rein, it has never ceased to feel the 
profoundly mysterious nature of time-consciousness, of the pro- 
gression of the world in time, — of Beco ming It is one of those 
ultimate metaphysical problems which, philosophy has striven to 
elucidate and unravel at every stage of its history The Greeks 
made Space the subject-matter of a science of supreme simplicity 
and certainty Out of it grew, in the mind of classical antiquity, 
the idea of pure science Geometry became one of the most power- 
ful expressions of that sovereignty of the intellect that inspired the 
thought of those times At a later epoch, when the intellectual 
despotism of the Church, which had been maintained through the 
Middle Ages, had crumbled, and a wave of scepticism threatened to 
sweep away all that had seemed most fixed, those who believed 
m Truth clung to Geometry as to a rock, and it was the highest 
ideal of every scientist to carry on his scienoe “ more geo - 
metrlco Matter was imagined to be a substance involved m 
every change, and it was thought that every piece of matter could 
be measured as a quantity, and that its characteristic expression as a 
“substance” was the Law of Conservation of Matter which asserts 
that matter remains constant in amount throughout every change. 
This, which has hitherto represented our knowledge of space and 
matter, and which was m many quarters claimed by philosophers 
1 
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as a priori, knowledge, absolutely general and necessary, stands 
to-day a tottering structure First, the physicists m the persons of 
Faraday and Maxwell, proposed the “ electromagnetic field M in 
contradistinction to matter, as a reality of a different category. 
Then, during the last century, the mathematician, following a differ- 
ent line of thought, secretly undermined belief in the evidence of 
Euclidean Geometry And now, in our time, there has been un- 
loosed a cataclysm which has swept away space, time, and matter 
hitherto regarded as the firmest pillars of natural science, but only 
to make place for a view of things of wider scope, and entailing a 
deeper vision. 

This revolution was promoted essentially by the thought of one 
man, Albert Einstein The working-out of the fundamental ideas 
seems, at the present time, to have reached a certain conclusion , 
yet, whether or not we are already faced with a new state of affairs, 
we feel ourselves compelled to subject these new ideas to a close 
analysis Nor is any retreat possible The development of scien- 
tific thought may once again take us beyond the present achieve- 
ment, but a return to the old narrow and restricted scheme is out 
of the question. 

Philosophy, mathematics, and physics have each a Bhare in the 
problems presented here We shall, however, be concerned above 
all with the mathematical and physical aspect of these questions 
I shall only touch lightly on the philosophical implications for the 
simple reason that in this direction nothing final has yet been 
reached, and that for my own part I am not m a position to give 
such answers to the epistemological questions involved as my con- 
science would allow me to upho2d. The ideas to be worked out in 
this book are not the result of some speculative inquiry into the 
foundations of physical knowledge, but have been developed m 
the ordinary course of the handling of ooncrete physical problems — 
problems arising in the rapid development of science which has, as 
it were, burst its old shell, now beoome too narrow. This revision 
of fundamental principles was only undertaken later, and then 
only to the extent necessitated by the newly formulated ideas 
As things are to-day, there is left no alternative but that the 
separate scienoes should each proceed along these lines dogmati- 
cally, that is to say, should follow m good faith the paths along 
which they are led by reasonable motives proper to their own 
peculiar methods and special limitations. The task of shedding 
philosophic light on to these questions is, none the less an impor- 
tant one, because it is radically different from that which falls to 
the lot of individual sciences. 'This is the point at which the 
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philosopher must exercise his discretion. If he keep in view the 
boundary lines determined by the difficulties inherent in these prob- 
lems, he may direct, but must not impede, the advance of sciences 
whose field of inquiry is confined to the domain of concrete 
objects. 

Nevertheless I shall begin with a few reflections of a philo- 
sophical character. As human beings engaged in the ordinary 
activities of our daily lives, we find ourselves confronted in our 
acts of perception by material things. We ascribe a “ real ” ex- 
istence to them, and we accept them in general as constituted, 
Bhaped, and coloured in such and such a way, and so forth, as they 
appear to us in our perception in “general,” that is ruling out 
possible illusions, mirages, dreams, and hallucinations. 

These material things are immersed in, and transfused by, a 
manifold, indefinite in outline, of analogous realities which unite 
to foim a single ever-present world of space to which I, with rhy 
own body, belong. Let us here consider only these bodily objects, 
and not all the other things of a different category, with which we 
as ordinary beings are confronted , living creatures, persons, objects 
of daily use, values, such entities as state, right, language, etc. 
Philosophical reflection probably begins in every one of us who is 
endowed with an abstract turn of mind when he first becomes 
sceptical about the world-view of naive realism to which I have 
briefly alluded 

It is easily seen that such a quality as “ green ” has an exist- 
ence only as the correlate of the sensation “ green ” associated 
with an object given by perception, but that it is meaningless to 
attach it as a thing in itself to material things existing in them- 
selves. This recognition of the subjectivity of the qualities 
of sense IS found in Galilei (and also in Descartes and Hobbes) in 
a form closely related to the principle underlying the constructive 
mathematical method of our modern physics which repudi- 
ates “ qualities Aocordmg .to this principle, colours are 
“ really " vibrations of the aether, 1 e. motions. In the field of 
philosophy Kant was the first to take the next decisive step to- 
wards the point of view that not only the qualities revealed by the 
senses, but also space and spatial characteristics have no objective 
significance m the absolute sense , in other words, tha^space^too, 
is only a form of our perception. In the realm of pnysics it Is 
perhaps only the theory of relativity which has made it quite 
clear that the two essences, spaoe and time, entering into our in- 
tuition have no place in the world constructed by mathematical 
physios. Colours are thus “rdally” not even tether- vibrations, 
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but merely a series of values of mathematical functions m which 
occur four independent parameters corresponding to the three 
dimensions of space, and the one of time 

Expressed as a general principle, this means that the real 
world, and every one of its constituents with their accompanying 
characteristics, are, and can only be given as, intentional objects of 
acts of consciousness. The immediate data which I receive are the 
experiences of consciousness m just the form in which 1 receive 
them They are not composed of the mere stuff of perception, 
as many Positivists assert, but we may say that in a sensation 
an object, for example, is actually physically present for me — to 
whom that sensation relates — in a manner known to every one, 
yet, since it is characteristic, it cannot be described more fully. 
Following Brentano, I shall call it the “intentional object “. 
In experiencing perceptions I see this chair, for example My 
attention is fully directed towards it I “ have ” the perception, 
but it is only when I make this perception in turn the intentional 
object of a new inner peiception (a free act of reflection enables 
me to do this) that I “ know ” something regarding it (and not 
the chair alone), and ascertain precisely what I remarked just 
above In this second act the intentional object is immanent, 
is like the act itself, it is a real component of my stream of 
experiences, whereas in the primary act of perception the object 
is transcendental, l e it is given in an experience of consciousness, 
but is not a real component of it What is immanent is absolute, 
l e it is exactly what it is in the form in which I have it, and I 
can reduce this, its essence, to the axiomatic by acts of reflection 
On the other hand, transcendental objects have only a phenomenal 
existence , they are appearances presenting themselves in manifold 
ways and in manifold “ gradations ” One and the same leaf seems 
to have such and such a size, or to be coloured m such and such 
a way, according to my position and the conditions of illumina- 
tion Neither of these modes of appearance can claim to present 
the leaf just as it is “ in itself ” Furthermore, in every perception 
there is, without doubt, involved the thesis of reality of the 
object appearing in it , the latter is, indeed, a fixed and lasting 
element of the general thesis of reality of the world When, 
however, we pasB from the natural view to the philosophical atti- 
tude, meditating upon perception, we no longer subscribe to this 
thesis We simply affirm that something real is “ supposed " m 
it. The meaning of such a supposition now becomes the problem 
which must be solved from the data of consciousness In addition 
a justifiable ground for making it must be found I do not by this 
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in any way wish to imply that the view that the events of the 
world are a mere play of the consciousness produced by the ego, 
contains a higher degree of truth than naive realism , on the con- 
trary, we are only concerned m seeing clearly that the datum of 
consciousness is the startmg-point at which we must place our- 
selves if we are to understand the absolute meaning as well as the 
right to the supposition of reality In the field of logic we have an 
analogous case. A judgment, which I pronounce, affirms a certain 
set ot circumstances , it takes them as tiue Here, again, the philo- 
sophical question of the meaning of, and the justification for, this 
thesis of truth arises , here, again, the idea of objective truth is 
not denied, but becomes a problem which has to be grasped from 
what is given absolutely “ Pure consciousness ” is the seat of 
that which is philosophically a pnoi i On the other hand, a philo- 
sophic examination of the thesis ot truth must and will lead to 
the conclusion that none of these acts of perception, memory, etc , 
which present experiences from which I seize reality, gives us a 
conclusive right to ascribe to the perceived object an existence and 
a constitution as poroeived This right can always in its turn be 
over-ridden by rights founded on other perceptions, etc 

It is the nature of a real thing to be inexhaustible in content, 
we can get an ever deeper insight into this content by the con- 
tinual addition of new experiences, partly in apparent contradiction, 
by bringing them into harmony with one another In this inter- 
pretation, things of the real world are approximate ideas Prom 
this arises the empirical character of all our knowledge of reality * 

Time is the primitive form of the stream of consciousness It 
is a fact, however obscure and peiplexmg to our minds, that the 
contents of consciousness do not present themselves simply as 
being (such as conceptions, numbers, etc ), but as being now filling 
the form of the endunng present with a varying content So that 
one does not say this is but this is now, yet now no more If we 
project ourselves outside the stream of consciousness and repre- 
sent its content as an object, it becomes an event happening in 
time, the separate stages of which stand to one another in the 
relations of earlier and later. 

Just as time is the form of the stream of oonsciousness, so one 
may justifiably assert that space is the form of external material 
reality. All characteristics of material things as they are presented 
to us in the acts of external perception (e g colour) are endowed 
with the separateness of spatial extension, but it is only when 
we build up a single connected real world out of all our experi- 
ences that the spatial extension, which is a constituent of every 

* Note 1. 
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perception, becomes a part of one and the same all-inclusive space. 
Thus space is the form of the external world. That is to Bay, 
every material thing can, without changing content, equally well 
occupy a position m Space different from its present one This im- 
mediately gives us the property of the homogeneity of space which 
is the root of the conception, Congruence. 

Now, if the worlds of consciousness and of transcendental 
reality were totally different from one another, or, rather, if only 
the passive act of perception bridged the gulf between them, the 
state of affairs would lemam as I have just represented it, namely, 
on the one hand a consciousness rolling on m the form of a lasting 
present, yet spaceless, on the other, a reality spatially extended, 
yet timeless, of which the former contains but a vaiymg appearance 
Antecedent to all perception theie is in us the experience of effort 
and of opposition, of being active and being passive For a person 
leading a natural life of activity, perception serves above all to 
place clearly before his consciousness the definite point of attack 
of the action he wills, and the source of the opposition to it As 
the doer and endurer of actions I become a single individual with 
a psychical reality attached to a body which has its place in space 
among the material things of the external woild, and by which I 
am m communication with othei similai individuals Conscious- 
ness, without surrendering its immanence, becomes a piece of 
reality, becomes this particular person, namely myself, who was 
born and will die Moreover, as a result of this, consciousness 
spreads out its web, m the form of time, over reality Change, 
motion, elapse of time, becoming and ceasing to be, exist in time 
itself , just as my will acts on the external world through and 
beyond my body as a motive powei , so the external world is m its 
turn active (as the German word “ Wirklichkeit,” reality, derived 
from “ wirken ” = to act, indicates) Its phenomena are related 
throughout by a causal connection. In fact physics shows that 
cosmic time and physical form cannot be dissociated flora one 
another The new solution of the problem of amalgamating space 
and time offered by the theory of relativity brings with it a deeper 
insight into the harmony of action in the world 

The course of our future line of argument is thus clearly out- 
lined What remains to be said of time, treated separately, and 
of grasping it mathematically and conceptually may be included in 
this introduction. We shall have to deal with space at much 
greater length Chapter I will be devoted to a discussion of 
Euclidean space and its mathematical structure In Chapter II 
will be developed those ideas which compel us to pass beyond the 
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Euclidean scheme ; this reaches its climax in the general space- 
conception of the metrical continuum (Riemann’s conception of 
space) Following upon this Chapter III will discuss the problem 
mentioned just above of the amalgamation of Space and Time in 
the world From this point on the results of mechanics and 
physics will play an important part, inasmuch as this problem by 
its very nature, as has already been remarked, comes into our view 
of the world as an active entity The edifice constructed out of 
the ideas contained in Chapters II and III will then in the final 
Chapter IV lead us to Einstein’s General Theory of Relativity, 
which, physically, entails a new Theory of Gravitation, and also 
to an extension of the latter which embraces electromagnetic 
phenomena in addition to gravitation The revolutions which are 
brought about in our notions of Space and Time will of necessity 
affect the conception of matter too Accordingly, all that has to 
be said about matter will be dealt with appropriately in Chapters 
III and IV 

To be able to apply mathematical conceptions to questions of 
Time we must postulate that it is theoretically possible to fix 
in Time, to any Older of accuracy, an absolutely rigoious now 
(present) as a point of Time — i c to be able to indicate points of 
time, one of which will always bo the earlier and the other the 
later The following principle will hold for this “ oider-relation ” 
If A is earlier than B and B is earlier than C, then A is earlier 
than C Each two points of Time, A and B, of which A is the 
earlier, mark off a length of time ; this includes every point 
which is later than A and earlier than B The fact that Time is 
a form of our stream of experience is expressed m the idea of 
equality: the empirical content which fills the length of Time 
AB can in itself be put into any other time without being in any 
way different from what it is The length of time which it would 
then occupy is equal to the distance AB This, with the help of 
the principle of causality, gives us the following objective criterion 
in physics for equal lengths of time If an absolutely isolated 
physical system (1 e one not subject to external influences) reverts 
once again to exactly the same state as that in which it was at 
some earlier instant, then the same succession of states will be 
repeated in time and the whole series of events will constitute a 
cycle. In general such a system is called a clock. Each period 
of the cycle lasts equally long 

The mathematical fixing of time by measuring it is based upon 
these two relations, “earlier (or later) times” and “ equal times”. 
The nature of measurement may be indicated briefly as follows . 
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Time is homogeneous, 1 e a single point of time can only be given 
by being specified individually There is no inherent property 
arising from the general nature of time which may be ascribed to 
any one point but not to any other , or, every property logically 
derivable from these two fundamental relations belongs either to 
all points or to none. The same holds for time-lengths and 
point-pairs A property which is based on these two relations and 
which holds for one point-pair must hold for every point-pair AB 
(in which A is earlier than B) A difference arises, however, in the 
case of three point-pairs If any two time-points 0 and E are 
given such that 0 is earlier than E , it is possible to fix conceptually 
further time-points P by referring them to the unit-distance OE 
This is done by constiuctmg logically a relation t between three 
points such that for every two points 0 and E, of which O is the 
earlier, there is one and only one point P which satisfies the 
relation t between 0, E and P, l e symbolically, 

OP =t OE 

(e g OP = 2 OE denotes the relation OE - EP) Numbers are 
merely concise symbols for such lelations as t, defined logically 
from the primary relations P is the “ time-point with the 
abscissa t in the co-ordinate system (taking OE as unit length)” 
Two diffeient numbeis t and t* in the same co-oidmate system 
necessarily lead to two diffeient points , lor, otherwise, m con- 
sequence of the homogeneity of the continuum of time-lengths, 
the property expressed by 

t AB - t* AB, 

since it belongs to the time-length AB — OE, must belong to every 
time-length, and hence the equations AC = t AB, AC — t* AB 
would both express the same relation, l e. f would be equal to t* 
Numbers enable us to single out separate time-points relatively to 
a unit-distance OE out of the time-continuum by a conceptual, 
and hence objective and precise, process But the objectivity of 
things conferred by the exclusion of the ego and its data derived 
directly from intuition, is not entirely satisfactory , the co-ordinate 
system which can only be specified by an individual act (and then 
only approximately) lemains as an inevitable residuum of this 
elimination of the percipient 

It seems to me that by formulating the principle of measurement 
in the above terms we see clearly how mathematics has come to 
play its r61e m exact natural science An essential feature of 
measurement is the difference between the “determination” of an 
object by individual specification and the determination of the same 
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object by some conceptual means The latter is only possible 
relatively to objects which must be defined directly That is why 
a theory of relativity is perforce always involved in measure- 
ment The general problem which it proposes for an arbitrary 
domain of objects takes the form (1) What must be given such that 
relatively to it (and to any desired order of precision) one can single 
out conceptually a single arbitrary object P from the continuously 
extended domain of objects under consideration? That which has 
to be given is called the co-ordinate system, the conceptual 
definition is called the co-ordinate (or abscissa) of P in the co- 
ordinate system Two different co-ordmate systems are completely 
equivalent for an objective standpoint Theie is no property, that 
can be fixed conceptually, which applies to one co-ordmate system 
but not to the other , for in that case too much would have been given 
directly (2) What relationship exists between the co-ordinates 
of one and the same arbitrary object P in two diffeient co-ordinate 
systems ? 

In the realm of tmae-pomts, with which we are at present con- 
cerned, the answer to the first question is that the co-ordinate 
system consists of a time-length OE (giving the origin and the 
unit of measure) The answer to the second question is that the 
required relationship is expressed by the formula of transformation 

t = at' + b ( a>o ) 

in which a and b are constants, whilst t and t' are the co-ordinates 
of the same arbitrary point P in an “ unaccented ” and “ accented ” 
system respectively For all possible pairs ot co-oidmate systems 
the characteristic numbers, a and b, of the transformation may be 
any real pumbers with the limitation that a must always be posi- 
tive The aggregate of transformations constitutes a group, as 
their nature would imply, 1 e , 

1. “ identity ” t = t' is contained in it 

2 Every transformation is accompanied by its reciprocal in 
the group, l e by the transformation which exactly cancels its 
effect Thus, the mvqrse of the tiansformation (a, b), viz t = at' + b, 

(1 b \ 1 „ b 

\a aj a a 

3 If two transformations of a group are given, then the one 
which is produced by applying these two successively also belongs to 
the group It is at once evident that, by applying the two trans- 
formations 


t — at’ + b 


t’ = a’t" + b’ 
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in succession, we get 

t = a-J." + 

where = a a' and b 1 = (ah') + b , and if a and a 1 are positive, 
so is their product 

The theory of relativity discussed in Chapters III and IV pro- 
poses the problem of relativity, not only for time-points, but for 
the physical world m its entirety. We find, however, that this 
problem is solved once a solution has been found for it in the case 
of the two forms of this world, space and time By choosing a 
co-ordinate system for space and time, we may also fix the physi- 
cally real content of the world conceptually in all its parts by 
means of numbeis 

All beginnings are obscure Inasmuch as the mathematician 
operates with his conceptions along strict and formal lines, he, 
above all, must be reminded from time to time that the origins of 
things lie in greater depths than those to which his methods en- 
able him to descend Beyond the knowledge gained from the in- 
dividual sciences, there lemams the task of comprehending. In 
spite of the fact that the views of philosophy sway from one 
system to another, we cannot dispense with it unless we are to 
convert knowledge into a meaningless chaos 
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EUCLIDEAN SPACE ITS MATHEMATICAL FORMULATION AND 
ITS R6LE IN PHYSICS 

§ 1. Deduction of the Elementary Conceptions of Space from 
that of Equality 

J UST as we fixed the present moment (“ now ”) as a geometnoal 
point m time, so we fix an exact “ here,” a point in space, 
as the first element of continuous spatial extension, which, 
like time, is infinitely divisible Space is not a one-dimensional 
continuum like time The principle by which it is continuously 
extended cannot be reduced to the simple relation of “ earlier” or 
“later” We shall lefrain fiom inquiring what relations enable 
us to grasp this continuity conceptually On the other hand, space, 
like time, is a form of phenomena Precisely the same content, 
identically the same thing, still remaining what it is, can equally 
well be at some place in space other than that at which it is actually 
The new portion of Space S' then occupied by it is equal to that 
portion S which it actually occupied S and S' are said to be 
oongruent. To every point P of S there corresponds one definite 
homologous point P' of S' which, after the above displacement to a 
new position, would be surrounded by exactly the same part of the 
given content as that which suirounded P originally We shall call 
this “ transformation ” (in vntue of which the point P' corresponds 
to the point P) a oongruent transformation. Provided that the 
appropriate subjective conditions are satisfied the given material 
thing would seem to us after the displacement exactly the same as 
before Theie is reasonable justification for believing that a rigid 
body, when placed in two positions successively, realises this idea 
of the equality of two portions of space , by a rigid body we mean 
one which, however it be moved or treated, can always be made to 
appear the same to us as before, if we take up the appropriate 
position with respect to it I shall evolve the scheme of geometry 
from the conception of equality combined with that of continuous 
connection — of which the latter offers great difficulties to analysis 

11 
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— and shall show in a superficial sketch how all fundamental con- 
ceptions of geometry may be traced back to them My real object 
in doing so will be to single out translations among possible con- 
gruent transformations Starting from the conception of translation 
I shall then develop Euclidean geometry along strictly axiomatic 
lines 

First of all the straight line. Its distinguishing feature is that 
it is determined by two of its points Any other line can, even 
when two of its points aie kept fixed, be brought into another 
position by a congruent transformation (the test of straightness). 

Thus, if A and B are two different points, the straight line 
g — AB includes every point which becomes transformed into itself 
by all those congruent transformations which transform AB into 
themselves (In familiar language, the stiaight line lies evenly 
between its points) Expiessed kinematically, this is tantamount 
to saying that we regard the straight line as an axis of rotation 
It is homogeneous and a linear continuum just like time Any 
arbitrary point on it divides it into two parts, two " rays ” If B 
lies on one of these parts and C on the other, then A is said to 
be between B and C and the points of one part he to the right of 
A, the points of the other part to the left (The choice as to 
which is right or left is determined arbitral lly) The simplest 
fundamental facts which are impli d by the conception “ between ” 
can be formulated as exactly and completely as a geometry which 
is to be built up by deductive processes demands For this reason 
we endeavour to trace back all conceptions of continuity to the 
conception “ between,” 1 e to the relation “A is a point of the 
straight lino BC and lies between B and G" (this 19 the reverse of 
the real intuitional relation) Suppose A' to be a point on g to 
the right of A, then A' also divides the line g into two parts We 
call that to which A belongs the left-hand side If, however, 
A' lies to the left of A the position is reversed With this con- 
vention, analogous relations hold not only for A and A' but also 
for any two points of a straight line The points of a straight 
line are ordered by the terms left and right in precisely the same 
way as points of time by the terms earlier and later 

Left and right are equivalent There is one congruent trans- 
formation which leaves A fixed, but which interchanges the 
two halves into which A divides the straight line Every finite 
portion of straight line AB may be superposed upon itself m such 
a way that it is reversed (1 e so that B falls on A, and A falls on 
B) On the other hand, a congruent transformation which trans- 
forms A into itself, and all points to the right of A into points to 
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the right of A, and all points to the left of A into points to the left 
of A, leaves every point of the straight line undisturbed The 
homogeneity of the straight line is expressed in the fact that the 
straight line can be placed upon itself in such a way that any 
point A of it can be transformed into any other point A' of it, and 
that the half to the right of A can be transformed into the half to 
the right of A', and likewise for the portions to the left of A and 
A' respectively (this implies a mere translation of the stiaight 
line) If we now introduce the equation AD = A'B' foi the points 
of the straight line by interpreting it as meaning that AB is trans- 
formed into the straight line A'B' by a translation, then the same 
things hold for this conception as for time These same circum- 
stances enable us to introduce numbers, and to establish a rever- 
sible and single correspondence between the points of a straight line 
and real numbers by using a unit of length OE 

Let us now consider the group of congruent transformations 
which leaves the straight line g fixed, l e transforms every point 
of g into a point of g again 

We have called particular attention to rotations among these 
as having the property of leaving not only g as a whole, but 
also every single point of g unmoved in position How can trans- 
lations in this group be distinguished fiom twists? 

I shall here outline a preliminary argument in which not only 
the straight line, but also the plane is based on a property of 
rotation 

Two rays which start from a point 0 foim an angle. Every 
angle can, when inverted, be superposed exactly upon itself, so 
that one arm falls on the other, and vice versa Every right angle 
is congruent with its complementary angle Thus, if h is a straight 
line perpendicular to g at the point A, then there is one rotation 
about g (“ inversion ”) which inteichanges the two halves into which 
h is divided by A All the straight lines which are perpendicular 
to g at A together form the plane E through A perpendicular to g 
Each pair of these perpendicular straight lines may be produced 
from any other by a rotation about g 
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If g is inverted, and placed upon itself in some way, so that A 
is transformed into itself, but so that the two halves into which A 
divides g are interchanged, then the plane E of necessity coincides 
with itself The plane may also be defined by taking this pro- 
perty in conjunction with that of symmetry of rotation. Two 
congruent tables of revolution (1 e symmetrical with respeot to 
rotations) are plane if, by means of inverting one, so that its axis 
is vertical in the opposite direction, and placing it on the other, 
the two table-surfaces can be made to coincide The plane is 
homogeneous The point A on E which appears as the centre m this 
example is in no way unique among the points of E A straight 
line g' passes through each one A' of them in such a way that E 
is made up of all straight lines through A' perpendicular to g . 
The straight lines g' which are perpendicular to E at its points A' 
respectively form a group of parallel straight lines The straight 
line g with which we started is in no wise unique among them 
The straight lines of this group occupy the whole of space in such 
a way that only one straight line of the group passes through each 
point of space This in no way depends on the point A of the* 
straight line g, at which the above construction was performed 

If A* is any point on j, then the plane which is erected 
normally to g at A* cuts not only g perpendicularly but also 
all straight lines of the group of parallels All such normal 
planes E* which are erected at all points A* on g form a group 
of parallel planes These also fill space continuously and uniquely 
We need only take another small step to pass from the above 
framework of space to the rectangular system of co-ordinates 
We shall use it heie, howcvei, to fix the conception of spatial 
translation 

Translation is a congruent transformation which transforms 
not only g but every straight line of the group of parallels into 
itself Theie is one and only one translation which transfers the 
arbitrary point A on g to the arbitrary point A* on the same 
straight line. 

I shall now give an alternate method of arriving at the con- 
ception of translation The chief charactenstic of translation is 
that all points are of equal importance in it, and that the behaviour 
of a point during translation does not allow any objective assertion 
to be made about it, which could not equally well be made of any 
other point (this means that the points of space for a given trans- 
lation can only be distinguished by specifying each one singly 
[“ that one there "J, whereas in the case of rotation, for example, 
the points on the axis are distinguished by the property that they 
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preserve their positions). By using this as a faaBis we get the 
following definition of translation, which is quite independent of 
the conception of rotation Let the arbitrary point P be trans- 
formed into P' by a congruent transformation we shall call P 
and P' connected points A second congruent transformation 
which has the property of again transforming every pair of con- 
nected points into connected points, is to be called interchange- 
able with the first transformation. A congruent transformation 
is then called a translation, if it gives rise to interchangeable con- 
gruent transformations, which transfoim the arbitrary point A 
into the arbitrary point B The statement that two congruent 
transformations I and II are interchangeable signifies (as is easily 
proved from the above definition) that the congruent transformation 
resulting from the successive application of I and II is identical 
with that which results when these two transformations are 
performed in the reverse oidei It is a fact that one translation 
(and, as we shall see, only one) exists, which transfoims the 
arbitrary point A into the arbitraiy point B Moreover, not only 
is it a fact that, if T denote a translation and A and B any two 
points, theie vs, according to our definition, a congruent trans- 
formation, interchangeable with T, which transforms A into B, 
but also that the paiticular translation which transforms A into 
B has the required property A translation is therefore inter- 
changeable with all other translations, and a congruent trans- 
formation which is interchangeable with all translations is also 
necessarily a translation From this it follows that the congruent 
transformation which results fiom successively performing two 
translations, and also the “inverse” of a translation (1 e that 
transformation which exactly reverses or neutralises the original 
translation) is itself a translation. Ti animations possess the 
“gioup” property* There is no translation which transforms 
A into A except identity, in which every point remains un- 
disturbed For if such a translation were to transform P into P', 
then, according to definition, there must be a congruent trans- 
formation, which transforms A into P and simultaneously A into 
P', P and P' must therefore be identical points Hence there 
cannot be two different translations both of which transform A 
into another point B 

As the conception of translation has thus been defined in- 
dependently of that of rotation, the translational view of the 
straight line and plane may thus be formed in contrast with the 
above view based on rotations Let a be a translation which 
transfers the point A 0 to A This same translation will transfer 

•Note 2. 
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A 1 to a point A 2 , A,, to A s , etc Moreover, through it A 0 will 
be derived from a certain point A_ ]t A- x from A_ 2 , etc This 
does not yet give us the whole stiaight line, but only a series of 
equi-distant points on it Now, if n is a natural number (integer), 

ft 

a translation - exists which, when repeated n times, gives a If, 

81 

then, starting from the point A u we use - in the same way as we 

fl 

]ust now used a we shall obtain an array of points on the straight 
line under construction, which will be n times as dense 

If we take all possible whole numbers as values of n this array 
will become denser in propoition as n increases, and all the points 
which we obtain finally fuse together into a linear continuum, in 
which they become embedded, giving up their individual existences 
(this description is founded on our intuition of continuity) We 
may say that the stiaight line is denved from a point by an infinite 
repetition of the same infinitesimal tianslation and its inverse A 
plane, however, is denved by translating one stiaight line, g, along 
another, h It g and h aie two different straight lines passing 
through the point A 0 , then it wo apply to g all the translations 
which ttansfoim h into itself, all straight lines which thus result 
from g together foi m the common plane of g and h 

We succeed in introducing logical older into the structure of 
geometry only if we first narrow down the general conception of 
congruent tiansformation to that of translation, and use this as an 
axiomatic foundation (^ 2 and 3) By doing this, however, we 
arrive at a geometry of translation alone, viz affine geometry 
within the limits of which the general conception of congruence 
has later to be re-inti oduced ($> 4) Since intuition has now 
furnished us with the necessary basis we shall in the next 
paragraph enter into the region of deductive mathematics 

& 2. The Foundations of Affine Geometry 

For the present we shall use the term vector to denote a 
translation or a displacement a m the space. Later we shall have 
occasion to attach a wider meaning to it The statement that the 
displacement a transfers the point P to the point Q (“ transforms ” 
P into Q) may also be expressed by saying that Q is the end-pomt 
of the vector a whose starting-point is at P If P and Q are any 
two points then there is one and only one displacement a whioh 
transfers P to Q We shall call it the vector defined by P and Q, 

and indicate it by PQ 
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The translation c which arises through two successive transla- 
tions a and b is called the sum of a and b, i.e. o = a + b. The 
definition of summation gives us (1) the meaning of multiplication 
(repetition) and of the division of a vector-by an integer , (2) the 
purport of the operation which transforms the vector a into its 
inverse — a , (3) the meaning of the nil-vector o, viz “ identity,’ 
which leaves all points fixed, 1 e a + o = a and a + ( — a) *= O. 

It also tells us what is conveyed by the symbols + r ~ = Aa, in 

which m and n are any two natural numbers (integers) and A 

denotes the fraction + — By taking account of the postulate of 

continuity this also gives us the significance of Aa, when A is any 
real number The following system of axioms may bo set up for 
affine geometry — 

1. Yecton 

Two vectors a and b uniquely determine a vector a + b as their 
sum A number A and a vector a uniquely define a vector Aa, 
which is “A times a” (multiplication) These operations are 
rf&b]ect to the following laws — 

(a) Addition — 

(1) a + b = b + a (Commutative Law) 

(2) (a + b) + 0 = a + (b + o) (Associative Law) 

(3) If a and c are any two vectors, then there is one and only 
one value of X for which the equation a + x = c holds It is 
called the difference between c and a and signifies c — a (Possibility 
of Subtraction) 

(fi) Multiplication — 

(1) (A + p) a = (Aa) + (pa) (First Distributive Law) 

(2) A(pa) <= (Ap)a (Associative Law) 

(3) 1 a = a. 

(4) A(a + b) = (Aa) + (Ab) (Second Distributive Law) 

For rational multipliers A, p, the laws (fi) follow from the 
axioms of addition if multiplication by such factors be defined 
from addition. In accordance with the principle of continuity we 
shall also make use of them for any arbitrary real numbers, but we 
purposely formulate them a3 separate axioms because they cannot 
be derived in the general form from the axioms of addition by 
logical reasoning alone By refraining from reducing multipli- 
cation to addition we are enabled through these axioms to banish 
continuity, which 13 so difficult to fix precisely, from the logical 

2 
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structure of geometry The law (J3) 4 comprises the theorems of 
similarity. 

(y) The “ Axiom of Dimensionality,” which occupies the next 
place in the system, will be formulated later 

1. Point! and Vector! 

1 Every pair of points A and B determines a vector a , ex- 
pressed symbolically AB — a If A is any point and a any vector, 
there is one and only cne point B for which AB = a 

2 If AB = a, BC = b, then A C = a + b 

In these axioms two fundamental categories of objects occur, 
viz. points and vectors , and there are three fundamental relations, 
those expressed symbolically by — 

■■ > 

a + b = c b = Aa AB = a (1) 

All conceptions which may be defined from (1) by logical reasoning 
alone belong to affine geometry The doctrine of affine geometry 
is composed of all theorems which can be deduced logically from 
the axioms (1), and it can thus be erected deductively on the 
axiomatic basis (1) and (2) The axioms are not all logically 
independent of one another for the axioms of addition for vectors 
(la, 2 and 3) follow from those ( II) which govern the relations 
between points and vectors It was our aim, however, to make 
the vector-axioms I suffice in themselves, so that we should be 
able to deduce fiom them all those facts which involve vectors 
exclusively (and not the relations between vectors and points) 

From the axioms of addition la we may conclude that a definite 
vector o exists which, for every vector a, satisfies the equation 

a + O = a From the axioms II it further follows that AB is 
equal to this vector o when, and only when, the points A and B 
coincide 

If 0 is a point and e is a vector differing from o, the end-points 
of all vectors OP which have the form £e (£ being an arbitrary real 
number) foim a straight line. This explanation gives the trans- 
lational or affine view of straight lines the form of an exact definition 
which rests solely upon the fundamental conceptions involved m 
the system of affine axioms Those points P for which the abscissa 
£ is positive form one-half of the straight line through O, those for 
which £ is negative form the other half If we write e : m place of 
e, and if e s is another vector, which is not of the form £e it then the 

end-points P of all vectors OP which have the form £fi x + <f 2 e s 
form a piano E (in tins way the plane is derived affinely by sliding 
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one straight line along another) If we now displace the plana E 
along a straight line passing through 0 but not lying on E, the 
plane passes through all space. Accordingly, if 0j is a vector not 
expressible in the form + f 8 e, then every vector can be repre- 
sented in one and only one way as a linear combination of 8 lP Bj, 
and e„ viz 

£ifli + "b £363 

We thus arrive at the following set of definitions — 

A finite number of vectors fii, e 2 , . . 6h is said to be linearly 

independent if 

fjOj + • ( 2 ) 

only vanishes when all the coefficients £ vanish simultaneously 
With this assumption all vectors of the form (2) together constitute 
a so-called h-dimensional linear vector-manifold (or simply 
vector-field) , in this case it is the one mapped out by the vectors 
e l( e 2 , e* An A-dimensional linear vector-manifold M can 

be characterised without referring to its particular base e, as 
follows — 

(1) The two fundamental operations, viz addition of two 
vectois and multiplication of a vector by a number do not transcend 
the manifold, 1 e the sum of two vectors belonging to M as also 
the product of such a vector and any real number also lie 111 M 

(2) There are h linearly independent vectors in M, but every 
h + 1 are linearly dependent on one another 

From the property (2) (which may be deduced from our original 
definition with the help of elementary results of linear equations) 
it follows that h, the dimensional numbei , is as such characteristic 
of the manifold, and is not dependent on the special vector base by 
which we map it out The dimensional axiom which was omitted 
in the above table of axioms may now be formulated 

There are n linearly independent vectors, but every n + 1 
are linearly dependent on one another, 

or The vectors constitute an ra-dimensional linear manifold. 
If n = 3 we have affine geometry of space, if n <= 2 plane 
geometry, if n = 1 geometry of the straight line In the deductive 
treatment of geometry it will, however, be expedient to leave the 
value of n undetermined, and to develop an “ n-dimensional geom- 
etry ” m which that of the straight line, of the plane, and of space 
are included as special cases For we see (at present for affine 
geometry, later on for all geometry) that there is nothing m the 
mathematical structure of space to prevent us from exceeding the 
dimensional number 3 In the light of the mathematical uni- 
formity of space as expressed in our axioms, its special dimensional 
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number 3 appears to be accidental, so that a systematic deductive 
theory cannot be restricted by it We shall revert to the idea of 
an w-dimensional geometry, obtained in this way, in the next para- 
graph * We must first complete the definitions outlined 

If 0 is an arbitrary point, then the sum-total of all the end- 
points P of vectors, the origin of which is at O and which belong 
to an /s-dimensional vector field M as represented by (2), occupy 
fully an h-dimensional point-configuration. We may, as before, 
say that it is mapped out by the vectors e 1( e 2 , e», which 

start from 0 The one-dimensional configuration of this type is 
called a straight line, the two-dimensional a plane The point 0 
does not play a unique part m this linear configuration If O' is 

any other point of it, then O'P traverses the same vector manifold 
M if all possible points of the linear aggregate are substituted for 
P m turn 

If we measure off all vectors of the manifold M firstly from the 
point O and then from any other arbitrary point O' the two re- 
sulting linear point aggregates are said to be parallel to one an- 
other The definition of parallel planes and parallel straight lines 
is contained in this That pait of the /(.-dimensional linear as- 
semblage which results when we measure off all the vectors (2) 
t rora O, subject to the limitation 

0 < < 1 , 0 < 6 > 1 , 0<L>1, 

will be called the h -dimensional parallelepiped which has its 
origin at O and is mapped out by the vectors e,, e 2 , e„ (The 
one-dimensional parallelepiped is called distance, the two-dimen- 
sional one is called parallelogram None of these conceptions 
is limited to the case n = 3, which is presented in oidinary ex- 
perience ) 

A point 0 m conjunction with n linear independent vectors 
e L , e 2 , . e„ will be called a co-ordinate system (c) Every vector 

X can be presented in one and only one way in the form 

X = £j8i + £ 2 e 2 + . + £„e„ . (3) 

The numbers £, will be called its components m the co-ordinate 

system (C) If P is any arbitrary point and if OP is equal to the 
vector (3), then the £, are called the co-ordinates of P All co- 
ordinate systems aie equivalent in affine geometry There is no 
property of this geometry which distinguishes one fiom another. If 
O' , e'j, e'j . e', 

denote a second co-ordinate system, equations 

* Note S. 
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6 1 — 6* • • • • (^) 
t=l 

will hold in which the a ki form a number system which must have 
a non-vamshing determinant (since the e'i are linearly independent) 
If £, are the components of a vector x in the first co-ordinate 
system and the components of the same vector in the second 
co-ordinate system, then the relation 

f i = • (5) 

holds , this is easily shown by substituting the expressions (4) in 
the equation 

i r 

Let cq, a 2 , a, i be the co-ordinates of O' in the first co-ordmate 

system If .r, are the co-ordinates of any arbitrary point in the 
first system and x\ its co-ordinates m the second, the equations 


hold 


J x'k + 

For x, - a, are the components of 


( 6 ) 


O'P = OP - 00' 

in the first system , x\ are the components of O'P in the second 
Formulae (6) which give the transformation for the co-ordinates are 
thus linear Those (viz 5) which transform the vector components 
are easily derived from them by cancelling the terms a, which do 
not involve the variables An analytical treatment of affine geom- 
etry is possible, in which every vector is represented by its com- 
ponents and every point by its co-ordinates The geometrical 
relations between points and vectors then express themselves as 
relations between their components and co-ordinates respectively 
of such a kind that they are not destroyed by linear arbitrary 
transformations 

Formulae (5) and (6) may also be interpreted in another way 
They may be regarded as a mode of representing an affine trans- 
formation in a definite co-ordinate system A transformation, 
i e a rule which assigns a vector x' to every vector X and a point 
P' to every point P, is called linear or affine if the fundamental 
affine relations (1) are not disturbed by the transformation so 
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that if the relations (1) hold for the original points and vectors 
they also hold for the transformed points and vectors 

a' + b' = o' b' = A a' *B' = a' - b' 

and if in addition no vector differing from o transforms into the 
vector o Expressed in other words this means that two points 
are transformed into one and the same point only if they are 
themselves identical Two figures which are formed from one 
another by an affine transformation are said to be affine From 
the point of view of affine geometry they aie identical There can 
be no affine property possessed by the one which is not possessed 
by the other The conception of linear transformation thus plays 
the same part in affine geometry as congruence plays m general 
geometry , hence its fundamental importance In affine trans- 
formations linearly independent vectors become transformed into 
linearly independent vectors again , likewise an X- dimensional 
linear configuration into a like configuration , parallels into par- 
allels , a co-oidinate system O j e 2 , e 2 , e„ into a new co- 
ordinate system O' | e',, e' 2 , e'„ 

Let t.he numbers a 4l , a, have the same meaning as above The 
vector (3) is changed by the affine transformation into 
x' = {fli + + + Le'„ 

If we substitute in this the expressions for e' f and use the original 
co-oidinate system O | e v e 2 , e„ to picture the affine trans- 
formation, then, interpreting as the components of any vector 
and £' ( as the components of its transformed vector, 

« 

i'i = • ■ • (5‘) 

If P becomes P', the vector OP becomes O'P' , and it follows from 
this that if x , are the co-oidmates of P and x\ those of P\ then 

n 

X , = ^ OwCjt + a, 

*=i 

In analytical geometry it is usual to characterise linear con- 
figurations by linear equations connecting the co-ordinates of the 
“ current ” point (variable). This will be discussed in detail in the 
next paragraph Here we shall just add the fundamental concep- 
tion of “linear forms” upon, which thiB discussion is founded A 
function Zi(x), the argument x of which assumes the value of every 
vector in turn, these values being real numbers only, is called a 
linear form, if it has the functional properties 

L(a, + b) •=■ L(a) + P>(b) , L(K a) = A L(bl). 
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In a co-ordmate system e lt e 2 , . . . e„ each of the tt vector-oom- 
ponents & of X is such a linear form. If x is defined by (3), then 
any arbitrary linear form L satisfies 

L(%) = ^i(e x ) + f a X(e s ) + . . . + (nL(e„). 

Thus if we put L(e,) = o„ the linear form, expressed m terms of 
components, appears m the form 

a i£i + ° 2^2 + + (the a,’ s are its constant co-efficients). 

Conversely, every expression of this type gives a linear form. A 
number of linear forms L l , L,., L 3 . L k are linearly independent, 
if no constants A l exist, for which the identity-equation holds : 

A^^x) + A 2 Li{x) + A h L h (x) =» 0 

except A, = 0 n +• 1 linear forms are always linearly inter- 
dependent 

§ 3. The Conception of n-dimensional Geometry. Linear 
Algebra. Quadratic Forms 

To recognise the perfect mathematical harmony underlying the 
laws of space, we must discard the particular dimensional number 
n = 3 Not only in geometry, but to a still more astonishing 
degree in physics, has it become more and more evident that as 
soon as we have succeeded in unravelling fully the natural laws 
which govern reality, we find them to be expressible by mathe- 
matical relations ot surpassing simplicity and architectonic 
perfection It seems to me to be one of the chief objects of 
mathematical instruction to develop the faculty of per reiving this 
simplicity and harmony, which we cannot fail to observe in the 
theoretical physics of the present day. It gives us deep satis- 
faction in our quest for knowledge Analytical geometry, presented 
in a compressed form such as that I have used above m exposing 
its principles, conveys an idea, even if inadequate, of this perfection 
of form But not only for this purpose must we go beyond the 
dimensional number n ■— 3, but also because we shall later require 
four-dimensional geometry for concrete physical problems such as 
are introduced by the theory of relativity, in which Time becomes 
added to Space in a four-dimensional geometry 

We are by no means obliged to seek illumination from the 
mystic doctrines of spiritists to obtain a clearer vision of multi- 
dimensional geometry Let us consider, for instance, a homo- 
geneous mixture of the four gases, hydrogen, oxygen, nitrogen, and 
carbon dioxide An arbitrary quantum of such a mixture is speci- 
fied if we know how many grams of each gas are contained 
in it. If we call each such quantum a vector (we may bestow 
names at will) and if we interpret addition as implying the 
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union of two quanta of the gases in the ordinary sense, then 
all the axioms 1 of our system referring to veotors are fulfilled 
for the dimensional number n = 4, provided we agree also to 
talk of negative quanta of gas One gram of pure hydrogen, one 
gram of oxygen, one gram of nitrogen, and one gram of carbon di- 
oxide are four “ vectors,” independent of one another from which 
all other gas quanta may be built up linearly , they thus form a co- 
ordinate system Let us take another example We have five 
parallel horizontal bars upon each of which a small bead slides 
A definite condition of this primitive “ adding-machine ” is defined 
if the position of each of the five beads upon its respective rod is 
known Let us call such a condition a “ point ” and every simul- 
taneous displacement of the five beads a “ vector,” then all of our 
axioms are satisfied for the dimensional number n = 5 From 
this it is evident that constructions of various types may be 
evolved which, by an appropriate disposal of names, satisfy our 
axioms Infinitely more important than these somewhat frivolous 
examples is the following one which shows that our axioms 
characterise the b&Bis of our operations in the theory of 
linear equations. If a, and a are given numbers, 

“ l *i + a. 2 x. 2 + ax n = 0 (7) 

is usually called a homogeneous linear equation in the unknowns 
x„ whereas 

o^aij + a 2 x 2 + OL n X„ = a . (8) 

is called a non-homogeneous linear equation In treating the theory 
of linear homogeneous equations, it is found useful to have a short 
name for the system of values of the variables x 4 , we shall call it 
“ vector ” In carrying out calculations with these vectors, we 
shall define the sum of the two vectors 

(«1. «2' «») and ( b i< *») 

to be the vector (a, + b v a 2 + b 2 , . a„ + bj 
and X times the first vector to be 

(Aap Xa 2 , . . Xa„) 

The axioms 1 for vectors are then fulfilled for the dimensional num- 
ber n 

= ( 1 , 0 , 0 , 0 ), 

e 2 = (0, 1, 0, . 0), 

e* = (0, 0, 0 1) 

form a system of independent vectors The components of any 
arbitrary vector (x v x 3 , . x n ) in this co-ordinate system are the 
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numbers x ( themselves The fundamental theorem in the solution 
of linear homogeneous equations may now be stated thus . — 

if L t (x), L 1 (x), . . L h (x) 

are h linearly independent linear forms, the solutions X of the 
equations 

A (X) = 0, L „ (x) = 0, . L h (x) = 0 

form an (n — fe)-dimensional linear vector manifold 

In the theory of non-homogeneous linear equations we shall 
find it advantageous to denote a system of values of the vari- 
ables x,a,‘ point” If and x, are two systems which are solu- 
tions of equation (8), their difference 

X \ ~ X V X 'l ~ X l< X 'n ~ X n 

is a solution of the corresponding homogeneous equation (7) We 
shall, therefore, call this difference of two systems of values of the 
variables x x a “ vector,” viz the “ vector ’’ defined by the two 
“ points ” (x t ) and (a,',) , we make the above conventions for the 
addition and multiplication of these vectors All the axioms then 
hold. In the particular co-ordinate system composed of the vec- 
tors e t given above, and having the “ origin ” O =• (0, 0, 0), 

tho co-ordinates of a point (x,) are the numbers x t themselves 
The fundamental theorem concerning linear equations is those 
points which satisfy h independent linear equations, form a point- 
configuration of n — h dimensions 

In this way we should not only have arrived quite naturally at 
our axioms without the help of geometry by using the theory of linear 
equations, but we should also have reached the wider conceptions 
which we have linked up with them In some ways, indeed, it 
would appear expedient (as is shown by the above formulation of 
the theorem concerning homogeneous equations) to build up the 
theory of linear equations upon an axiomatic basis by starting from 
the axioms which have here been derived from geometry A theory 
developed along these lines would then hold for any domain of 
operations, for which these axioms are fulfilled, and not only for a 
“ system of values in n variables ” It is easy to pass from such 
a theory which is more conceptual, to the usual one of a more 
formal character which operates from the outset with numbers x t by 
taking a definite co-ordinate system as a basis, and then using in 
place of vectors and points their components and co-ordinates 
respectively 

It is evident from these arguments that the whole of affine 
geometry merely teaches us that space is a region of three di- 
mensions in linear quantities (the meaning of this statement 
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will be sufficiently clear without further explanation). All the 
separate facts of intuition which were mentioned m § 1 are simply 
disguised forms of this one truth Now, if on the one hand it is very 
satisfactory to be able to give a common ground m the theory of 
knowledge for the many varieties of statements concerning space, 
spatial configurations, and spatial relations which, taken together, 
constitute geometry, it must on the other hand be emphasised that 
this demonstrates very clearly with what little right mathematics 
may claim to expose the intuitional nature of space Geometry 
contains no trace of that which makes the space of intuition what it 
is in virtue of its own entirely distinctive qualities which are not 
shared by “ states of addition-machines ” and “ gas-mixtures ” and 
11 systems of solutions of linear equations” It is left to meta- 
physics to make this “ comprehensible ” or indeed to show why 
and in what sense it is incomprehensible We as mathematicians 
have reason to be proud of the wonderful insight into the knowledge 
of space which we gain, but, at the same time, we must recognise 
with humility that our conceptual theories enable us to grasp only 
one aspect of the nature of space, that which, moreover, is most 
formal and supeificial 

To complete the transition from affine geometry to complete 
metrical geometry wo yet requne seveial conceptions and facts 
which occui in lincai algebra and which refer to bilinear and 
quadratic forms. A function Q(xy) of two arbitrary vectors x 
and y is called a bihneai form if it is a linear form in x as well as 
in y If in a ceitain co-ordinate system £, are the components of 
X, ru those of y, then an equation 

n 

Q(xy) = ^a lk £ Tjh 
1 , *= 1 

with constant co-efficients a lk holds We shall call the form “ non- 
degenerate ” if it vanishes identically in y only when the vector 
X =■ 0 This happens when, and only when, the homogeneous 
equations 

n 

it — 0 

i=l 

have a single solution f, = 0 or when the determinant | a lk | 4= 0. 
From the above explanation it follows that this condition, viz. the 
non-vanishing of the determinant, persists for arbitrary linear trans- 
formations. The bilinear form is called symmetrical if Q(yx) = 
Q(xy) This manifests itself in the co-efficients by the symmetrical 
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property a« = a<» Every bilinear form Q(xy) gives rise to a 
quadratic form ■which depends on only one variable vector x 

n 

Q(x) = Q(xx) = ^a lk £, („ 

I , *=1 

In this way every quadratic form is derived in general from one, 
and only one, symmetrical bilinear form The quadratic form 
Q(x) which we have just formed may also be produced from the 
symmetrical form 

i {Q(xy) + Q(yx)} 

by identifying x with y 

To prove that one and the same quadratic form cannot arise 
from two different symmetrical bilinear forms, one need merely 
show that a symmetrical bilinear form Q(x y) which satisfies the 
equation <2(xx) identically for x, vanishes identically This, 
however, immediately results ftorn the relation which holds for 
every symmetrical bilinear form 

Q(x + y, x + y) = Q(xx) + 2 Q{x y) + Q( yy) (9) 
If Q(x) denotes any arbitrary quadratic form then Q(x y) is always 
to signify the symmetrical bilinear form from which (,Hx) is derived 
(to avoid mentioning this in each particulai case) When we say 
that a quadratic form is non -degenerate wo wioh to convey that the 
above symmetrical bilinear form is non-degenerate A quadratic 
form is positive definite if it satisfies the inequality Q(x) > 0 for 
every value of the vector x -f= 0 Such a form is certainly non- 
degenerate, for no value of the veetor x =) 0 can make Q(xy) vanish 
identically in y, since it gives a positive result foi y = x. 

§ 4. The Foundations of Metrical Geometry 

To bring about the transition from affine to metrical geometry 
we must once more draw from the fountain of intuition From it 
we obtain for three-dimensional space the definition of the scalar 
product of two vectors a and b. After selecting a definite vector 
as a unit we measure out the length of a and the length (negative 
or positive as the case may be) of the perpendicular projection of 
b upon a and multiply these two numbers with one another This 
means that the lengths of not only parallel straight lines may be 
compared with one another (as in affine geometry) but also such 
as are arbitrarily inclined to one another The following rules 
hold for scalar products — 

A-a b = X(a . b) (a + a') b = (a b) + (a' b) 
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and analogous expressions with reference to the second factor , in 
addition, the commutative law a b = b a. The scalar product 
of a with a itself, viz a a = a 2 , is always positive except when 
a = 0, and is equal to the square of the length of a. These laws 
signify that the scalar product of two arbitrary vectors, i.e. x y is 
a symmetrical bilinear form, and that the quadratic form which 
arises from it is positive definite We thus see that not the length, 
but the square of the length of a vector depends in a simple rational 
way on the vector itself , it is a quadratic form This is the real 
content of Pythagoras’ Theorem The scalar product is nothing 
more than the symmetrical bilinear form from which this quadratic 
form has been derived We accordingly formulate the following — 
Metbioal Axiom If a unit vector e, differing from zero, be 
chosen, every two vectors x and y uniquely determine a number 
(x y) = Q(xy) , the latter, being dependent on the two vectors, is a 
symmetrical bilinear form The quadratic form (x x) — Q(x) which 
arises from it is positive definite Q(e) = 1 

We shall call Q the metrical groundform. We then have 
that an affine transformation which, m general, transforms the vector 
X into x' is a congruent one if it. leaves the metrical groundform 
unchanged — Q(x') = Q(x) (10) 

Two geometrical figures which can be transformed into one another 
by a congruent transformation are congruent* The conception of 
congruence is defined in our axiomatic scheme by these state- 
ments If we have a domain of operation in which the axioms 
of § 2 are fulfilled, we can choose any arbitrary positive definite 
quadratic form in it, “ promote ” it to the position of a funda- 
mental metrical form, and, using it as a basis, define the conception 
of congruence as was just now done This form then endows the 
affine space with metrical properties and Euclidean geometry in 
its entirety now holds for it The formulation at which we have 
arrived is not limited to any special dimensional number 

It follows from (10), in vntue of relation (9) of § 3, that for a 
congruent transformation the more general relation 

Q(x'y') = Q(xy) holds. 

Since the conception of congruence is defined by the metrical 
groundform it is not surprising that the latter enters into all 
formula: which concern the measure of geometrical quantities. 
Two vectors a and a’ are congruent if, and only if, 

Q(a) Q(a') 

* We take no notice here of the difference between direct congruence and 
mirror congruence (lateral inversion) It is present even in affine transfor- 
mations, in ^-dimensional space as well as S dimensional space. 
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We could accordingly introduce Q(&) as a measure of the vector ft. 
Instead of doing tins, however, we shall use the , positive square 
root of Q( a) for this purpose and call it the length of the vector a 
(this we shall adopt as our definition) so that the further condition 
is fulfilled that the length of the sum of two parallel vectors point- 
ing in the same direction is equal to the sum of the lengths of the 
two single vectois. If a, b as well as a', b' are two pairs of 
vectors, all of length unity, then the figure formed by the first two 
is congruent with that formed by the second pair, if, and only if, 

Q(a, b) = Q( a', b'). 

In this case again we do not introduce the number Q( a, b) itself 
as a measure of the angle, but a number 6 which is related to it by 
the transcendental function cosine thus — 

cos 0 = Q( a, b) 

so as to be in agreement with the theorem that the numerical 
measure of an angle composed of two angles in the same plane is 
the sum of the numerical values of these angles. The angle which 
is formed from any two arbitrary vectors a and b ( + 0) is then 
calculated from 

coe* = .-W»’- b )_ (11) 

aa) Q(bb) 

In particular, two vectois a, b arc said to be perpendioular to one 
another if Q(ab) = 0 This leminder ol the simplest metrical 
formulae of analytical geometry will suffice 

The angle defined by (11) which has been formed by two vectors 
is shown always to be real by the inequality 

Q 2 ( ab) < Q(a) Q(b) (12) 

which holds for every quadratic form Q which is )> 0 lor all values 
of the argument It is most simply deduced by forming 

Q(Aa + fj. b) — \ 2 Q(&) + 2X/xQ(ab) + p 2 Q(b)^0 
Since this quadratic form m X and p cannot assume both positive 
and negative values its “ discriminant ” Q 2 (ab) - (Q){&) (Q) (b) 
cannot be positive 

A number, n, of independent vectors form a Cartesian co- 
ordinate system if for every vector 

x = + x 2 e 2 + x„e„ 

Q(x) = x 2 + x* + x 2 


holds, i.e if 


(13) 
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From the standpoint of metrical geometry all co-ordinate 
systems are of equal value A proof (appealing directly to our 
geometrical sense) of the theorem that such systems exist will 
now be given not only for a “ definite " but also for any arbitrary 
non-degenerate quadratic form, inasmuch as we shall find later in 
the theory of relativity that it is just the “ indefinite ” case that 
plays the decisive rdle We enunciate as follows — 

Corresponding to every non-degenerate quadratic form Q a co- 
ordinate system e, can be introduced such that 

Q(x) = € 1 xf + < 2 X / + + (<i = ± 1) (14) 

Proof — Let us choose any aibitrary vector e, for which Q(t } ) = 
*, 0 By multiplying it by an appropriate positive constant we 
can arrange so that Q(ef) = + 1 We shall call a vector x for which 
Q(6 jX) ■= 0 orthogonal to e 2 If x* is a vector which is ortho- 
gonal to e t , and if is any arbitrary number, then 

x = XjCj + x* (15) 

satisfies Pythagoras' Theorem — 

Q(x) = xfQ(e l ) + 2r l Q(e 1 x*) + Q(x*) = + xf + Q(x*) 


The vectors oithogonal to e, constitute an (n - l)-dimensional 
linear manifold, in which Q(x) is a non-degenerate quadratic form 
Since our theorem is self-evident for the dimensional number n = 1, 
we may assume that it bolds for n - 1 dimensions (proof by 
successive induction from the case n - 1 to that of n). According 


to this, n - 1 vectois e 3 
for 

the relation 


e«, orthogonal to exist, such that 


x* = x,e, + 


Q(x*) = + at,* + 


+ x„e>. 


+ 


holds 


This enables Q(x) to be expressed in the required form 
Then Q(e,) = «, Q(e t , e*) = 0 (t f k) 

These relations result in all the e t ’s being independent of one 
another and in each vector x being lepresentable in the form (13). 
They give 

aa = «, Q(e„ x) . (16) 

An important corollary is to be made in the “ indefinite ” case. 
The numbers r and s attached to the n's, and having positive and 
negative signs respectively, are uniquely determined by the quad- 
ratic form it may be said to have r positive and s negative 
dimensions (s may be called the inertial index of the quadratic 
form, and the theorem just enunciated is known by the name 
'* Law of Inertia The classification of surfaces of the second 
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order depends on it) The numbers r and s may be characterised 
invariantly thus — 

There are r mutually orthogonal vectors e, for which Q(e) > 0 , 
but for a vector x which is orthogonal to these and not equal to 
0, it necessarily follows that Q(x) < 0 Consequently there cannot 
be more than r such vectors A corresponding theorem holds 
for s. 

r vectors of the required type are given by those r funda- 
mental vectors e t of the co-ordinate system upon which the 
expression (14) is founded, to which the positive signs r, corre- 
spond The conespondmg components r t (i = 1, 2, 3, r) are 
definite linear forms of X [cf (16)] %i = L,(x) If, now, e t 
(t = 1, 2, r) is any system of vectors which are mutually 

orthogonal to one another, and satisfy the condition Q(e,) > 0, and 
if X is a vector orthogonal to these e h we can set up a linear com- 
bination 

y = X^ + X r e» + 

in which not all the co-efficients vanish and which satisfies the r 
homogeneous equations 

_Li(y) - 0, -My) = 0 

It is then evident from the form of the expression that Q( y) must 
be negative unless y = 0 In virtue of the foimula 

Q( y) - WW + + V<2(e r )} = ,,*Q(x) 

it then follows that Q(x) <( 0 except in the case in which if y = 0, 
Xj = = K r also = 0 But then, by hypothesis, g must 0, 

i e x = 0 

In the theory of relativity the case of a quadratic form with one nega- 
tive and n - 1 positive dimensions becomes important In three-dimensional 
apace, if we use affine co-OTdmates, 

- x j 8 + xf + x/ = 0 

is the equation of a cone having its vertex at the origin and consisting of 
two sheets, as expressed by the negative sign of aq 2 , which are only con- 
nected with one another at the oiigin of co-ordinates This division mto 
two sheets allows us to draw a distinction between past and future in the 
theory of relativity We shall endeavour to describe this by an elementary 
analytical method here instead of using characteristics of continuity 

Let Q be a non-degenerate quadratic form having only one negative 
dimension We choose a vector, for which Q(o) — - 1 We shall call 
these vectors x, which are not zero and for which Q(X) < 0 “ negative 
vectors” According to the proof just given for the Theorem of Inertia, 
no negative vector can satisfy the equation Q(ex) = 0 Negative vectors 
thus belong to one of two classes or “ cones ” according as Q(ex.) < 0 or 



EUCLIDEAN SPACE 


82 


> 0 ; ® itself belongs to the former class, - e to the latter A negative 
vector X lies “inside” or “on the sheet” of its cone according as Q(x) 

< 0 or = 0 To show that the two oones aro independent of the choice of 
the vector e, one must prove that, from Q(e) = Q(e') = - 1, and Q{x) 

< 0, it follows that the sign of is the same as that of - Q(e&’j 

m V\ ex y 

Every vector x can be resolved into two summands 

x = xe + x* 


auoh that the first is proportional and the second (x*) is orthogonal to e. 
Ono need only take x — - Q(ex) and we thon get 
Q(x) = - *’ + Q(x*) 

Q(%*) is, as we know, necessarily > 0 Let us denote it by Q*. 

The equation 

<2* = ^ + <2(x) = Q%ex) + Q(x) 

then shows that Q* is a quadratic form (degenerate), which satisfies the 
identity or inequality, <2*(x) > 0 We now have 

Q{x) =■-»«+ Q*(x) < 0 Q(e') = - e' a + <?*(©') < 0 

{ar = - <2(ex)} {e' = - t?(ee')} 

From the inequality (12) which holds for <j)*, it follows that 


consequently 


{^(e'x)}* < <,'*(©’) Q*(x) < e'V , 
- Q(e'x) = t'x - Q*(e'x) 


has the same sign as the hrst summand e'r 


Let us now i evert to the ease of a definitely positive metrical 
groundform with which we are at piesent concerned If we use 
a Cartesian co-ordinate system to represent a congruent transfor- 
mation, the co-efficients of transformation a,* in fot inula (5'), § 2, 
will have to be such that the equation 

£/* + IP + . + - fj 2 + $* + + i* 

is identically satisfied by the £’s This gives the “ conditions for 
orthogonality ” 

r=l 

They Bigmfy that the transition to the inverse transformation con- 
verts the co-efficients a,*, mto at, — 


n 



It furthermore follows that the determinant A = j.a,t J of a con- 
gruent transformation is identical with that of its inverse, and since 
their produot must equal 1, A = ± I The positive or the negative 
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sign would occur according as the congruence is real or inverted as 
m a mirror (“ lateral inversion ”). 

Two possibilities present themselves for the analytical treatment 
of metrical geometry Either one imposes no limitation upon the 
affine co-ordinate system to be used the problem is then to de- 
velop a theory of invariance with respect to arbitrary linear trans- 
formations, in which, however, in contra-distinction to the case of 
affine geometry, we have a definite invariant quadratic form, viz 
the metrical groundform 

n 

Q(x) = ^ f Jlk ft ft 

t, t_i 

once and for all as an absolute datum Or, we may use Cartesian 
co-ordinate systems fiom the outset in this case, we are concerned 
with a theory of invariance for orthogonal transformations, i.e 
linear transformations, in which the co-efficients satisfy the second- 
ary conditions (17) We must here follow the first oourse so as to 
be able to pass on later to generalisations which extend beyond the 
limits of Euclidean geometry This plan seems advisable from the 
algebraic point of view, too, since it is easier to gain a survey of 
those expressions which remain unchanged for all linear trans- 
formations than of those which are only invariant tor orthogonal 
transformations (a class of transformations which aie subjected to 
secondary limitations not easy to define) 

We shall here develop the Theory of Invariance as a “ Tensor 
Calculus” along lines which will enable us to express in a con- 
venient mathematical form, not only geometrical laws, but also 
all physical laws 


§ 5. Tensors 

Two linear transformations, 

£ = ]>«#, (Kl + O) . . ( 18 ) 

k 

^ (l&n+O) . ( 18 ') 

k 

in the variables f and rj respectively, leading to the variables £, y 
are said to be contra- gradient to one another, if they make the 

bilinear form ^ i 7 ,f» transform into itself, l e. 

t 

J - . . (19) 

t i 

3 
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Contra-gredience is thus a reversible relationship. If the variables 
£, r\ are transformed into £, rj by one pair of contra-gredient trans- 
formations A, X, and then £, rj into £, i? by a second pair B, ¥i it 
follows from 

^ 7 hl l = ^ V l i’< 

tit 


that the two transformations combined, which transform £ directly 
into £, and rj into 17 are likewise contra-gredient The co-efficients 
of two contra-gredient substitutions satisfy the conditions 


I 


= a* = 


/!(» = &) 
X 0 (. =f= k) 


( 20 ) 


If we substitute for the £’s in the left-hand member of (19) their 
values in terms of £ obtained from (18), it becomes evident that . 
the equations (18') are denved by reduction from 

Vi = ^ < 17 * • ( 21 ) 


There is thus one and only one contra-gredient transformation 
corresponding to every linear transformation For the same reason 
as (21) 

k 


holds By substituting these expressions and (21) in (19), we 
find that the co-efficients, m addition to satisfying the conditions 
(20), satisfy 

J = 8 ' 


An orthogonal transformation is one which is contra-gredient to 
itself If we subject a linear form m the variables £, to any 
arbitrary linear transformation the co-efficients become transformed 
contra-grediently to the variables, or they assume a “ contra- variant " 
relationship to these, as it is sometimes expressed 

In an affine co-ordinate system O , e 2 , e„ we have up 
to the present characterised a displacement x by the uniquely de- 
fined components £* given by the equation 

X = £*6! + £*63 + 


+ £”e, 
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If we pass over into another affine co-ordinate system 0 ; 
«i, e 3 , e„, whereby 

e, = ^ 

* '' ; J 

the components of x undergo the transformation 

£* - J o.ie 

k 

as is seen from the equation 


These components thus tiansform themselves contra-grediently 
to the fundamental vectors of the co-oidinate system, and are re- 
lated eontra-vanantly to them , they may thus be more precisely 
termed the contra-variant components of the vector x. In 
metrical space, however , we may also characterise a displacement 
in relation to the co-ordinate system by the values of its scalar 
product with the fundamental veetois e, of the co-ordinate system 

i, = (x e t ) 


In passing ovei into another co-ordinate system these quantities 
transform themselves — as is immediately evident from their defi- 
nition — “ co-grediently " to the fundamental vectois (just like the 
latter themselves), 1 e in accordance with the equations 



they behave “ co-vanantly ” We shall call them the co-Yariant 
components of the displacement The connection between co-vari- 
ant and contra-variant components is given by the formulas 

f, = J(e, e*)£* = ^g lk ? . (22) 

it * 

or by their inverses (which are derived from them by simple re- 
solution) respectively 

£* = ]>V* L ■ • (22') 

* 

In a Cartesian co-ordinate system the co-variant components coin- 
cide with the contra- variant components It must again be empha- 
sised that the contra-variant components alone are at our disposal 
m affine space, and that, consequently, wherever m the following 
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pagea -we apeak of the components of a displacement without 
specifying them more closely, the contra-variant ones are implied. 

Linear forms of one or two arbitrary displacements have already 
been discussed above We can proceed from two arguments to 
three or more. Let us take, for example, a trilinear form A (xyz) 
If m an arbitrary co-ordinate system we represent the two dis- 
placements x, y by their contra-variant components, z by its 
co-variant components, 1 e rf, and f, respectively, then A is 
algebraically expressed as a trilinear form of these three series of 
variables with definite number-coefficients 

£' v k £<■ (23) 

M 

Let the analogous expression in a different co-ordmate system, 
indicated by bars, be 

£' >H l . (23') 

rkl 

A connection between the two algebraic trilinear forms (23) and 
(23') then exists, by which the one resolves into the other if the 
two series of variables £, r; aie transformed contra-grediently to the 
fundamental vectors, but the series £ co-grediently to the latter 
This relationship enables us to calculate the co-efficient a,* of 
A in the co-ordinate system if the co-efficients and also the 
transformation co-efficient af leading from one co-ordinate system 
to the other are known We have thus arrived at the concep- 
tion of the “ r-fold co-variant, s-fold contra-variant tensor of the 
(r + s) ,h degree ” it is not confined to metrical geometry but only 
assumes the space to be affine We shall now give an explanation 
of this tensor m abstracto To simplify our expressions we shall 
take special values for the numbers r and s as in the example 
quoted above r = 2, j = l,f + i = 3 We then enunciate — 

A trilinear form of three series of variables which is independent 
of the co-ordinate system, is called a doubly co-variant, singly con- 
tra^vanant tensor of the third degree if the above relationship is as 
follows The expressions for the linear form in any two co-ordinate 
systems, viz — 

^ ajci'rfL 

resolve into one another, if two of the senes of variables (viz. the 
first two £ and y) are transformed contra-grediently to the funda- 
fnental vectors of the co-ordinate system and the third co-gredwntly 
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to the same The co-efficients of the linear form are called the 
components of the tensor m the co-ordinate system in question. 
Furthermore, they are called co-vanant in the indices, i, k, ■which 
are associated with the variables to be transformed contra-grediently, 
and contra-variant in the others (here only the one index f). 

The terminology is based upon the fact that the co-efficients of 
a uni-linear form behave co-variantly if the variables are trans- 
formed contra-giediently, but contra-vanantly if they are transformed 
co-grediently Co-variant indices are always attached as suffixes 
to the co-efficients, contra-variant ones wntten at the top of the 
co-efficients Variables with lowered indices are always to be 
transformed co-grediently to the fundamental vectors of the co- 
ordinate system, those with raised indices aie to be tiansformed 
contra-grediently to the same A tensor is fully known if its com- 
ponents in a co-ordinate system are given (assuming, of course, 
that the co-ordinate system itself is given) , these components may, 
however, be prescribed arbitral lly The tensor calculus is con- 
cerned with setting out the properties and relations of tensors, 
which are independent of the co-ordinate system In an extended 
sense a quantity m geometry and physics will be called a tensor if it 
defines uniquely a linear algebraic form depending on the co-ordinate 
system m the manner described above , and conversely the tensor is 
fully charactei ned if this form is given For example, a little 
earlier we called a function of thiee displacements which depended 
linearly and homogeneously on each of their arguments a tensor 
of the third degree — one which is twofold co-vanant and singly 
contra-variant This was possible in metrical space In this 
space, indeed, we are at libeity to represent this quantity by a 
“none” fold, single, twofold or threefold co-variant tensor In 
affine space, however, we should only have been able to express 
it in the last form as a co-variant tensoi of the third degiee. 

We shall illustrate this general explanation by some examples 
in which we shall still adhere to the standpoint of affine geometry 
alone 

1 If we represent a displacement a in an arbitrary co-ordinate 
system by its (contra-vanant) components a 1 and assign to it the 
linear form 


al fi + a2 f<i + • + 

having the variables £, in this co-ordinate system, we get a contra- 
vanant tensor of the first order 

From now on we shall no longer use the term “ vector ” as 
being synonymous with “displacement” but to signify a “tensor 
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of the first order,” so that we shall say, displacements are contra- 
variant vectors. The same applies to the velocity of a moving 
point, for it is obtained by dividing the infinitely small displace- 
ment which the moving point suffers during the time-element dt 
by dt (in the limiting case when dt -> 0) The present use of the 
word vector agrees with its usual significance which includes not 
only displacements but also every quantity which, after the choice 
of an appropriate unit, can be lepiesented uniquely by a displace- 
ment 

2 It is usually claimed that force has a geometrical character 
on the ground that it may be represented in this way In opposi- 
tion, however, to this representation there is another which, we 
nowadays consider, does more justice to the physical nature of force, 
inasmuch as it is based on the conception of work. In modern 
physics the conception woik is gradually usurping the conception 
of force, and is claiming a more decisive and fundamental i6le We 
shall define the components of a force in a co-ordinate system 
0, e, to he those numbers p l which denote how much woik it per- 
forms during each of the virtual displacements e, of its point of 
application These numbers completely characterise the force 
The woik perfoimed during the aibitrary displacement 

x - 4'e, + + + £"e u 

of its point of application is then = Z p,£‘ Hence it follows that 

X 

for two definite co-oidinate systems the lelation 
2_P<£' = 

X l 

holds, if the variables £‘, as signified by the upper indices, are 
transfoimed contra-grediently with respect to the co-ordinate 
system According to this view, then, forces are co-variant 
vectors. The connection between this representation of forces 
and the usual one m which they are displacements will be discussed 
when we pass from affine geometry, with which we are at present 
dealing, to metrical geometry The components of a co-variant 
vector become transformed co-grediently to the fundamental vectors 
in passing to a new co-ordinate system 

Additional Remarks. — Since the transformations of the com- 
ponents ^ of a co-variant vector and of the components b' of a 
contra -variant vector are contra-gredient to one another, Z aj}' is 

% 

a definite number which is defined by these two vectors and is 
independent of the oo-ordmate system This is our first example 
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of an invariant tensor operation. Numbers or scalars are to be 
classified as tensors of zero order in the system of tensors. 

It has already been explained under what conditions a bilinear 
form of two series of variables is called symmetrical and what 
makes a symmetrical bilinear form non-degenerate A bilinear 
form F(£rj) is called skew-symmetrical if the interchange of 
the two sets of variables converts it into its negative, 1 e merely 
changes its sign 

F(v£) = - F(iv) 

This property is expressed in the eo-officients a.t by the equations 
=* <hk These properties peisist if the two sets of variables are 
subjected to the same linear ttansformations The property of 
being skew-symmetrical, symmetrical or (symmetrical and) non- 
degenerate, possessed by co-variant or contra-variant tensors of the 
second order is thus independent of the co-ordinate system 

Since the bilinear unit form resolves into itself after a contra- 
gredient transformation of the two series of variables there is 
among the mixed tensors ot the second order (i e those which are 
simply co- variant or simply contra -vanant) one, called the unit 

tensor, which has the components B* = 
ordinate system 

3 The metrical structure underlying Euclidean space assigns 
to every two displacements 

x = J £*6, y = 

l t 

a number which is independent of the co-ordinate system and is 
their scalar product 

(X y) = g* v k Sit = (e, e*) 

Hence the bilinear form on the right depends on the co-ordmate 
system in such a way that a co-variant tensor of the second order 

is given by it, viz the fundamental metrical tensor The 

metrical structure is fully characterised by it It is symmetrical 
and non-degenerate 

4 A linear vector transformation makes any displacement x 
correspond linearly to another displacement, x', i e so that the sum 
x' + y' corresponds to the sum X + y and the product Ax' to the 
product Ax In order to be able to refer conveniently to such 
linear vector transformations, we shall call them matrices If 
the fundamental vectors e t of a co-ordinate system become 

e; = 2 < e * 

4 


l(t = k) 
0(« ■(= k) 


in every co- 



40 


EUCLIDEAN SPACE 


as a result of the transformation it will m general convert the 
arbitrary displacement 

x = S £*e, into ^ . (24) 

1 1 tjc 

We may, therefore, characterise the matrix m the particular co- 
ordinate system chosen by the bilinear foim 

liC 

It follows from (24) that the relation 

( = x ') 

xk ik 

holds between two co-ordmate systems (we have used the same 
terminology as above) it 

^>£'6, = (x) 

l X 

thus 

xk ik 

if the if are ttansfoimed co-grediently to the fundamental vectors 
and the are transfoimed contra-grediently to them (the latter 
remark about the transformations of the vanablcs is self-evident 
so that in future vre shall simply omit it in similar cases) In 
this way matrices are represented as tensois ol the second order 
In particular, the unit tensor corresponds to “ identity ” which 
assigns to every displacement x itself 

As was shown in the examples of force and nietncal space it 
often happens that the representation of geometrical or physical 
quantities by a tensor becomes possible only after a unit measure 
has been chosen this choice can only be made by specifying it nr 
each particular case If the unit measure is altered the represen- 
tative tensors must be multiplied by a universal constant, viz. the 
ratio of the two units of measure. 

The following criterion is manifestly equivalent to this ex- 
position of the conception tensor A linear form m several series 
of variables, which is dependent on the co-ordinate system, is a tensor 
if m every case it assumes ' a value independent of the co-ordinate 
system (a) whenever the components of an arbitrary contra-variant 
vector are substituted for every contra-gredient series of variables, or 
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(b) whenever the components of an arbitrary co-variant vector are 
substituted for a co-gredient series 

If we now return from affine to metrioal geometry, we see 
from the arguments at the beginning of the paragraph that the 
difference between co-variants and contra-variants which affects 
the tensors themselves in affine geometry shrinks to a mere 
difference in the mode of representation 

Instead of talking of co-variant, mixed, and contra-variant 
tensors we shall hence find it more convenient here to talk only of 
the co-variant, mixed, and contra-variant components of a tensor. 
After the above remarks it is evident that the transition from 
one tensor to another which has a different character of co-variance 
may be formulated simply as follows If we interpret the contra- 
gredient variables in a tensor as the contra-variant components 
of an arbitrary displacement, and the co-gredient variables as 
co-variant components of an arbitrary displacement, the tensor be- 
comes transformed into a linear form of several arbitrary dis- 
placements which is independent of the co-ordinate system By 
representing the arguments m terms of their co-variant or contra- 
variant components in any way which suggests itself as being 
appropriate we pass on to other representations of the same 
tensor From the purely algebraic point of view the conversion 
of a co-variant index mto a contra- valiant one is performed by 
substituting new £,'s for the coiresponding variables £‘ in the linear 
form in accordance with (22) The invariant nature of this pro- 
cess depends on the circumstance that this substitution transforms 
contra-gredient variables into eo-gredient ones The converse 
process is carried out according to the inverse equations (22') 
The components themselves are changed (on account of the 
symmetry of the s) from contra-variants to co-variants, i e the 
indices are “ lowered ” according to the rule 

Substitute a, = ^gijo> for a 1 

j 

irrespective of whether the numbers a 1 carry any other indices or 
not the raising of the index is effected by the inverse equations 
If, m particular, we apply these remarks to the fundamental 
metrical tensor, we get 

^ ’g%kb-n k = 

ik t k ik 

Thus its mixed components are the numbers S ? 4 , its contra-variant 
components are the co-efficients g lk of the equations (22'), which 
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are the inverse of (22) It follows from the symmetry of the tensor 
that these as well as the satisfy the condition of symmetry 

y** — g* 

With regard to notation we shall adopt the convention of de- 
noting the co-variant, mixed, and contra-variant components of 
the same tensor by similar letters, and of indicating by the position 
of the index at the top or bottom respectively whether the com- 
ponents are contra-variant or co-variant with respect to the index, 
as is shown in the following example of a tensor of the second 
order 

ik ik i k ik 


(in i)fhich the variables with lower and nppei indices are connected 
in pairs by (22)) 

In metrical space it is clear, from what has been said, that the 
difference between a co-variant and a contia-vanant vector dis- 
appears in this case we can represent a force, which, according 
to our view, is by nature a co-variant vector, as a contra-variant 
vector, too, le by a displacement For, as we lepiesented it 

above by the linear form ^ ]>,£<■ in the conti a-giedient variables 

t 

we can now transform the lattei by means ol (22') into one having 


co-giedient vanables viz 'y p l fr We then have 

C 

= yg lk p k t l = 


the representative displacement p is thus defined by the fact that 
the work which the force performs during an arbitral y displace- 
ment is equal to the scalai product of the displacements p and x 
In a Cartesian co-ordinate system in which the fundamental 
tensor has the components 

(1 (i = k) 

9,k = \0 {i + k) 


the connecting equations (22) are simply = £’ If we confine 
ourselves to the use of Cartesian co-ordinate systems, the difference 
between co-variants and contra- variants ceases to exist, not only 
for tensors but also for the tensor components It must, however, 
be mentioned that the conceptions which have so far been out- 
lined concerning the fundamental tensor gjt assume only that it is 
symmetrical and non-degenerate, whereas the introduction of a 
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Cartesian co-ordinate system implies, in addition, that the corre- 
sponding quadratic form is definitely positive This entails a 
difference. In the Theory of Relativity the time co-ordinate is 
added as a fully equivalent term to the three-space co-ordinates, 
and the measure-relation which holds in this four-dimensiOnal 
manifold is not based on a definite form hut on an indefinite one 
(Chapter III) In this manifold, therefore, we shall not be able to 
introduce a Cartesian co-ordinate system if we restrict ourselves to 
real co-ordinates , but the conceptions heie developed which are 
to be worked out m detail for the dimensional number n = 4 may 
be applied without alteiation Moieover, the algebraic simplicity 
of this calculus advises us against making exclusive use of Cartesian 
co-ordinate systems, as we have already mentioned at the end of 
§ 4 Above all, finally, it is of great impoitance for later extensions 
which take us beyond Euclidean geometry that the affine view 
should even at this stage receive full recognition independently of 
the metrical one 

Geometrical and physical quantities are scal ars, vecto rs, and 
tensors this expresses the mathematical constitution of the space 
in which these quantities exist The mathematical symmetry 
which this conditions is by no means restxicted to geometiy hut, 
on the contraiy, attains its full validity in physics As natural 
phenomena take place ini a metrical space this tensor calculus is 
the natural mathematical instrument for expressing the uniformity! 
underlying them 

§ 6. Tensor Algebra. Examples 

Addition of Tensors. — The multiplication ol a linear form, 
bilinear form, tnlmear form by a numbei, likewise the 

addition of two linear forms, oi of two bilinear forms 
always gives rise to a form of the same kind Vectois and tensors 
may thus be multiplied by a number (a scalar), and two or more 
tensors of the same order may be added together These operations 
are carried out by multiplying the components by the number m 
question or by addition, respectively Every set of tensors of the 
same order contains a unique tensor 0, of which all the components 
vanish, and which, when added to any tensor of the same order, 
leaves the latter unaltered. The state of a physical system is 
described by specifying the values of certain scalars and tensors 

The fact that a tensor which has been derived from them by 
mathematical operations and is an invariant (1 e dependent upon 
them alone and not upon the choice of the co-ordinate system) is 
equal to zero is what, in general, the expression o t a physical law 
amounts to. 
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Examples. — The motion of a point is represented analytically 
by giving the position of the moving-point or of its co-ordinates, 

dx 

respectively, as functions of the time t The derivatives are 


the contra-variant components u' of the vector “ velocity " By 
multiplying it by the mass m of the moving-point, m being a scalar 
which serves to express the inertia of matter, we get the “ impulse ” 
(or “ momentum ”) By adding the impulses of several points 
of mass or of those, respectively, of which one imagines a rigid 
body to be composed in the mechanics of point-masses, we get the 
total impulse of the point-system or of the rigid body In the oase 
of continuously extended matter we must supplant these sums by 
integrals The fundamental law of motion is 


dG * 

-<it = = mn ' 


(25) 


where G' denote the contra-variant components of the impulse of a 
mass-point and p l denote those of the force 

Since, according to our view, force is primarily a c o-variant 
. vector, this fundamental law is possible only in a metrical space, 
but not in a purely affine one The same law holds for the total 
impulse ot a rigid body and for the total force acting on it 

Multiplication of Tensors. — By multiplying together two linear 

forms a,£ l , ^ b,ij‘ in the variables £ and y, we get a bilinear iorm 

i t 

i k 

and hence from the two vectors a and b we get a tensor c of the 
second order, l e 

= c lk (26) 

Equation (26) represents an invariant relation between the vectors 
a and b and the tensor c, i e if we pass over to a new co-ordinate 
system precisely the same equations hold for the components 
(distinguished by a bar) of these quantities in this new co-ordinate 
Bystem, i e 

d t bk = Cut- 

In the same way we may multiply a tensor of the first order by 
one of the second order (or generally, a tensor of any order by a 
tensor of any order) By multiplying 
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in which the Greek letters denote variables which are to be trans- 
formed contra-grediently or co-grediently according as the mdioes 
are raised or lowered, we derive the tnhnear form 

^ afiliW : ii 

M 

and, accordingly, by multiplying the two tensors of the first and 
second order, a tensor c of the third order, i.e. 

,i i 

a i Ofc = c,* 

This multiplication is performed on the components by merely 
multiplying each component of one tensor by each component of 
the other, as is evident above It must be noted that the co-variant 
components (with respect to the index l, for example) of the re- 
sultant tensor of the third order, 1 e c l tl — a t b l ki are given by cm = 
a,b]ci It is thus immediately permissible in such multiplication 
formulae to transfer an index on both sides of the equation from 
below to above or vice versa 

Examples of Skew-symmetrical and Symmetrical Tensors. 

— If two vectors with the contra-variant components a\ b’ are multi- 
plied first in one order and then m the reverse order, and if we then 
subtract the one result from the other, we get a skew-symmetrical 
tensor c of the second oidei with the contra-variant components 

c lk = a l b k - a k b l 

This tensor occurs m ordinary vector analysis as the “ vectorial pro- 
duct " of the two vectors a and b By specifying a certain direction 
of twist in three-dimensional space, it becomes possible to establish 
a reversible one-to-one correspondence between these tensors and 
the vectors (This is impossible in four-dimensional space for the 
obvious reason that, in it, a skew-symmetrical tensor of the second 
order has six independent components, whereas a vector has only 
four , similarly m the case of spaces of still higher dimensions ) 
In three-dimensional space the above method of representation is 
founded on the following If we use only Cartesian co-ordinate 
systems and introduce in addition to a and b an arbitrary displace- 
ment £, the determinant 

a 1 a 2 a 3 

b 1 b 2 ¥ = c 2S f + c 31 £ 2 + c i2 £ 3 
£ 2 c 3 

becomes multiplied by the determinant of the co-efficients of trans- 
formation, when we pass from one co-ordinate system to another. 
In the case of orthogonal transformations this determinant = + 1. 
If we confine our attention to “ proper ” orthogonal transformations, 
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i e such for which this determinant = + 1 the above linear form in 
the £’s remains unchanged Accordingly, the formula 

C 23 _ C 31 c c 12 _ 

express a relation between the skew-symmetrical tensor c and a 
vector c* this relation being invariant for proper orthogonal trans- 
formations The vector c* is perpendicular to the two vectors 
a and b, and its magnitude (according to elementary formulse of 
analytical geometry) is equal to the area of the parallelogram of 
which the sides are a and b It may be justifiable on the ground 
of economy of expression to replace skew-symmetrical tensors by 
vectors in ordinary vector analysis, but in some ways it hides the 
essential feature , it gives use to the well-known “ swimming-rules” 
in electro-dynamics, which m no wise signify that there is a unique 
direction of twist in the space m which electro-dynamic events 
occur , they become necessary only because the magnetic intensity 
of field is regarded as a vector, whereas it is, in reality, a skew- 
symmetrical tensor (like the so-called vectorial product of two 
vectors) If we had been given one more space-dimension, this 
error could never have occurred 

In mechanics the skew-symmetrical tensor product of two 
vectors occurs — 

1 As moment of momentum (angular momentum) about a 
point 0 If there is a point-mass at P and if are the 


components of OP and w aie the (contra-variant) components of 
the velocity of the points at the moment under consideration, and 
m its mass, the momentum of momentum is defined by 
L il = m («’£* - u k ( l ) 

The moment of momentum of a rigid body about a point O is the 
sum of the moments of momentum of each of the point-masses 
of the body 

2 As the turning-moment (torque) of a force. If the 

latter acts at the point P and if p are its contra-variant com- 
ponents, the torque is defined by 

q lk = pp - p k p 

The turning-moment of a system of forces is obtained by simple 
addition In addition to (25) the law 



• (27) 


holds for a pomt-maBS as well as for a rigid body free from con- 
straint The turning-moment of a rigid body about a fixed point 
O is governed by the law (27) alone. 
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A further example of a skew-symmetrical tensor is the rate of 
rotation (angular velooity) of a rigid body about the fixed point 0 
If this rotation about O brings the point P m general to P', the 

vector OP' is produced, and henoe also PP', by a linear trans- 

formation from OP If £ l are the components of OP, Sc* those of 

PP', v‘ k the components of this linear transformation (matrix), we 
have 

. (28) 
k 

We shall concern ourselves here only with infinitely small rotations 
They are distinguished among infinitesimal matrices by the ad- 
ditional property that, regarded as an identity in $ 

i hi 

This gives 

= 0 
t 

By inserting the expressions (28) we get 

J *£? = £ vj<? = o 

ik i k 

This must be identically true in the variables £„ and hence 

Vki + v kl = 0 

l e. the tensor which has v, k for its co-vanant components is skew- 
symmetrical 

A rigid body in motion experiences an infinitely small rotation 
during an infinitely small element of time 8 1 We need only to 
divide by St the infinitesimal rotation -tensor v just formed to 
derive (m the limit when St -?■ 0) the skew-symmetrical tensor 
‘‘angular velocity," which we shall again denote by v If u l 
signify the contra-variant components of the velocity of the point 
P , and Ui its co- variant components in the formulae (28), the latter 
resolves into the fundamental formula of the kinematics of a rigid 
body, viz 


• ( 29 ) 
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The existence of the “ instantaneous axis of rotation ” follows from 
the circumstance that the linear equations 

= 0 
k 

with the skew-symmetrical co-efficients v ^ always have solutions 
in the case n = 3, which differ from the trivial one i 1 = & = 
£ 3 =• 0 One usually finds angular velocity, too, represented as 
a vector 

Finally the “ moment of inertia " which presents itself in the 
rotation of a body offers a simple example of a symmetrical tensor 
of the second order. 

If a point-mass of mass m is situated at the point P to which 

the vector OP starting from the centie of rotation 0 and with the 
components leads, we call the symmetrical tensor oi which the 
contra-variant components are given by »»£*£* (multiplication *), the 
“ inertia, of rotation " of the point-mass (with respect to the 
centre of rotation O) The inertia of rotation T* of a point- 
system or body is defined as the sum of these tensors formed 
separately for each of its points P This definition is different 
from the usual one, but is the correct one if the intention of 
regarding the velocity of rotation as a skew-symmetrical tensor and 
not as a vector is to be carried out, as we shall presently see 
The tensor T lk plays the same part with regard to a rotation about 
O as that of the scalar m in translational motion 

Contraction.- — If a\ are the mixed components of a tensor of the 

second order, is an invariant Thus, if, a* aie the mixed com- 

l 

ponents of the same tensor after transformation to a new co-ordinate 
system, then 

£<*1 = 
z i 

Proof — The variables £*, r/, of the bilinear form 



must be subjected to the contra-gredient transformations 
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From this it follows that 


and 


xk 


by (20') 


The invariant 


l-t 


which has been formed fiom the com- 


ponents a* of a matrix is called the trace (spur) of the matrix. 

This theorem enables us immediately to carry out a general 
operation on tensors, called “contraction,” which takes a second 
place to multiplication By making a definite upper index in the 
mixed components of a tensor coincide with a definite lowei one, 
and summing over this index, we derive from the given tensor a 
new one the order of which is two less than that of the original 
one, eg we get from the components <4"‘ fc of a tensor of the fifth 
order a tensor of the third order, thus — • 


5 - 


hi 


(30) 


The connection expressed by (30) is an invariant one, i e it preserves 
its form when we pass over to a new co-ordinate system, viz 


» a} T = C l 
hir hi 


(31) 


To see this we only need the help of two arbitrary contra-vanant 
vectors rf and a co-variant one £, By means of them we form 
the components, 


[£ h vKi =/r- 


hil 


of a mixed tensor of the second order to this we apply the 
theorem 


lr, -If. 


i 



so euclidean space 

which was just proved We then get thejformula 

h tl hll 

in which the c’s are dehned by (30), the c’s by (31) The c/ u 's are 
thus, in point of fact, the components of the same tensor of the 
third order in the new system, of which the components in the old 
one = c,' n 

Examples of this process of contraction have been met with 
in abundance in the above Wherever summation took place with 
respect to certain indices, the summation index appeared twice in 
the general member of summation, once above and once below the 
co-efficient each such summation was an example of contiaction 
For example, m formula (29) by multiplication ot t’ tl with one 
can form the tensor v,^ 1 of the third order , by making 7c coincide 
with l and summing for 1c, we get the contracted tensor of the first 
order u, If a matrix A transforms the aibitiary displacement x 
into x' = A(x), and if a second matrix B transforms this x' into 
x" >= B(x'), a combination BA results from the two matrices, 
which transforms x directly mto x" = Jl.l(x) If A has the com- 
ponents a* and B components b\, the components of the combined 
matrix BA are 

c\ = 

1 

Heie, again, we have the case of multiplication followed by con- 
traction 

The process of contiaction may be applied simultaneously for 
several pairs of indices. Fiom the tensors of the 1st, 2nd, 3rd, 

. order with the co-\ anant components a», a^, a,*;, , we thus 

get, m particular, the invariants 

y a,g , y a-iko- , £ u-ti/i , 

\ \k i Id 

If, as is here assumed, the quadratic form corresponding to the 
fundamental metrical tensor is, dehnitehi nositiwe,. these mvs.r \s.r\V^ 
are all positive, for, in a Cartesian co-ordinate system they disclose 
themselves directly as the sums of the squares of the components. 
Just as in the simplest case of a vector, the square root of these 
invariants may be termed the measure or the magnitude of the 
tensor of the 1st, 2nd, 3rd, . order 

We shall at this point make the convention, once and for all 
that if an index occurs twice (once above and once below) in a 
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term of a formula to which indices are attached, this is always to 
signify that summation is to be carried out with respect to the 
index in question, and we shall not consider it necessary to put a 
summation sign in front of it 

The operations of addition, multiplication, and contraction only 
require affine geometry they are not based upon a “ fundamental 
metrical tensor ” The latter is only necessary for the process of 
passing from co-variant to contra-variant components and the 
reverse 

Euler’s Equations for a Spinning Top 

As an exerciso in tensor calculus, we shall deduce Eulei’s equa- 
tions for the motion of a rigid body under no forces about a fixed 
point 0 We write the fundamental equations (27) m the co-vari- 
ant form 

dZ j t k „ 

dr = 

and multiply them, for the sake of briefness, by the contra-variant 
components u> ,k of an arbitrary skew-symmetrical tensor which is 
constant (independent of the time), and apply contraction with re- 
spect to i and lc If we put II a equal to the sum 

in. 


which is to he taken ovei all the points of mass, we get 


\L, k w ik = ll lk iv lk = II, 


an invariant, and we can compress our equation into 


dH 

dt 


= 0 


(32) 


If we introduce the expressions (29) for it,, and the tensor of inertia 
T, then 

H* = . . (33) 

We have hitherto assumed that a co-ordinate system which is 
fixed in space has been used The components T of inertia then 
change with the distribution of matter in the couise of time If, 
however, in place of this we use a co-ordinate system which is fixed 
m the body, and consider the symbols so far used as referring to 
the components of the corresponding tensors with respect to this 
oo-ordmate system, whereas we distinguish the components of the 
same tensors with respect to the co-ordinate system fixed in space 
by a horizontal bar, the equation (32) remains valid on acoount of 
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the mvarian.ee of H The T*' s are now constants , on the other 
hand, however, the w lk 's vary with the time Our equation gives us 


dHk 

dt 


w 1 * + Hk . 


dw lk 

dt 


( 34 ) 


To determine -^r, we choose two arbitrary vectors fixed in the 

body, of which the co-variant components in the co-ordinate system 
attached to the body are £, and rj t respectively These quantities 
are thus constants, but their components £„ i), m the space co- 
ordinate system are functions of the time. Now, 


lV lk £,r) k 


w lk £J) L , 


and hence, differentiating with respect to the time 


du '* 
dt 


iiVk = w 


= w4 d i 


By formula (29) 


\ dt 


Vk + St) 




(35) 


We thus get for the right-hand side of (35) 

W a (0 T t trVk + Vtfj,), 

and as this is an invariant, we may lemove the bais, obtaining 
el'll) 

hvk = wH&viw + £ i v>v r k ) 

This holds identically m f and r) , thuB if the ll ,k are aibitrary 
numbers, 

din & 

Hik ~ d y = w lk (v[ H, k + Vi II lr ) 

If we take the Ht’s to be the quantities which we denoted above 
by this symbol, the second term of (34) is deteimined, and our 
equation becomes 

isf + {vr ‘ Hrk + n ' r) } w ' k = °- 

which is an identity in the skew-symmetrical tensor w •* , hence 

d(H lk - JT b ) r v* B. rk + vi H ^- 1 

dt ' + L- vlH tl - J 

We shall now substitute the expression (33) for Hut Since, on 
account of the symmetry of 

V l H A= %K T n) 
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is also symmetrical in t and k, the two last terms of the sum m the 
square brackets destroy one another. If we now put the sym- 
metrical tensor 

V l l 'kr = 9'*K V l = ( VV \k 

we finally get our equations into the foim 

- VkX) = ( W ),r T k - ( VV )*r T l 

It is well known that we may introduce a Cartesian co-ordinate 
system composed of the thiee principal axes of inertia, so that in 
these 

» d t --° 

If we then write T l in place of T^, and do the same foi the re- 
maining indices, oui equations m this co-oidmate system assume 
the simple form 

(T, + T k ) dv d ‘ t k =■ (1\ - T,)(vv) lk 

These are the diffeiential equation 1 foi the components v, t of the 
unknown angular velocity-equations which, as is known, may be 
solved in elliptic functions of t The principal moments of inertia 
T, which occur here aie connected with those, T*, given in ac- 
coidance with the usual definitions by tho equations 

T* = T, + T,, T* = T, + T v T* = 1\ + T 2 

The above treatment of the problem of rotation may, in contra- 
distinction to the usual method, be transposed, word foi word, from 
three-dimensional space to multi-dimensional spaces. This is, 
indeed, irrelevant in piactice On the other hand, the fact that we 
have freed ourselves from the limitation to a definite dimensional 
number and that we have formulated physical laws in such a way 
that the dimensional number appears accidental in them, gives 
ua an assurance that we have succeeded fully in grasping them 
mathematically. 

The study of tensor-calculus* is, without doubt, attended by 
conceptual difficulties — over and above the apprehension inspired 
by indices, which must be overcome From the formal aspect, 
however, the method of reckoning used is of extreme simplicity , 
it is much easier than, eg, the apparatus of elementary vector- 
calculus There are two operations, multiplication and contraction , 
then putting the components of two tensors wuth totally different 
indices alongside of one another , the identification of an upper 

* Not® 4, 
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index with a lower one, and, finally, summation (not expressed) 
over this index Various attempts have been made to set up a 
standard terminology in this branch of mathematics involving only 
the vectors themselves and not their components, analogous to that 
of vectors in vector analysis This is highly expedient m the latter, 
but very cumbersome for the much more complicated framework 
of the tensor calculus In trying to avoid continual reference to 
the components we are obliged to adopt an endless profusion of 
names and symbols in addition to an mtucate set of rules for 
carrying out calculations, so that the balance of advantage is con- 
sideiably on the negative side An emphatic protest must be 
entered against these orgies of formalism which are threatening 
the peace of even the technical scientist 

§ 7 . Symmetrical Properties of TenBorB 

It is obvious fiom the examples of the preceding paragraph that 
symmetncal and skew -symmetrical tensors of the second order, 
wherever they are applied, leprescnt entirely different kinds of 
quantities Accoidmgly the character of a quantity is not m 
general described fully, if it is stated to be a tensor of such and 
such an ordci, but symmetrical characteristics have to be added 

A linear form of seveial senes of vambles is called sym- 
metrical if it remains unchanged after any two of these series of 
variables aie interchanged, but is called skew-symmetrical if this 
converts it into its negative, 1 e icverses its sign A symmetrical 
linear form does not change if the senes of variables are subjected 
to any permutations among themselves, a skew-symmetrical one 
does not change if an even peimutation is earned out with the series 
of variables, but changes its sign if the permutation is odd. The 
co-efficients a,u of a symmetrical tnlmear form (we purposely 
choose thiee again as an example) satisfy the conditions 

a, u = ciki i = auk = Ufc.t = on i = OiUc 
Of the co-efficients of a skow-symmetncal tensor only those which 
have three different indices can b e 0 and they satisfy the equa- 

tions 

a-M = ttili = a-hlc = - oiu = — ajfc, = - auk 

There can consequently be no (non-vanishing) skew-sym- 
metrical forms of more than n series of variables in a domain of n 
variables Just as a symmetrical bilinear form may be entirely re- 
placed by the quadratic form which is derived from it by identify- 
ing the two series of variables, so a symmetrical trilmear form is 
uniquely determined by the cubical form of a single series of van- 
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ables with the co-efficients <1*1, which is derived from the tnline&r 
form by the same process If in a skew -symmetrica] tnliuear form 


F 


aoifVf' 


we perform the 3 1 permutations on the senes of variables £, jj, f, 
and prefix a positive or negative sign to each according as the per- 
mutation is even or odd, we get the original form six times. If 
they are all added together, we get the following scheme for them — 


F = 


1 ^ | ** * l 
;T S a M 1 *?' V k V 1 

> i k i l 


(36) 


In a linear form the property of being symmetrical or skew- 
symmetrical is not destroyed if each series of variables is subjected 
to the same linear transformation Consequently, a meaning may 
be attached to the terms symmetrical and skew-symmetrioal, 
co-variant or contra-variant tensors But these expressions have 
no meaning in the domain of mixed tensors We need spend no 
further time on symmetrical tensors, but must discuss skew-sym- 
metrical co-variant tensors in somewhat greater detail as they have 
a very special significance 

The components £' of a displacement determine the direction of 
a straight line (positive 01 negative) as well as its magnitude. If 
i‘ and >7* are any two linearly independent displacements, and if 
they are maiked out from any arbitrary point 0 , they trace out a 
plane The latios of the quantities 


£'y* - « £< k 

define the “position ” of this plane (a “direction ” of the plane) m 
the same way as the ratios of the £' fix the position of a straight 
line (its “ direction ’’) The £** are each <■ 0 if, and only if, the two 
displacements £*, rf are linearly dependent , in this case they do not 
map out a two-dimensional manifold When two linearly inde- 
pendent displacements £ and 17 trace out a plane, a definite sense of 
rotation is implied, viz the sense of the rotation about 0 m the 
plane which for a turn < 180° brings £ to coincide with 17 , also a 
definite measure (quantity), viz. the area of the parallelogram en- 
closed by £ and >7. If we mark off two displacements £, t) from an 
arbitrary point 0, and two £* 17* from an arbitrary point 0*, then 
the position, the sense of rotation, and the magnitude of the plane 
marked oat are identical in each if, and only if, the £‘ k 'a of the one 
pair coincide with those of the other, 1 e 
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So that just as the fr's deteimme the direction and length of a 
straight line, so the £'*’b determine the sense and surface area of a 
plane , the completeness of the analogy is evident 

To express this we may call the fust configuration a one- 
dimensional space-element, the second a two-dimensional 
space-element dust as the squaic of the magnitude of a one- 
dlinensional space-element is given by the invariant 

It = <Mt‘P = Qd) 

so the squat e of the magnitude of th< two-dimensional space- 
element is given, in accoidance with the loirnulte of analytical 
gcometiy I »> 

4t' A U - 

for which we may also wnti 

~ £*•/') - (£,£') (r^Vi-1 - d,V') 

=» <j<£i - Q j (tv i 

In the same sense the deteinunants 


r u 


i f. C f/ 

V V L 1?' 

C C C 


which ate domed fiom three independent displacements £, g, 
are the components of a three-dimensional space-element, the 

magnitude of which ih given by the squaie loot of the invariant 

W K, i> u 

In thiee-dimensional space this invanant is 

and Hince £* u = + t 1 - J , accoidmg as i kl is an even oi an odd 
permutation of 12, i, it assumes the value 

,/ it'-’V 


where g is the detei nnnant of the co-efticients g,k of the funda- 
mental metiical fonn The volume of the parallelopiped thus 
becomes 


Jg 


£' £ J £ J (taking the absolute, 
t) 1 i) 3 rf , i e positive value of 
g 1 g 2 g - * i the determinants) 


This agreeB with the elementary formula} of analytical geometry 
In a space of more than three dimensions we may similarly pass 
on to four-dimensional space-elements, etc 

Just as a co-variant tensor of the first order assigns a number 
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linearly (and independently of the co-ordinate system) to every 
one-dimensional space-element (i e. displacement), so a skew- 
symmetrical co-variant tensoi of the second order assigns a 
number to every two-dimensional space-element, a skew-sym- 
metrical tensor of the third order to each three-dimensional 
space-element, and so on this is immediately evident from the form 
in which (36) is expressed For this leason we consider it justifiable 
to call the co-vanant skew-symmetrical tensors simply linear 
tensors. Among operations in the domain of linear tensors 
we shall mention the two following ones — 

uj>k - a K b, = c, k (37) 

a, b k t -f a k b h + aibuc == c M (38) 

The former pioduees a linear tensoi of the second order from two 
linear tensois of the first order, the latter produces a linear tensor 
of the third ordei fiom one of the first and one of the second 

Sometimes conditions of symmetry more complicated than 
those oonsideied heretofore occur In the realm of quadrilmear 
forms F (£, ij, f , r/') those plaj a paiticulai part which satisfy the 
conditions 

F(vi( V) = F((w'i) = - Z'dvt'v ) (39j) 

F(£'t)'£ti) = F(fr)£ t)') (39 a ) 

F(f vi'v) + F(t£'v'v) + FifroF) = 0 (39 a ) 

Foi it may be shown that for every quadratic form of an arbitrary 
two-dimensional space-element 

f 1 * — £'?j k - £ k rf 

there is one and only one quadnhnear form F which satisfies 
these conditions of symmetry, and fiom which the above quadratic 
form is denved by identifying the second pair of variables y' 
with the first pair £, -q We must consequently use co-variant 
tensors of the fourth order having the symmetrical properties (39) 
if we wish to represent functions which stand in quadratic relation- 
ship with an element of surface 

The most general form of the oondition of symmetry for a 

tensor F of the fifth order of which the first, second, and fourth 
series of variables are contra-gredient, the third and fifth co-gredient 
(we are taking a particular case) are 

'y esFs = 0 
s 

in which S signifies all permutations of the five series of variables 
m which the contra-gredient ones are interchanged among them- 
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solves and likewise the co-gredient ones , /g denotes the form which 
results from F after the permutation S , es is a system of definite 
numbers, which are assigned to the permutations S, The sum* 
motion is taken over all the permutations S The kind of 
symmetry underlying a definite type of tensors expresses itself 
m one or more of such conditions of symmetry 

£ 8. Tensor Analysis. Stresses 

Quantities which describe how the state of a spatially extended 
physical system vanes from point to point have not a distinct value 
hut onlj one “for each point” in mathematical language they 
are " functions of the place or point ” According as we are deal- 
ing with a scftlftr, vector, or tensor, tte speak of a scalar, vector, or 
tensor field. 

Such a field is given if a scalar, vectoi, or tensor of the proper 
type is assigned to every point of space or to a definite region of it. 
If we use a definite co-ordinate system the value of the scalar 
quantities or of the components of the vector or tensor quantities 
respectively, appear in the co-ordinate system as functions of the 
co-ordinates of a vanable point in the legion under consideration 

Tensor analysis tells us how, by differentiating with respect to 
the space co-oidinates, a new tensor can be derived from the old 
one in a manner entirely independent of the co-ordinate system. 
This method, like tensor algebra, is of extreme simplicity Only 
one operation occurs m it, viz differentiation. 

If 

<t> -/(* 1*3 x n ) - fix) 

denotes a given scalar field, the change of </> corresponding to an 
infinitesimal displacement of the vanable point, in which its co- 
ordinates x, suffer changes dxi respectively, is given by the total 
differential 

3 / 3 / 3 / 

3i^‘ + W i *» + + 

This formula signifies that if the Ax, are first taken as the com- 
ponents of a finite displacement and the A j are the corresponding 
changes in /, then the difference between 

r" 

Af and Ax, 

> 

does not only decrease absolutely to zero with the components of 
the displacement, bat also relatively to the amount of the dis- 
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placement, the measure of which may be defined as j &x 1 1 + | Ax a | 
+ . . + |Ar,,| We link up the linear form 



in the variables £ l to this differential If we cairy out the same 
construction in another co-ordinate system (with horizontal bars 
over the co-ordinates), it is evident from the meaning of the term 
differential that the first linear form passes into the second, if the 
fi's are subjected to the transformation which is contra-gredient 
to the fundamental vectors Accordingly 

If K 

3xj' Dj-„ 

are the co-valiant components of a vector which anses from the 
scalar field <f> in a manner independent of the co-ordinate system 
In ordinary vector analysis it occurs as the gradient and is 
denoted by the sj inbol grad <£ 

This operation may immediately be transposed from a scalar 
to any arbitrary tensor field If, e g , /* 4 (r) are components of a 
tensor held of the third order, contra-variant with respect to h, 
but co- variant with respect to i and k, then 


is an invariant, if we take (h as standing for tho components of an 
arbitrary but constant co-variant vector (1 e independent of its 
position), and rf, each as standing for the components of a 
similar contra-variant vector in turn The change in this invariant 
due to an infinitesimal displacement with components dx l is 
given by 

‘•f** Ly'i k dx] 
ox t 

hence 


fiu = 


~t>X, 


are the components of a tensor field of the fourth order, which 
arises from the given one m a manner independent of the co- 
ordinate system Just this is the process of differentiation ; 
as is seen, it raises the order of the tensor by 1 We have still to 
remark that, on account of the circumstance that the fundamental 
metrical tensor is independent of its position, one obtains the 
components of the tensor just formed, for example, which are 
contra-variant with respect to the index k, by transposing the 
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index k under the sign of differentiation to the top, viz -i — The 

OXi 

change from co-variant to contra-variant is interchangeable with 
differentiation Differentiation may be earned out purely formally 
by imagining the tensor in question multiplied by a vector having 
the co-variant components 


a _ t_ 3 

3jc 1 ’ 


(40) 


and treating the differential quotient — as the symbolic product 

of / and The symbolic vector (40) is often encountered in 

mathematical literature under the mysterious name “ nabla-vector ” 
Examples. — The vectoi with the co-variant components 

gives use to the ten&oi of the second order ?i— = From this 

we foim 


tu' _ 


(41) 


These quantities aie the co-variant components of a linear tensor 
of the second oidei In oidmaiy \ectoi analysis it occurs (with 
the signs leveisedj as “rotation” (lot, spin or curl) On the 
other hand the quantities 




aie the co-vaiiant components of a symmetrical tensor of the 
second older If the vector u represents the velocity of continu- 
ously extended moving matter as u function of its position, the 
vanishing of this tensor at a point signifies that the immediate 
neighbourhood of the point moves as a rigid body, it thus merits 
the name distortion tensor. Finally by contracting u\ we get 
the scalar 

tu l 

tj, 


which is known in vectoi analysis as “divergence” (div) 

By diffeientiating and contracting a tensor of the second order 
having mixed components S * we denve the vector 


3S.* 

tx k 

If are the components of a linear tensor field of the second 
order, then, analogously to formula (38) in which we substitute v 
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for b and the symbolic vector “ differentiation ” for a, we get the 
linear tensor of the third older with the components 

»>mi , _ U2) 

~bx k t)T t 

Tensor (41), le the curl, vanishes if v, is the gradient of a scalar 
field, tensor (42) vanishes if v lk is the cuil of a vector it, 

Stresses. — An important example of a tensoi field is offeied by 
the stresses occurnng in an elastic body , it i s, indeed, _fi om_ tlyp 
example that the name “ tensor ” has .been dem ed ^ When tensile 
'"or'Compressional foices act at the suiface of an elastic body, whilst, , 
in addition, “ volume-foices ” (eg giavitation) act on vanouB 
portions of the matter within the body, a state of equilibrium es- 
tablishes itself, in which the forces of cohesion called up in the 
matter by the distoition balance the lmpiessed forces fiom without 
If we imagine any portion J of the matter cut out of the body and 
suppose it to remain coherent after we have removed the remaining 
portion, the impressed volume forces will not of themselves keep 
this piece of mattei in a state of equilibuum The} aie, however, 
balanced by the compressional toices acting on the suiface 11 of the 
portion J, which are excited on it by the portion ot matter removed 
We have actually, if we do not take the atomic (gianulai) structure 
of mattei into account, to imagine that the foices of cohesion are 
only active in dnect contact, with the consequence that the action 
of the removed portion upon J must he repiesentable by superficial 
forces such as pressure and indeed, it S do is the pressuie acting 
on an element of surface do (8 here denotes the pressure per unit 
surface), S can depend only upon the place at which the element of 
surface do happens to be and on the inward normal n of this element 
of surface with respect to <7, which characterises the “portion ” of 
do We shall write S„ for S to emphasise this connection between 
S and n If — n denotes the normal in a dnection reveised to that 
of n, it follows from the equilibrium of a small infinitely thin disc, 
that 

S_„ = - S„ (43) 

We shall use Cartesian co-ordmates x lt x,, x 2 The compres- 
sions! forces per unit of area at a point, which act on an element 
of surface situated at the same point, the inward normals of which 
coincide with the direction of the positive x 1 -, x. r , aq-axis re- 
spectively wdl be denoted by Sj, S 2 , S 2 We now choose any 
three positive numbers cq, a 2 , a 3 , and a positive number «, which is 
to converge to the value 0 (whereas the % remain fixed). From 
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the point 0 under consideration we mark off in the direction of 
the positive co-ordinate axes the distances 

OPj = ta,, OP 2 = <a.,, 0P 3 = ra 3 

and consider the infinitesimal tetrahedron OP 1 P 2 P s having OP 2 P 3 , 
OP t P v OP l P 1 as walls and P 1 P 2 P i as its “ roof ” If f is the 
superficial area of the roof and «j, o 2 , a_, are the direction cosines of 
its mwaid normals n, then the areas of the walls are 

-/ “1 (= “/ ~f a 3 

The sum of the prtssuies on the walls and the roof becomes for 
evanescent values of < 

/ |S„ - (mSj + a,S, + OjSJj 

The magnitude of /is of the order < 2 hut the \olume force acting 
upon the volume of the tetiahedron is only of the older of mag- 
nitude « 3 Hence, owing to the condition foi equilibrium, we must 
have 

S„ = ttiSi + a_,S_, + u,S 3 

With the help of (43) this formula may he extended immediately 
to the cnse in which the tetiahedron is situated in any of the re- 
maining 7 octants If we call the compom ntx of S, with i espect 
to the co-ordinate axes S l2 , S tJ , and if f 1 , r/' ate the components 
of any two lubitraiy displacements of length 1, then 

^ 'S.jti'i;* (4.4) 

iK 

is the component, m the direction -t], of the compiessional force 
which is exerted on an element of surface of which the inner 
normal is ( The bilinear form (44) has thus a significance in- 
dependent of the co-ordinate system, and the S^'s are the com- 
ponents of a “ stress ” tensor field We shall continue to operate 
in rectangulai co-ordinate systems so that we shall not have to 
distinguish between co-variant and contra- variant quantities 

We form the vector S' t having components Sj„ S 2 „ S 3t The 
component of S'j in the direction of the inward normal n of an 
element of surface is then equal to the ^-component of S„ The 
aq-component of the total pleasure which acts on the surface O 
of the detached poition of matter J is therefore equal to the surface 
integral of the normal components of S'j and this, by Gauss’s 
Theorem, is equal to the volume integi al 
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The same holds for the x„ and the x 3 component We have thus 
to form the vector p having the components 



k 


(this is performed, as we know, according to an invariant law) 
The compressional forces S are then equivalent to a volume force 
having the direction and intensity given by p per unit volume in 
the sense that, for every dissociated portion of matter J, 

js,//o = JptfF (45) 

a j 

It k is the impressed foice per unit volume, the flist condition of 
equilibrium for the piece of mattei consideied coheient after being 
detached is 

J"(p + k) dV = 0, 

j 

and as this must hold for every poition of mattei 

p + k = 0 (46) 

If we choose an arbitrary origin 0 and if r denote the ladius 
vector to the vanable point P, and the squaie bracket denote the 
“vectorial” pioduct, the second condition for equilibuum, the 
equation of moments, is 

j[r, S„] do + J[r, k] dV = 0, 

O f 

and since (46) holds generally we must have, besides (45), 

J[r, S«] do = j[r, p] dV 

n j 

The x 1 component of [r, S„] is equal to the component of ;r a S' s - 
a; 3 S 2 in the direction of n Hence, by Gauss’s theorem, the x l 
component of the left-hand member is 

- Jdiv (x 2 S' 3 - a 3 S' 3 ) dV 

Hence we get the equation 

div (* 2 S ' 3 - x 3 S' 2 ) =. - (r 2Pi - x, Pi ) 

But the left-hand member 

" K dlv S'* - Z 3 div S'*) + (S'* . grad x s - S'* grad 

" ~ (**P« ~ x t Pi) + (S„ ~ S s2 ). 
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Accordingly, if we form the and x 3 components in addition to 
the component, this condition of equilibrium gives us 

“ ^S2< ^21 = ®ia> *^'l2 = ®S1> 

i e. the symmetry of the stress-tensor S. For an arbitrary dis- 
placement having the components 

^ giki'£ k 


is the component of the pressure per unit suiface for the component 
in the direction (, which acts on an element of surface placed at 
right angles to this direction (We may here again use any arbi- 
trary afliue co-oidmate system ) The stresses are fully equi- 
valent to a volume force of which the density j> is calculated 
accoiding to the invariant formulas 

85 , ‘ 

- P ' " St. 


In the case of a pressure ji which is equal in all directions 

= r v. = - t, 


As a result of the foregoing reasoning we have formulated in 
exact terms the conception of stress alone, and have discovered 
how to represent it mathematically To set up the fundamental 
laws of the theory of elasticity it is, in addition, necessary to find 
out how the stresses depend on the distoition brought about in 
the mattei by the impressed forces There is no occasion for us to 
discuss this in greater detail 


fcfl. Stationary Electromagnetic Fields 

Hitherto, w'henevei we have spoken of mechanical or physical 
things, we have done so foi the purpose of showing in what manner 
their spatial nature expresses itself namely, that its laws mani- 
fest themselves as invariant tensor relations This also gave ns an 
opportunity of demonstrating the importance of the tensor cal- 
culus by giving concrete examples of it It enabled us to prepare 
the ground for later discussions which will grapple with physical 
theories in greater detail, both for the sake of the theories them- 
selves and for their impoitant bearing on the problem of time. In 
this connection the theory of the electromagnetic field, which 
is the most perfect branch of physics at present known, will be of 
the highest importance It will here only be considered in so far 
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a g time does not enter into it, ie we shall confine our attention 
to conditions which are stationary and invariable in time. 

Coulomb's Law for electrostatics may be enunciated thus If 
any charges of electricity are distubuted m space with the density p 
they exert a foi ce 

K = e E (4=8) 

upon a point-charge e, whereby 

E - - JS~i ar <49) 

— > 

r here denotes the vector OP w Inch loads fiom the “ point of emerg- 
ence O ” at which E is to be determined, to the “ curient point ’’ or 
source, with respect to which the mtegial is taken r is its length 
and dV is the element of volume The foice is thus composed of 
two factors, the charge e ot the small tebting body, which depends 
on its condition alone, and of the “ intensity ot field ” E, which on 
the contrary is determined solely by the given distribution of the 
chaigeb in space We picture in our minds that even if we do 
not observe the force acting on a testing body, an “ electric field ” 
is called up by the charges distributed m space, this field being 
described by the vector E , the action on a point-charge e expresses 
itself in the foice (48) We may derive E from a potential - 
in accoidance with the foimulie 

E = grad <f> - 4tt<£ =■ d V . (50) 

From (50) it follows (1) that E is an irrotational (and henco lamellar) 
vector, and (2) that the flux of E through any closed surface is equal 
to the charges enclosed by this surface, oi that the electricity is the 
Bource of the electnc field , l e in formulae 

curl E = 0 div E = p (51) 

Inversely, Coulomb’s Law arises out of these simple differential 
laws if we add the condition that the field E vanish at infinite 
di stances For if we put E = grad <j> from the first of the equations 
(51), we get from the second, to determine <£, Poisson’s equation 
A<£ = p, the solution of which is given by (50) 

Coulomb’s Law deals with “ action at a distance ”, The 
intensity of the field at a point is expressed by it independently of 
the charges at all other points, near or far, m space In contra- 
distinction from this the far simpler formulae (51) express laws 
relating to “ infinitely near ” action As a knowlege of the values 
of a function in an arbitrarily small region surrounding a point is 
sufficient to determine the differential quotient of the function at 
& 
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the point, the values of p and E at a point and in its immediate 
neighbourhood are brought into connection with one another by 
(51) We shall regard these laws of infinitely near action as the 
true expression of the uniformity of action in nature, whereas we 
look upon (49) merely as a mathematical result following logically 
from it In the light of the laws expressed by (51) which have 
such a simple intuitional significance we believe that we under- 
stand the source of Coulomb’s Law In doing this we do indeed 
bow to dictates of tho theory of knowledge Even Leibniz formu- 
lated the postulate of continuity, of infinitely near action, as a 
general principle, and could not, foi this reason, become reconciled 
to Newton’s Law of Gravitation, which entails action at a distance 
and which corresponds fully to that of Coulomb The mathe- 
matical clearness and the simple meaning of the laws (51) are 
additional factors to he taken into account In building up the 
theories of physics we notice repeatedly that once we have suc- 
ceeded m bringing to light the uniformity of a col tain group of 
phenomena it may he expicssed in foitnuIsB of perfect mathematical 
harmony After all, from the physical point of view, Maxwell's 
theoiy in its latei foim beats uninterrupted testimony to the 
stupendous funttulness which has resulted through passing from 
the old idea of action at a distance to the modem one of infinitely 
near action 

The field exerts on the chaiges which produce it a force of 
which the density pci unit volume is given by the tormula 

P t eP M (52) 

This is the ngoioua'mterprelation ol the equation (48) 

If we bung a test charge (on a small body) into the field, it 
also becomes one of the field-pi oducing charges, and formula (48) 
will lead to a coireet determination of the field E existing before 
the test chaige was introduced, only if the test charge e is so weak 
that its effect on the field is mipeiceptible This is a difficulty 
which permeates the whole of experimental physics, viz that by 
introducing a measuring instrument the original conditions which 
are to be measured become disturbed This is, to a large extent, 
the source of the errors to the elimination of which the experi- 
menter has to apply so much ingenuity 

The fundamental law of mechanics mass x acceleration => 
force, tells us how masses move under the influence of given forces 
(the initial velocities being given) Mechanics does not, however 
teach us what is force , this we learn from physics The funda- 
mental laiv of mechanics is a blank form which acquires a concrete 
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content only when the conception of force occurring m it is filled m 
by physics The unfortunate attempts which have been made to 
develop mechanics as a branch of science distinct in itself have, in 
consequence, always sought help by resorting to an explanation in 
words of the fundamental law force signifies mass x accelera- 
tion In the present case of electrostatics, 1 e for the particular 
category of physical phenomena, we recognise what is force, and how 
it is determined according to a definite law by (52) from the phase- 
quantities charge and field If we regard the charges as being 
given, the field equations (51) give the relation in virtue of which 
the charges determine the field which they produce With regard 
to the charges, it is known that they are bound to matter The 
modern theory of electrons has shown that this can be taken in a 
perfectly rigorous sense Matter is composed of elementary quanta, 
electrons, which have a definite in vanable mass, and, in addition, 
a definite invariable charge Whenever new charges appear to 
spring into existence, we merely observe the separation of positive 
and negative elementary charges which were previously so close 
together that the “ action at a distance ” of the one was fully corn 
pensated by that of the other In such processes, accordingly, just 
as much positive electricity “ arises ” as negative The laws thus 
constitute a cycle The distnhution of the elementary quanta of 
matter provided with chaiges fixed once and for all (and, in the 
case of non-stationary conditions, also their velocities) determine 
the field The field exerts upon charged matter a ponderornotive 
force which is given by (52) The force determines, in accordance 
with the fundamental law of mechanics, the acceleration, and hence 
the distribution and velocity of the matter at the following moment 
We require this whole network of theoretical considerations 
to arrive at an experimental means of verification, — if we 
assume that what we directly observe is the motion of matter 
(Even this can he admitted only conditionally ) We cannot merely 
test a single law detached from this theoretical fabric 1 The con- 
nection between direct experience and the objective element behind 
it, which reason seeks to grasp conceptually in a theory, is not so 
simple that every single statement of the theory has a meaning 
which may be verified by direct intuition We bhall see more and 
more clearly in the sequel that Geometry, Mechanics, and Physics 
form an inseparable theoretical whole m this way We must 
never lose sight of this totality when we enquire whether these 
sciences interpret rationally the reality which proclaims itself 
in all subjective experiences of consciousness, and which itself 
transcends consciousness that is, truth forms a system. For the 
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rest, the physical world-picture here described in its firBt outlines 
is characterised by the dualism of matter and field, between 
which there is a reciprocal action Not till the advent of the 
theory of relativity was this dualism overcome, and, indeed, m 
favour of a physics based solely on fields (cf f; 24) 

The ponderomotive force in the electric field was traced back 
to stresses even by Faraday If we use a rectangular system of 
co-ordinates x lt x, in which E v E,, E i aie the components of 
the eh etrical intensity of field, the i, component of the force- 
density is 



By a simple calculation which takes account of the irrotational 
property of E we discover from this that the components p L of the 
foice-density aie derived by the formula' (47) from the stress tenBor, 
the components of which aie tabulated in the following quad- 
ratic scheme 


3 (-67 + E* - 27) - E X E, - EJE 

- E,E y ’ (2iY + 27 - EJ) - E JS. 

-E]E X * -E,E 2 ' 1(27 + 27 - E* 


(53) 


We observe that the condition of symmetry = S,k is fulfilled It 
is, above all, important to notice that the components of the stress 
tensor at a point depend only on the electucal intensity of field at 
this point (They, moreover, depend only on the field, and not on 
the charge ) Whenevei a force p can be ictraced by (47) to stresses 
S, which form a symmetrical tensoi of the second Older only de- 
pendent on the values of the phase-quantities describing the physical 
state at the point in question, we shall have to regaul these stresses 
as the primary factors and the actions of the forces as their conse- 
quent The mathematical justification for this point of view is 
brought to light by the fact that the force p lesults fiom differenti- 
ating the stress Compared with forces, sti esses are thus, so to 
speak, situated on the next lower plane of differentiation, and yet 
do not depend on the whole series of values tiaversed by the phase- 
quantities, as would be the case for an arbitrary integral, but only 
on its value at the point under consideration It further follows 
from the fact that the electrostatic forces which charged bodies 
exert on one another can be retraced to a symmetrical stress tensor, 
that the resulting total force as well as the resulting couple vanishes 
(because the integral taken over the whole space has a divergence 
1 = 0) This means that an isolated system of charged masses 
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which is initially at rest cannot of itself acquire a translational or 
rotational motion as a whole 

The tensor (53) is, of course, independent of the choice of co- 
ordinate system If we introduce the square of the value of the 
field intensity 

| E [ 2 = E t E l 

then we have 

S,k = igu 1 E j 2 - E,E k 

Thes 1 are the co-variant stires components not only in a Cartesian 
but also in any arbitrary alhne co-ordinate system, if E t are the co- 
variant components ot the held intensity The physical significance 
of th'>se stresses is extiemely simple If, for a certain point, we 
use rectangular co-oidmates, the a;, axis of which points in the 
direction E then 

E x = | E \ E, = 0 E s — 0 

we thus find them to he composed of a tension having the intensity 
^ \ E ) 2 in the direction of the lines of force, and of a prcssuie of 
the same intensity acting perpendicularly to them 

The fundamental laws of electrostatics may now be sum- 
marised in the following invariant tensor form 


/r\ ^E t n D(6 , 

(I) . — , =0, or A, = lespectively , 

2 >U 3.C, ix t 1 

(II) D*,' 

(III) S, t = - E,E k 

A sjstem of discrete point-charges c lt e. v e Jt 
energy 

U = 

Sir t— r lk 


(54) 


has potential 


m which r lk denotes the distance between the two charges e t and 
et This signifies that the vntual work which is performed by the 
forces acting at the separate points (owing to the charges at the 
remaining points) for an infinitesimal displacement of the points 
is a total differential, viz hU. For continuously distributed charges 
this formula resolves into 

0 - ll PJ S^P‘ ,Fdr 

in which both volume integrations with respect to P and P' are to 
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be taken over the whole space, and rpr denotes the distance be- 
tween these two points Using the potential <f> we may write 

U = - ij, o4>dV 

The integrand is <f> div E In consequence of the equation 
div (<£E) = <f> div E + E grad <f> 

and of Gauss’s theorem, according to which the integral of div (<£ E) 
taken over the whole space is equal to 0, we have 


1 e 


j rfdV = j(E grad <f>)rlV - J| E | -dV , 

u = JiiEi^r 


(55) 


This representation of the energy makes it directly evident that 
the energy is a positive quantity If we trace the forces back to 
stresses, we must pictuie these stiesseg (like those m an elastic 
body) as being ever} where associated with positive potential energy 
of strain The seat of the energy must hence be sought in the field 
Formula (55) gives a fully eatisfactoiy account of this point It 
tells us that the energ) associated with the btruui amounts to ) | E | 1 
per unit volume, and is thus exactly equal to tin 1 tension and the 
pressure which aie excited along and pei pendicularly to the lines 
of force The deciding factoi which makes this view permissible is 
again the circumstance that the value obtained for the energy- 
density depends solel} on the value, at the point in question, of 
the phrase quantity E which character isos the field Not only the 
field as a whole, but every poition of the field has a definite 
amount ot potential eneig} = | E | ^dV In statics, it is only the 
total energy which comes into consideiation Only later, when 
we pass on to consider variable fields, shall vve arrive at irrefutable 
continuation of the conectness of this view 

In the case of conductors in a statical field the chai ges collect 
on the outer surface and there is no field in the interior The 
equations (51) then suffice to determine the electrical field in free 
space in the “aether” If, howevei, there are non-conductors, 
dielectrics in the field, the phenomenon of dielectric polarisation 
(displacement) must be taken into consideration Two charges 
+ e and - e at the points P 1 and P l respectively, “ source and 
sink" as we shall call them, produce a field, which arises from 
the potential 


e 


1 1 
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in which rj and r 2 denote the distances of the points P v P 2 from 

the origin, O Let the product of e and the vector P l P 2 be called 
the moment m of the “ source and sink" pair. If we now suppose 
the two charges to approach one another in a definite direction at 
a point P, the charge increasing simultaneously in such a way 
that the moment m remains constant, we get, in the limit, a 
“ doublet ” of moment m, the potential of which is given by 


m -j 

-- grad,. 


i 

r 


The result of an electue field in a dielectric is to give use to 
these doublets in the separate elements of volume this effect ib 
known as polarisation. If m is the electric moment of the 
doublets per unit volume, then, instead ot (50), the following 
foinaula holds for the potential 

- 47 r<£ =. jm grad,,'*' dv . (56) 

From the point of view of the theory of electrons this circumstance 
becomes immediately intelligible Let us, for example, imagine an 
atom to consist oi a positively changed “ nucleus” at rest, around 
which an oppositely chaiged election rotateb in a circular path 
The mean position of the electron for tho mean tune of a com- 
plete revolution of the election lound the nucleus will then 
coincide with the position of the nucleus, and the atom will appear 
perfectly neutral fiom without But if an electric field acts, it 
exoits a force on the negative election, as a result of which its 
path will lie excentrically with respect to the atomic nucleus, e g 
will become an ellipse with the nucleus at one oi its foci In the 
mean, for times which are great compared with the time of re- 
volution of the electron, the atom will act like a doublet , or if we 
treat matter as being continuous we shall have to assume con- 
tinuously distributed doublets in it Even before entering upon 
an exact atomistic tieatment of this idea we can say that, at least 
to a first approximation, the moment m per unit volume will be 
proportional to the intensity E of the electric field i e m — fcE, 
in which k denotes a constant characteristic of the matter, which 
is dependent on its chemical constitution, viz on the structure of 
its atoms and molecules 


Since div(5) = mgradj + ‘^ n 

we may replace equation (56) by 

- 4 -* - ir 
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From this we get for the field intensity E ■=> grad <f> 
div E = p - div m. 

If we now introduce the “ electric displacement ” 

D = E + m 

the fundamental equations become 

curl E = 0, div D = p (57) 

They correspond to equations (51) , in one of them the intensity 
E of field now occuis, in the other D the electric displacement 
With the above assumption m = fcE we get the law of matter 

D = cE (58) 

if we insert the constant « = 1 + k, charactenstic of the matter, 
called the dielectric constant. 

These laws are excellently confnmed by observation The 
influence of the intervening medium which was expenmentally 
proved by Faiaday, and which expresses itself in them, has been 
of great importance in the development of the theoiy of action by 
contact We may here pass over tho conespondmg extension of 
the formula' lor stress, eneigy, and loice 

It is cleat fiorn the mode ot denvation that (57) and (58) are 
not rigorously valid laws, since they i elate only to mean values and 
ate deduced loi spaces containing a gieat number of atoms and for 
times which aie gteat compaied with the times ol levolution of the 
electrons lound the atom We still look upon (51) as ex- 
pressing the physical laws exactly. Our objective heie and 
in the sequel is above all to derive the strict physical laws But if 
we start from phenomena, such “ phenomenological laws ” as (57) 
and (58) are necessaiy stages in passing horn the results of direct 
observation to the exact theorj In geneial, it is possible to work 
out such a theory only by starting in this W’ay The validity of 
the theory is then established if, with the aid of definite ideas 
about the atomic stiucture of mattei, we can again arrive at the 
phenomenological laws by using mean value arguments If the 
atomic structure is known, this process must, m addition, yield the 
values of the constants occurung in these laws and characteristic 
of the matter in question (such constants do not occur in exact 
physical laws) Since laws of matter such as (58), which only take 
the influence of massed matter into account, certainly fail for events 
in which the fane structure of matter cannot be neglected, the 
range of validity of the phenomenological theory must be furnished 
by an atomistic theory of this kind, as must also those laws which 
have to be substituted in its place for the region beyond this range 
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In all this the electron theory has met with great success, although, 
in view of the difficulty of the task, it is far from giving a complete 
statement of the more detailed structure of the atom and its inner 
f mechanism 

( In the first experiments with permanent magnets, magnetism 
l appears to be a mere repetition of electricity here Coulomb’s Law 
| holds likewise ! A ch aracteristic difference, however, immediately 
iJiSaerta itself in the fact that positive and negative magnetism , call- ' 
| not be dissociated from one another Theie are no sources, but 
fonty doublets in the magnetic field Magnets consist of infinitely 
Ismail elemental)' magnets each of which itselt contains positive 
'and negativo magnetism The amount of magnetism in overy 
| portion of matte t is de facto ml , this would appear to mean that 
‘theie is really no such thing as magnetism The explanation of 
S this was furnished hy Oersted’s discovery of the magnetic action of 
^electric currents The exact quantitative foimulation ol this action 
|as expressed by Biot and Savait’s Law leads, just like Coulomb’s 
| Law, to two simple laws of action hy contact If a denotes the 
jjdensity of the electric current, and H the intensity ol the magnetic 
;field, then 

| curl H = s, div H — 0 . (59) 

i The second equation asserts the non-existence of souicesm the 
i magnetic field Equations (59) aie exactly analogous to (51) if div 
■ and curl bo interchanged These two opeiations oi vectoi analysis 
correspond to one another in exactly the same way as do scalai and 
vectorial multiplication in vectoi algebia (div denotes scalar, curl 
vectorial, multiplication hy the symbolic vector ,l differentiation ”) 
The solution of the equations (59) vanishes foi infinite distances, 
for a given distubution of cuimnt it is given hy 

H = 1& F • ’ < 6 °) 
which is exactly analogous to (49) and is, indeed, the expression of 
Biot and Savart s Law This solution may he derived from a 
“ vector potential ” — f in accordance with the formulae 

H = - curl f - 4irf = J - S dV 

Finally the formula for the density of force in the magnetic field is 

P = isHl (61) 

corresponding exactly with (52) 

There is no doubt that these laws give us a true statement of 
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magnetism. They are not a repetition but an exact counterpart 
of electrical laws, and bear the same relation to the latter as 
vectorial products to scalar products From them it may be 
proved mathematically that a small circular current acts exactly 
like a small elementary magnet thrust through it perpendicularly 
to its plane Following Amp6re we have thus to imagine the 
magnetic action of magnetised bodies to depend on molecular 
currents , according to the electron theory these are straightway 
given by the electrons circulating in the atom 

The force p in the magnetic field may also be traced back to 
stresses, and we find, indeed, that we get the same values for the 
stress components as in the electrostatic field we need only 
replace E by H. Consequently we shall use the corresponding 
value m- for the density of the potential energy contained in the 
field This step will only he properly justified when we come to 
the theory of fields varying with the time 

It follows from (59) that the cmrent distribution is free of 
sources div s = 0 The current field can therefore be entirely 
divided into current tubes all of which again merge into themselves, 
le are continuous The same total cunent flows through every 
cioss-section of each tube In no wise does it follow from the 
laws holding in a stationary field, nor does it como into considera- 
tion for such a field, that this cunent is an electric current m the 
ordinary sense, l e that it is composed of electricity in motion , 
this is, however, without doubt the case In view of this fact the 
law div 8 = 0 asserts that electneity is neither created noi destroyed 
It is only because the flux of the current vector through a closed 
surface is ml that the density of electricity remains everywhere 
unchanged — so that electricity is neither created nor destroyed 
(We are, of couise, dealing with stationary fields exclusively) 
The expression vector potential f, introduced above, also satisfies 
the equation div f = 0 

Being an electric cuireut, s is without doubt a vector in the 
true sense of the woid It then follows, however, from the Law of 
Biot and Savait that H is not a vector but a linear tensor of 
the Beoond order. Let its components in any co-ordinate system 
(Cartesian or even merely affine) be Hu The vector potential f is 
a true vector If fa are its oo-variant components and s' the 
contra-variant components of the current-density (the current is 
like velocity fundamentally a contra-variant vector), the following 
table gives us the final form (independent of the dimensional 
number) of the lawB which hold in the magnetic held produced 
by a stationary electric ourrent. 
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*Eu _ o 

ix, iiX* l)Xi 

= Itl - It* respectively 

~bH lk 
— = s* 

OXlc 

The stresses are determined by 

St - H„E »• - W|H| 2 

in which | H | signifies the strength of the magnetic field 

11 / 1 2 = 

The stress tensor is symmetrical, since 


(62, I) 


(62, n) 

(62, III) 


n t Jh r = IlfThr = g n H u Hu 


The components of the foice-denssty are 

p, = flu** (62, IV) 

The energy-density = | H | * 

These aie the laws that hold for the field in empty space We 
regard them as being exact physical laws which aie generally valid, 
as in the case of electricity For a phenomenological tlieoiy it is, 
however, necessary to take into consideration the magnetisation, 
a phenomenon analogous to dielectric polarisation Just as D 
occurred in conjunction with E, so the “magnetic induction’’ B 
associates itself with the intensity of field H. The laws 

curl H = s, div B = 0 

hold in the field, as does the law which takes account of the 
magnetic character of the mattei 

B = jxH . (63) 

The constant p. is called magnetic permeability But whereas the 
single atom only becomes polarised by the action of the intensity 
of the electrical field (l e becomes a doublet), (this takes place 
in the direction of the field intensity), the atom is from the outset 
an elementary magnet owing to the presence of rotating electrons 
in it (at least, in the case of para- and ferro-magnetic substances) 
All these elementary magnets, however, neutralise one another’s 
effects, as long as they are irregularly arranged and all positions 
of the electronic orbits occur equally frequently on the average 
The imposed magnetic force merely fulfils the function of directing 
the existing doublets It evidently is due to this fact that the 
range within which (63) holds is much less than the corresponding 
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range of (63). Permanent magnets and ferro-magnetic bodies 
(iron, cobalt, nickel) are, above all, not subject to it 

In the phenomenological theory there must be added to the 
laws already mentioned that of Ohm : 

S = o-E (<r = conductivity) 

It asserts that the current follows the fall of potential and is 
proportional to it for a given conductor Corresponding to Ohm s 
Law we have m the atomic theory the fundamental law of mechanics, 
according to which the motion of the “ free ” electrons is determined 
by the electric and magnetic forces acting on them which thus 
produce an electric current Owing to collisions with the molecules 
no permanent acceleration can come about, but (just as in the case 
of a heavy body which is falling and experiences the resistance of 
the air) a mean limiting velocity is reached, which may, to a first 
approximation at least, be put proportional to the driving electric 
force E. In this way Ohm’s Law acqunes a meaning 

If the current is pioduced by a voltaic cell 01 an accumulator, 
the chemical action which takes place maintains a constant differ- 
ence of potential, the “ electro-motive foice,” between the two 
ends of the conducting wire Since the events which occui in the 
contrivance producing the current can obviously be understood 
only in the light of an atomic theory, it leads to the simplest lesult 
phenomenologically to represent it by means ot a cross-section 
taken through the conducting cucuit at each end, beyond which 
the potential makes a sudden jump equal to the electromotive 
force 

This brief survey of Maxwell’s tbeoiy of stationary fields will 
suffice foi what follows We have not the space here to enlarge 
upon details and concrete applications 



CHAPTER II 

THE METRICAL CONTINUUM 

8 10. Note on Non-Euclidean Geometry* 

D OUBTS as to the validity of Euclidean geometry seem to 
have been raised even at the time of its origin, and aie not, 
as our philosophers usually assume, outgrowths of the 
hypercritical tendency ot modern mathematicians These doubts 
have from the outset hoveied round the fifth postulate The sub- 
stance of the latter is that in a plane containing a given straight 
line g and a point P external to the lattei (but in the plane) theie 
is only one stiaight line tlnough P which does not intersect tj it 
is called the straight line paiallel to P Whereas the remaining 
axioms of Euclid are accepted as being self-evident, even the 
earliest exponents of Euclid have endeavoured to piove this 
theoiern from the remaining axioms Nowadays, knowing that 
this object is unattainable, we must look upon theso inflections 
and efforts as the beginning of “non Euclidean ” geometry, i e of 
the construction of a geometrical system which can be developed 
logically by accepting all the axioms of Euclid, except the postulate 
of parallels A report of Proclus (a d 5) about these attempts 
has been handed down to postenty Pioclus utteis an emphatic 
warning against the abuse that may be piactist d by calling pro- 
positions self-evident This warning cannot be repeated too often , 
on the other hand, we must not fail to emphasise the fact that, in 
spite of the frequency with which this property ib wrongfully used, 
the “ self-evident ’’ property is the final root of all knowledge, in- 
cluding empirical knowledge Proclus insists that “ asymptotic 
lines ” may exist 

We may picture this as follows Suppose a straight line g be 
given in a plane, also a point P outside it in the plane, and a 
straight hue s passing through P and which may be rotated about 
P Let s be perpendicular to P initially If we now rotate s, the 
point of intersection of s and g glides along j, eg to the right, and 
if we continue turning, a definite moment arrives at which this 
point of intersection just vanishes to infinity, s then occupies the 

* Note 1 
77 
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position o£ an “ asymptotic*' straight line If we continue turning, 
Euclid assumes that, at even this same moment, a point of inter- 
section already appears on the left Proclus, on the other hand, 
points out the possibility that one may perhaps have to turn * 
through a further definite angle before a point of intersection arises 
to the left We should then have two "asymptotic ” straight lines, 
one to the right, via s', and the other to the left, viz s" If the 
straight line j, through P were then situated in the angular space 
between s" and s' (during the rotation just described) it would cut 
q ( if it lay between s' and s", it would not intersect g There must 
be at least one non-inteisectmg straight line, this follows from the 
other axioms of Euclid I shall recall a familiar figure of our early 
studies in plane geometry, consisting of the straight line h and two 
sti aight lines g and g which intersect h at A and A and make 
equal angles with it, g and g' are each divided into a right and a 
left hall by their point of intersection with h Now, if g and g' 
had a common point s to the right of h, then, since BAA B is con- 
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grueut with C'A'AC ( vide Fig 3), there would also be a point of 
intersection S* to the left of h But this is impossible since there 
is only one straight line that passes through two given points 
S and S* 

Attempts to prove Euclid’s postulate were continued by Arabian 
and western mathematicians ot the Middle Ages Passing straight 
to a moie recent period we shall mention the names of only the 
last eminent foierunneis of non-Euclidean geometry, viz the Jesuit 
fathei Sacchen (beginning of the eighteenth century) and the 
mathematicians Lambert and Legendre Sacchen was aware that 
the question whethei the postulate of parallels is valid is equivalent 
to the question whether the sum of the angles of a triangle are 
equal to or less than 180“ If they amount to 180° in one tnangle, 
then they must do so in every triangle and Euclidean geometry holds 
If the sum is <(180° in one tnangle then it is <(180° in every 
triangle That they cannot be (> 180° is excluded for the same 
reason for which v\e just now concluded that not all the straight 
lines through P can cut the fixed straight line g. Lambert dis- 
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covered that if we assume the sum of the three angles to be <180° 
there must be a unique length in geometry This is closely related 
to an observation which Wallis had previously made that there can 
be no similar figures of different sizes in non-Euchdean geometry 
(just as in the case of the geometry of the surface of a rigid sphere) 
Hence if there is such a thing as “form” independent of Bize, 
Euclidean geometry is justified in its claims Lambert, moreover, 
deduced a foimula for the aiea of a triangle, fiom which it is clear 
that, in the case of non- Euclidean geometry, this area cannot in- 
crease bevond all limits It appears that the researches of these 
men has gradually spread the belief m wide cncles that the postu- 
late of parallels cannot be proved At that time this problem 
occupied many minds D’Alembt rt pronounced it a scandal of 
geometry that it had not yet been decisively settled Even the 
authority of Kant whose philosophic system claims Euclidean 
geometiy as a print i knowledge representing the content of pure 
space-intuition in adequate judgments, did not succeed in settling 
these doubts permanently 

Gauss also set out onginally to piovr the axiom of jiarallels, but 
he eaily gained the conviction that this was impossible and there- 
upon developed the principle-, of a non-Euclidean geometry, for 
which the axioms of parallels does not hold, to such an extent that, 
from it, the fuither development could he Gained out with the 
same ease as foi Euclidean geometry He did not make his in- 
vestigations known foi, as he later wioto in a pnvate letter, he 
feared “the outcry of the Boeotians”, for, he said, there were only 
a few people w r ho understood what was the tiue essence of these 
questions Independently of Gauss, Schweikart, a professor of 
jurisprudence, gained a full insight into the conditions of non- 
Euclidean geometry, as is evident from a concise note addLessed to 
Gauss Like the latter he considered it in no wise self-evident, and 
established that Euclidean geometry is valid in our actual space 
Hts nephew Taunnus whom he encouraged to study these questions 
was, in contrast to him, a believer of Euclidean geometry, but we 
are nevertheless indebted to Taurinus for the discovery of the fact 
that the formulas of Bphorical trigonometry are real on a sphere 
which has an imaginary radius = J — 1, and that through them a 
geometrical system is constructed along analytical lines which 
satisfies all the axioms of Euclid except the fifth postulate 

For the general public the honour of discovering and elaborat- 
ing non-Euclidean geometry must be shared between Nikolaj 
Iwanowitseh Lobatschefskij (1793-1866), a Russian professor of 
mathematics at Kasan, and Johann Bolyai (1802-1860), a 
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Hungarian officer m the Austrian army The ideas of both 
assumed a tangible form in 1826. The chief manuscript of both, 
by which the public weie informed of their discovery and which 
offered an argument of the new geometry in the manner of Euclid, 
had its origin in 1830-1831 The discussion by Bolyai is p&r- 
ticulaily clear, inasmuch as he carries the argument as far as 
possihle without making an assumption as to the validity or non- 
valulity of the fifth postulate, and only afterwards derives the 
theorems of Euclidean and non- Euclidean geometry from the 
theorems of his “absolute” geometry accoiding to whether one 
decides in favour of or against Euclid 

Although the stiucture was thus erected, it was by no means 
definitely decided whether, in absolute geometry, the axiom of 
parallels would not aftei all be shown to be a dependent theorem 
The strict pioof that non-Euclidean geometry is absolutely 
consistent in itself had yet to follow This resulted almost of 
itself in the furthi r development of non-Euclidean geometry As 
often happen-., the simplest way of proving this was not discovered 
at once It was discoveted by Klein as late as 1870 and depends 
on the construction of a Euclidean model foi non-Euclidean 
geometry (?' Note 2) Let us confine our attention to the plane ’ 
In a Euclidean plane with i octangular co-ordinates x and y we 
shall draw a circle U of ladius unity with the ongm as centre 
lntioducing homogeneous co-ordmates 



(so that tbo position of a point is defined by the ratio of three 
numbers, i o ay x ( ), the equation to the cnclo becomes 

- xj - af + x\ = 0 

Let us denote the quadratic foiin on the left by fi(ir) and the cor- 
responding symmetucal bilmeai form of two systems of value, 
x, x', by ii (xx') A trausfoi mation which assigns to every point x 
a tiansformed point x' accoiding to the linear foimuloe 

i 

x\ — kXk ( ! “ 0 . ! 0) 

*-=1 

is called, as we know, a collmeation (affine transformations are a 
special class of collmeations) It transforms every straight line, 
point foi point, into another straight line and leaves the cross-ratio 
of four points on a straight line unaltered We shall now set up a 
little dictionary' by' which we translate the conceptions of Euclidean 
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geometry into a new language, that of non-Euolidean geometry , 
we use inverted oommas to distinguish its words The vocabulary 
of this dictionary is composed of only three words 

The word “point" is applied to any point on the inside of 
U (Fig 4) 

A “ straight line ’’ signifies tho poition of a straight line lying 
wholly in U The collineations which tiansform tho circle U into 
itself are of two kinds, the first leaves 
the sense in which U is described 
unaltered, whereas the second reveises 
it The fonrer aio called “congru- 
ent" transformations, two liguies 
composed of points aie called " con- 
gruent ” if they can be transfoimed 
into one another by such a transforma- 
tion All the axioms of Euclid except 
the postulate of parallels hold for 
these “ points,’’ “ straight hues,” and 
the conception “ congruence ” A 
whole sheaf ot “stiaight lines” passing thiough the “ point ” P 
which do not cut the one “straight line” <7 is shown in Fig 4 
This suffices to prove the consistency of non-Euelidean geometry, 
for things and relations are shown for which all the theorems 
of Euclidean geometry are valid piovided that the appropriate 
nomenclature be adopted it is evident, without finthor explana- 
tion, that Klein’s model is also applicable to spatial geometry 

We now determine the non-Euclideau distance between two 
“points” in this model, viz between 

A — x 2 x 3 ) and A' = (v\ x ' 2 x' 3 ) 

Let the straight line A A' cut the circle U 111 the two points, B u 
B 2 The homogeneous co-oidinates y t of these two points aie of 
the form 

y t *= Ax, -4- A'x' t 

and the corresponding ratio of the parameters, A A', is given by 
the equation n [y) = 0, viz 

A _ -O(xx') ± - 12 (x)il(x') 

A' 12(x) 

Hence the cross-ratio of the four points, AA' B 1 B . 1 is 



[A A'} = 

a 


il(xx') + JW(xx') - 12(x)i2(x') 
1 2 (xx') - V 12 2 (xx') - 12(x)12(x') 
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This quantity which depends on the two arbitrary “ points,” A A', 
is not altered by a “ congruent " transformation 'If A A' A" are 
any three “ points ” lying on a “ straight line ” m the order 
written, then 

[AA"] = [A A'] [A'A"] 

The quantity 


1 log [AA ' ] = AA' = r 
has thus the functional property 


A A' + A'A" = A A" 


As it has the same value for “ congruent ” distances AA' too, we 
must regai d it as the non-Euchdean distance between the two 
points, A A' Assuming the logs to be taken to the base e, we get 
an absolute detei initiation for the unit of measure, as was recog- 
nised by Lam belt The definition may be written in the shorter 
form 


cosh r 


Q(:ra;') 

Jii(x) tl(x') 


( 1 ) 


(cosh denotes the hyperbolic cosine) 


This measui o-determmation had ahead) been enunciated before 
Klein liy Cajley* who lefeuod it to an arlntraiy leal or imaginary 
conic section il(x) = 0 he called it the “piojectivo measure- 
determination" But it was reset veil for Klein to recognise that 
in the case of a leal conic it leads to non-Euclidcan geometiy 

It must not he thought that Klein’s model shows that the non- 
Euchdean plane is finite On the confciary, using non-Euchdean 
measures I can maik oft the same distance on a “straight line” 
an infinite number of tunes in succession It is only by using 
Euclidean measures in the Euclidean model that the distances 
of these “ equi-distant” points becomes smaller and smaller. For 
non-Euchdean geometry the bounding circle U represents un- 
attainable, infinitely distant, regions 

If we use an imaginary conic, Cayley’s measure-determination 
leads to ordinary spherical geometry, such as holds on the surface 
of a sphere in Euclidean geometry Great circles take the place 
of straight lines in it, but every pair of points at the end of the 
same diameter must be regarded as a single “ point,” in order that 
two “straight lines” may only intersect at one “point”. Let us 
project the points on the sphere by means of (straight) rays from 
the centre on to the tangential plane at a point on the surfaoe of 
the sphere, e g the south pole Two diametrically opposite points 
will then coincide on the tangential plane as a result of the trans- 

* Vide note 8 
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formation We must, in addition, as m projective geometry, furnish 
this plane with an infinitely distant straight line , this is given by 
the projection of the equator We shall now call two figures m this 
plane “congruent” if their projections (through the centre) on to 
the surface of the sphere are congruent in the ordinary Euclidean 
sense Provided this conception of “ congruence " is used, a Don- 
Euclidean geometry, in which all the axioms of Euclid except the 
fifth postulate aie fulfilled, holds in this plane. Instead of this 
postulate we have the fact that each pair of straight lines, without 
exception, intei beets, and, in accordance with this, the sum of the 
angles in a triangle ^>’80 Tins seems to conflict with the 
Euclidean proof quoted above The ajiparent conti adiction is ex- 
plained by the cncumstance that in the present “spherical ” geometry 
the straight line is closed, whereas Euclid, although he does not 
explicitly state it in his axioms, tacitly assumes that it is an open 
line, le that each of its points divides it into two parts The 
deduction that the hypothetical point of intersection S on the 
“right-hand” side is different from that S* on the “left-hand" 
side is rigorously true only if th s “ openness” be assumed 

Let us mark out in space a Cartesian co-oidmate system 
x v r 2 , x a , having its ongin at the centre of the Bphere and the line 
connecting the noith and south poles as its x A axis, the ladius of 
the sphere being the unit of length If x lt x,, aie the co-ordinates 
of any point on the sphere, 1 e 

O(x) = aq 2 + x/ ■+■ x/ = 1 

then Xl and are respectively the first and second co-ordinate of 

^3 X J 

the transformed point m our plane i 3 = 1, i e x 1 x, x A is the 
ratio of the homogeneous co-ordinates of the tiansfonned point 
Congruent transformations of the sphere are linear transformations 
which leave the quadiatic form ii(x) mvaiiant The “congruent” 
transfoimations of the plane in terms of our “ sphencal ” geometry 
are thus given by such linear transfoimations of the homogeneous 
co-ordinates as convert the equation O(x) = 0, which signifies an 
imaginary conic, into itself This pioves the statement made 
above concerning the relationship between spherical geometry and 
Cayley’s measure-relation This agreement is expressed m the 
formula for the distance r between two points A, A’, which is here 

n(xx') 

cos r = - . . (2) 

At the same time we have confirmed the discovery of Taunnus 
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that Euclidean geometry is identical with non-Euclidean geometry 
on a sphere of radius J - 1 

Euclidean geometry occupies an intei mediate position between 
that of Bolyai-Lobatschefsky and spherical geometry For if we 
make a real conic section change to a degenerate one, and thence 
to an imaginary one, we find that the plane with its coi responding 
Cayley measure-relation is at first Bolyai-Lobatschefskyan, then 
Euclidean, and finally spherical 

S) 11. The Geometry of Riemann 

The next stage in the development of non-Euclidean geometry 
that concerns us chief!) is that due to Riemann It links up with 
the foundations of Differential Geometry, in particular with that 
of the theory of surfaces as set out by Gauss in his Disquisit.iones 
circa, superficies curvas 

The most fundamental property of Bpace is that its 
points form a three-dimensional manifold. What does this 
convey to us? We say, for example, that ellipses form a two- 
dimensional manifold (as regards then size and toim, le con- 
sidering congiuent ellipses sinulai, non-congruent ellipses as 
dissimilar), because each separate ellipse may he distinguished in 
the manifold by two given numbers, the lengths of the semi-major 
and semi-minor axis The ditteience in the conditions of equilibrium 
of an ideal gas which is given by two independent variables, such 
as pressuie and tempei.ituie, foim a two-dimensional manifold, 
likewise the points on a spheie, or the system of pure tones (in 
terms of intensity and pitch) According to the physiological 
theory which states that the sensation of colour is determined by 
the combination of three chemical processes taking place on the 
retina (the black-white, led-green, and the yellow-blue process, 
each of which cau take place in a definite dnection with a definite 
intensity), colouis form a thiee-dimensional manifold with respect 
to quality and intensity, but coloui qualities foim only a two- 
dimensional manifold This is confirmed by Maxwell’s familiar 
construction of the colour triangle The possible positions of a 
rigid body foim a six-dimensional manifold, the possible positions 
of a mechanical system having n degrees of freedom constitute, 
in general, an u-dimensional manifold The characteristic of 
an n-dimensional manifold is that each of the elements 
composing it (in our examples, single points, conditions of a gas, 
colours, tones) may be specified by the giving of n quantities, 
the “ co-ordinates,” which are continuous functions within 
the manifold. This does not moan that the whole manifold with 
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all its elements must be represented in a single and reversible 
manner by value systems of n co-ordinates (e g this is impossible 
in the case of the sphere, for which n = 2) , it signifies only that 
if P is an arbitrary element of the manifold, then in every case 
a certain domain surrounding the point P must be representable 
singly and reversibly by the value system of n co-ordinates If x x 
is a system of n co-ordinates, x\ another system of n co-ordinates, 
then the co-ordinate values x t , x\ of the same element will in 
general be connected \\ ith one another by relations 

x, = /,(*/, x 2 ', x'„) (i = 1, 2, n) . (3) 

which can be resolved into terms of x' and in which the / t ’s are 
continuous functions of their arguments As long as nothing more 
is known about the manifold, we cannot distinguish any one co- 
oidinate system from the otheis For an analytical treatment of 
arbitrary continuous manifolds wo thus require a theory of in- 
variance with regai d to aibitrary transformation of co-ordinates, 
such as (3), whereas foi the development of affine geometry m the 
preceding chapter we used only the much more special theory of 
invariance for the case of linear transfoimations 

Differential geometry deals with curves and surfaces in three- 
dimensional Euclidean space , we shall here consider them mapped 
out in Cartesian co-ordinates x, y, z A curve is in general a one- 
dimensional point-manifold , its separate points can be distinguished 
from one anothei by the values of a parameter u If the point u 
on the curve happens to he at the point x, y, z in space, then x, y, z 
will be certain continuous functions of u 

x = x{u), y = y(u), z = z{u) (4) 

and (4) is called the “ paiametuc " representation of the curve If 
we interpret u as the time, then (4) is the law of motion of a point 
which traverses the given curve The cui\e itself does not, how- 
ever, determine singly the parametric representation (4) of the 
curve , the parameter u may, indeed, bo subjected to any arbitrary 
continuous transformation 

A two-dimensional point-manifold is called a surface. Its 
points can be distinguished from one another by the values of two 
parameters u v u 2 It may therefore be represented parametrically 
m the form 

x = x(u v u 2 ), y = y(u v u i ), z = z(u v m 2 ) (5) 

The parameters u v w, may likewise undergo any arbitrary con- 
tinuous transformation without affecting the represented curve 
We shall assume that the functions (5) are not only continuous 
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but have also continuous differential co-efficients. Gauss, in his 
general theory, starts from the form (5) of representing any 
surface , the parameters u v u 2 are hence called the Gaussian (or 
curvilinear) co-ordmates on the surface For example, if, as in 
the preceding section, we project the points of the surface of the 
unit sphere in a small region encircling the origin of the co-ordinate 
system on to the tangent plane z = 1 at the south pole, and if we 
make x, y, z the co-ordmates of any arbitrary point on the sphere, 
and u. 2 being respectively the x and y co-ordinates of the point 
of projection in this plane, then 

Wj 1^2 X 

Jl + U^+U./ y Jl+u^ + u/ Z + 

This is a parametric representation of the sphere It does not, 
however, embrace the whole sphere, but only a certain region 
round the south pole, viz the part fiom the south pole to the 
equator, including the latter Another illustration of a parametric 
representation is given by the geographical co-oidmates, latitude 
and longitude 

In thermodynamics we use a graphical representation consisting 
of a plane on which two rectangular co-ordinate axes are drawn, 
and m which the state of a gas as denoted by its pressure p and 
temperature 6 is represented by a point having the rectangular 
co-ordmates p, 0 The same procedure may be adopted here 
With the point « 2 on the surface, we associate a point in the 
“ representative” plane having the rectangular co-ordmates u v w 2 
The formulae (5) do not then represent only the surface, but also at 
the same time a definite continuous representation of this surface 
on the «j, it, plane Geographical maps are familiar instances of 
such representations of curved portions of surface by means of 
planes A curve on a surface is given mathematically by a para- 
metric representation 

Wj = n, = uj(t) (7) 

whereas a portion of a surface is given by r a “ mathematical region ” 
expressed in the variables u lt u,, and which must be characterised 
by inequalities involving u v and u , , l e graphically by means of 
the representative curve or the representative region in the 
plane If the representative plane be marked out with a network 
of co-ordmates in the manner of squared paper, then this becomes 
transposed, through the representation, to the cuived surface as a 
net consisting of meshes having the form of little parallelograms, 
and composed of the two families of “ co-ordinate lines " u y = const , 
w, «• const , respectively If the meshes be made sufficiently fine 
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it becomes possible to map out any given figure of the representa- 
tive plane on the curved surface 

The distance ds between two infinitely near points of the sur- 
face, namely, 

(»j, m 2 ) and («j + ditj, u 2 + du 2 ) 
is determined by the expiession 

ds* = dx 2 + dy 2 4 - dz~ 

if we set 

dx = \—du x + du (8) 

biq 1 bit, 1 v 

in it, with corresponding expressions for dy and dz We then get 
a quadratic differential form for ds 2 thus 
2 

rfi 2 = q lk du,dui (g kl = g lL ) . . (9) 

t,/L— 1 

in which the co-efficients are 

br ba: , b?/ b?/ , b: bz 

(]ik — -f- + — 

b«, b//* bl/, b'« A b«, bit* 

and are not, in genes al, functions of w, and «„ 

In the case of the paiametnc leprcsontation of the sphere (6) we 
have 

ds 2 = (l.tJh 2 + i<i i )_{d.u l 2 j- du*) - (iqifu, + (10) 

(1 + ii f + n./y V 

Gauss was the first to lecogmse that the metrical groundform is 
the determining factoi for geometry on surfaces. The lengths of 
curves, angles, and the size of given regions on the surface depend 
on it alone The geometries on two different surfaces is accord- 
ingly identical if, for a representation in appropriate parameters, 
the co-efficients g lk of the metrical groundform coincide m value 
Proof — The length of any arbitrary curve, given by (7), on the 
surface is furnished by the integral 

If we fix our attention on a definite point P° = ('U 1 °,tt 2 °) on the 
surface and use the relative co-ordinates 

«, - w,° = du L x — x n = dx y - y° = dy z - z° = ds 

for its immediate neighbourhood, then equation (8), in which the 
derivatives are to be taken for the point P°, will hold more exactly 
the smaller du v du v are taken ; we say that it holds for “ infinitely 
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small ” values du l and du 2 If we add to these the analogous 
equations for dy and dz, then they express that the immediate 
neighbourhood of P° is a plane, and that du v du 2 are affine co- 
ordinates on it * Accordingly we may apply the formulae of affine 
geometry to the region immediately adjacent to P° For the angle 
6 between two line-elements or infinitesimal displacements having 
the components dM u dit 2 and 8 u 2 respectively, we get 

Q(d8) 

= jQ(dd)Q( 88) 

in which Q(dS) stands for the symmetrical bilinear form 
^ ffth dnjtiut corresponding to (9) 

tk 


The area of the infinitesimal parallelogram marked out by these 
two displacements is found to be 

du 2 du, I 
8 «, Sn 2 I 

in which g denotes the determinant of the g^'s The area of a 
curved poition of surface is accordingly given by the integral 

Jg du, dv,, 

taken over the corresponding part of the representative plane 
This proves Gauss' statement The values of the expressions 
obtained are of conrse independent of tbe choice of parametric 
representation This invariance with respect to arbitrary trans- 
formations of the parameters can easily be confirmed analytically 
All the geometric relations holding on the surface can be studied 
on the representative plane The geometry of this plane is the 
same as that of the curved surface if we agiee to accept the dis- 
tance ds of two infinitely near points as expressed by (9) and not by 
Pythagoras’ formula 

ds 2 = dvf + dn 2 2 



* We here assume that the determinants of the second order which can be 
formed from the table of co-efficients of these equations. 


dwj duj 3mj 

dx 3 ?/ _ 9 * / 

chi, Bu, duj ( 

do not all \anish This condition is fulfilled lor the regular points of the 

surface, at ■which there is a tangent plane The three determinants are iden- 


wcsdYj enua,\ Vo ts , it, and ohV’j \t N the surface to 0. CUTtO,, \A, 

functions x, y, i of u 1 and Wj actually depend only on one parameter, a 
function of tt, and it,, 
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The geometry of the surface deals with the inner measure 
relations of the surface that belong to it independently of the 
manner in which it is embedded in space They are the relations 
that can be determined by measurements carried out on the 

surfaoe itself. Gauss m his investigation of the theory of surfaoes 
started from the practical task of surveying Hanover geodetically 
The fact that the earth is not a plane can be ascertained by 
measuring a sufficiently large portion of the earth’s surfaoe Even 
if each single triangle of the network is taken too small for the 
deviation from a plane to come into consideration, they oannot be 
put together to form a closed net on a plane in the way they do on 
the earth’s suifaee. To show this a little more clearly let us draw 
a circle C on a sphere of radius unity (the earth), having its centre 
P on the surface of the sphere Let us further draw ladn of this 
circle, 1 e arcs of great circles of the sphere radiating from P and 

ending at the cireumfeience of C ^let these arcs be <( By 

carrying out measurements on the spheie’s surface we can now 
ascertain that these radu starting out in all directions are the 
shortest lines connecting P to the cncle C, and that they are all of 
the same length r , by measurement wo find the closed curve C to 
be of longth .s If we were dealing with a plane we should infer 
from this that the ‘‘ladu ” aie straight lines and hence the curve 
0 would be a circle and we should expect s to be egual to 2ttt 
Instead of this, however, we find that s is less than the value given 
by the above formula, for in the actual case f> = 2 tt bid r. "We 
thus discovei by measurements carried out on the suifaee of the 
sphere that this surface is not a plane If, on the other hand, we 
draw figures on a sheet of papei and then roll it up, we shall find 
the same values for measurements of these figures in their new 
condition as before, provided that no distortion has occuired through 
rolling up the paper The same geometry will hold on it now as 
on the plane It is impossible for me to ascertain that it is curved 
by carrying out geodetic measurements Thus, in general, the 
same geometry holds for two surfaoes that can be transformed into 
one another without distortion or tearing 

The fact that plane geometry does not hold on the sphere means 
analytically that it is impossible to convert the quadratic differential 
form (10) by means of a transformation 

(ttj'l*/) 1 (Wj W jj) 

into the form 

(dw/) 2 + (dw/) 2 , 
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We know, indeed, that it is possible to do this for each point by a 
linear transformation of the differentials, viz by 

diii' — a n du l + a ti du 2 (t = 1, 2) . (11) 

but it is impossible to choose the transformation of the differentials 
at each point so that the expressions (11) become total differentials 
for du^, dv 2 

Curvilinear co-ordinates are used not only in the theory of 
surfaces but also in the treatment of space problems, particularly in 
mathematical physics in which it is often necessary to adapt the 
co-oidinate system to the bodies presented, as is instanced in the 
case of cylindrical, spherical, and elliptic co-ordinates The square 
of the distance, ds 2 , between two infinitely near points m space, is 
always expressed by a quadratic form 

3 

^nikdx.dxt, (12) 

i, *=i 

in which -Tj, x,, x z aic any arbitiaiy co-ordinates If we uphold 
Euclidean geometry, wo express the belief that this quadratic form 
can be brought by means of some transformation into one which 
has constant co-effieitnts 

These introductory lem.nks enable us to grasp the full meaning 
of the ideas developed fully by Riemann m his inaugural address, 
“ Concerning the Hypotheses which lie at the Base of Geometry ” * 
It is evident from Chapter I that Euclidean geometry holds for a 
three-dimensional linear point-coiifiguiation in a foui -dimensional 
Euclidean space , but curved three-dimensional spaces, which exist 
in four-dimensional space just as much as cuived surfaces occur in 
three-dimensional space, are of a diffeient type Is it not possible 
that our three-dimensional space of ordinal y experience is curved? 
Certainly It is not embedded m a lour-dimensional space , but it 
is conceivable that its inner ineasure-ielations are such as cannot 
occur m a "plane” space, it is conceivable that a very careful 
geodetic survey of our space earned out in the same way as the 
above-mentioned survey of the eartli’b surface might disclose that it 
is not plane We shall continue to regard it as a three-dimensional 
manifold, and to suppose that infinitesimal line elements may be 
compared with one another in respect to length independently of 
their position and direction, and that the square of their lengths, 
the distance between two infinitely near points, may be expressed 
by a quadratic foim (12), any arbitrary co-ordinates x l being used. 
(There is a very good reason for this assumption , for, since every 
transformation from one co-ordmate system to another entails 

* Vide note 4 
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linear transformation-formulae for the co-ordinate differentials, a 
quadratic form must always again pass into a quadratic form as a 
result of the transformation.) We no longer assume, however, 
that these co-ordinates may in particular be chosen as affine co- 
ordinates such that they make the co-efficients y t fc of the ground- 
form become constant 

The transition from Euclidean geometry to that of Riemann is 
founded in principle on the same idea as that which led from 
physics based on action at a distance to physics based on infinitely 
near action We find by observation, for example, that the current 
flowing along a conducting wire is proportional to the difference of 
potential betweon the ends of the wire (Ohm’s Law) But we are 
firmly convinced that this result of measurement applied to a long 
wire does not represent a physical law in its most general form ; 
we accordingly deduce this law by reducing the measurements ob- 
tained to an infinitely small portion of wire By this means we 
arrive at the expression (Chap I, p 76) on which Maxwell’s theory 
is founded Proceeding in the reverse direction, we derive from 
this differential law by mathematical processes the integral law, 
which we observe directly, on the supposition that conditions are 
everywhere similar (homogeneity) We have the same circum- 
stances here The fundamental tact of Euclidean geometry is that 
the square of the distance between two points is a quadratic foim 
of the relative co-ordinates of the two points ( Pythagoras’ Theorem) 
But if we look upon this law as being strictly valid only for the 
case when these two points are infinitely near, we enter the domain of 
Biemann's geometry This at the same time allows us to dispense 
with defining the co-ordinates more exactly since Pythagoras’ Law 
expressed in this form (i e for infinitesimal distances) is invariant 
for arbitrary transformations We pass from Euclidean “ finite ” 
geometry to Riemann’s “ infinitesimal ” geometry in a manner 
exactly analogous to that by which we pass from “ finite ” physics 
to “ infinitesimal ’’ (or “contact”) physics Riemann’s geometry 
is Euclidean geometry formulated to meet the requirements of con- 
tinuity, and m virtue of this formulation it assumes a much more 
general character Euclidean finite geometry is the appropriate 
instrument for investigating the straight line and the plane, and 
the treatment of these problems directed its development As 
soon as we pass over to differential geometry, it becomes natural 
and reasonable to start from the property of infinitesimals set out 
by Riemann This gives rise to no complications, apd excludes 
all speculative considerations tending to overstep the boundaries 
of geometry. In Biemann's space, too, a surface, being a two- 
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dimensional manifold, may be represented parametrically in the 
form x, = x,(u v u 2 ) If we substitute the resulting differentials, 

, l)x x , dx, , 
ax = — du, + — - oB) 
a 1 au 2 

in the metrical groundform (12) of Riemann’s space, we get for the 
square of the distance between two infinitely near surface-points a 
quadratic differential form in du it dii 2 (as in Euclidean space) 
The measure-relations of three-dimensional Riemann space may be 
applied directly to any surface existing in it, and thus converts it 
into a two-dimensional Riemann space Whereas from the Eucli- 
dean standpoint space is assumed at the very outset to be of a much 
simpler character than the surfaces possible in it, viz to be rect- 
angular, Riemann has generalised the conception of space just 
sufficiently far to oveicome this discrepancy The principle of 
gaining knowledge of the external world from the behaviour 
of its infinitesimal parts is the mainspring of the theory of 
knowledge in infinitesimal physics as in Riemann’s geometry, and, 
indeed, the mainspring of all the eminent work of Riemann, in 
particular, that dealing with the theory of complex functions The 
question of the validity of the “ fifth postulate,” on which historical 
development stattod its attack on Euclid, seems to us nowadays 
to be a somewhat accidi ntal point of depaiture The knowledge 
that was necessaiy to take us beyond the Euclidean view was, in 
our opinion, revealed by Riemann 

We have yet to convince ourselves that the geometry of Bolyai 
and Lobatschefsky as well as that of Euclid and also spherical 
geometiy (Riemann was the first to point out that the latter was 
a possible case ot non-Euclidean geometry) are all included as 
particulai cases in Rieruann’s geometiy Wo find, in fact, that if 
we denote a point in the Bolyai-Lobatschefsky plane by the rect- 
angular co-oidmates n j it, of its conespondmg point in Klein’s 
model the distance ds between two infinitely near points is by (1) 

(1 - «, 2 - «/) (du, 2 + dud) + (?qriw, + u,,du i )' 1 

(I - V - u/y 1 ' 

By comparing this wilh (10) vve see that the Theorem of Taurmus 
is again confirmed The metrical groundform of three-dimensional 
non-Euclidean space corresponds exactly to this expression 

If wo can find a curved surface in Euclidean space for which for- 
mula (13) holds, provided appropriate Gaussian co-ordinates u v v s 
be chosen, then the geometry of Bolyai and Lobatschefsky is valid 
on it Such surfaces can actually be constructed , the simplest is 
the surface of revolution derived from the tractnx. The tractnx 
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is a plane curve of the shape shown in Fig. 5, with one vertex and 
one asymptote It is characterised geometi ically by tho property 
that any tangent measured from the point of contact to the point 
of intersection with the asymptote is of constant length Suppose 
the curve to revolve about its asymptote as axis Non-Euclidean 
geometry holds on the surface generated This Euclidean model 
of striking simplicity was first mentioned by Beltrami (vide note 5) 
There are certain shortcomings m it, in the fust place the foim in 
which it is presented coniines it to two-dimensional geometry , 
secondly, each of tho two halves of the surface of revolution into 
which the sharp edge divides it lepresents only a part of the non- 
Euchdean plane Hilbei t pioved rigorously that there cannot be 
a surface free from singularities in Euclidean space which pictures 
the whole of Lobatschefsky’s plane (vide note 6) Both of these 
weaknesses are absent m the elementary geometncal 
model of Klein 

So far we have pursued a speculative tram of 
thought and have kept within the boundanes of mathe- 
matics There is, however, a diffeience m demonstiat- 
mg the consistency of non-Euchdean geometiy and 
inquiring whether it or Euclidean geometry holds 
in actual space. To decide this question Gauss long 
ago measured the triangle having for its vertices In- 
selsberg, Brocken, and Hoher Hagen (near Gottingen), 
using methods of the greatest refinement, but tho 
deviation of the sum of the angles from 180° was found to lie 
within the limits of errors of obseivation Lobatscheisky con- 
cluded from the very small value of the parallaxes of the stars 
that actual space could differ from Euclidean space only by an 
extraordinarily small amount Philosopheis have put forward 
the thesis that the validity or non-validity of Euclidean geometry 
cannot be proved by empirical observations It must in fact 
be granted that in all such observations essentially physical as- 
sumptions, such as the statement that the path of a ray ol light is 
a straight line and other similar statements, play a prominent pait 
ThiB merely bears out the remark already made above that it is 
only the whole composed of geometry and physics that may be 
tested empirically Conclusive experiments are thus possible only 
d physics in addition to geometry is worked out for Euclidean 
space and generalised Riemann space We shall soon see that 
without making artificial limitations we can easily translate the 
laws of the electromagnetic field, which were originally set up on 
the basis of Euclidean geometry, into terms of Riemann’s space. 
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Once this has been done there is no reason why experience should 
not decide whether the special view of Euclidean geometry or the 
more general one of Riemann geometry is to be upheld It is 
clear that at the present stage this question is not yet ripe for 
discussion 

In this concluding paragraph we shall once again present the 
foundations of Riemann’s geometry in the form of a r6sum6, in 
which we do not restrict ourselves to the dimensional number 
n = 3 

An n-dimensumal Ihemann space is an n-dimens tonal manifold, 
not of an arbihary nature, but one which denves its mcasut e-rela- 
twns from a definitely positive quadratic differential form The two 
principal laws according to which this form determines the metrical 
quantities are expressed in (1) and (2) in which the art’s denote any 
co-ordinates w hatsoever 

1 If </ is the determinant of the co-efficients of the ground- 
form, then the size of any portion of space is given by the integral 

| ftjdrfir, dx a . (14) 


which is to be taken over the mathematical region of the variables 
Xi, which corresponds to the portion of space in question 

2 If Q{dS) denote the symmetiical bilinear foinn, correspond- 
ing to the quadratic groundform, of two line elements d and 8 
situated at the same point, then the angle 8 between them is 
given by 


cos 8 = 


Q(d8) 

jQ{dd) Q(&8) 


(15) 


An m-dimensional manifold existing in n-dimensional space 
(1 < m < n) is given in parametric terms by 

a-, = *,(«!«, «m) (*=1,2, n) 

By substituting the differentials 

dx, = du, + l Xl du 2 + + pUiu m 

ou l au 2 du m 


in the metrical groundform of space we get the metrical ground- 
form of this w-dimenaional manifold The latter is thus itself an 
TM-dimensional Biemann space, and the size of any portion of it 
may be calculated from formula (14) in the case m = n. In this 
way the lengths of segments of lines and the areas of portions of 
surfaces may be determined 
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§ 12. Continuation. Dynamical View of Metrical Properties 

We shall now revert to the theory of surfaces m Euclidean 
space The curvature of a plane curve may be defined in the 
following way as the measure of the rate at which the normals to 
the curve diverge From a fixed point O we trace out the vector 
Op, the “normal” to the curve at an arbitaiy point P, and make it 
of unit length This gives us a point P, corresponding to P, on the 
circle of radius unity If P ttaverses a small aic As of the curve, 
the corresponding point p vull tiaveise an arc Ao- of the circle , A cr 
is the plane angle which is the sum of the angles that the normals 
erected at all points of the aic of the cuive make with their respec- 
tive neighbours The limiting value of the quotient for an 

element of arc As which contracts to a point V is the curvatuie at P 
Gauss defined the curvatuie of a surface as the measure of the rate 
at which its normals diverge in an exactly analogous mannei In 



place of the unit cncle about 0, he uses the unit sphere Applying 
the same method of representation he makes a small portion du> of 
this sphere correspond to a small area do of the surface, dw is 
equal to the solid angle formed by the noimals erected at the 

points of do The ratio foi the limiting case when do becomes 

vanishingly small is the Gaussian measure- of curvature Gauss 
made the important discovery that this curvature is determined by 
the inner measure-relations of the surface alone, and that it can be 
calculated from the co-efficients of the metrical groundform as a 
differential expression of the second order The curvature accordingly 
remains unaltered if the surface be bent without being distorted by 
stretching By this geometrical means a differential invariant 
of the quadratic differential forms of two variables was dis- 
covered, that is to say, a quantity was found, formed of the co- 
efficients of the differential form in such a way that its value 
was the same for two differential forms that arise from each other 
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by a transformation (and also for parametric pairs which corre- 
spond to one another in the transformation) 

Riemann succeeded in extending the conception of curvature to 
quadratic forms of three and more variables He then found that 
it was no longer a scalar but a tensor (we shall discuss this in § 15 
of the present chapter) More precisely it may be stated that 
Riemann’s space has a definite curvature at every point m the 
normal direction of every surface The chaiacteristic of Euclidean 
space is that its curvature is nil at eveiy point and in every direc- 
tion Both in the case of Bolyai-Lobatschefsky’s geometry and 
sphencal geometiy the curvatuie has a value a independent of the 
place and of the suiface passing through it this value is positive 
in the case oi spherical geometiy, negative in that of Bolyai- 
Lobatschefsky (It may therefore be put = + 1 if a suitable unit 
of length be chosen ) If an w-dimensional space has a constant 
curvature a, then if we choose appropriate co-ordinates x c , its 
metrical groundform must be of the form 

^1 + xc j ^ dx, 2 - a x.dx^j 

i < i 

( x + 

l 

It is thus completely defined in a single-valued manner If space 
is everywheie homogeneous in all directions, its curvature must be 
constant, and consequently its metrical groundfoim must be of the 
form just given Such a space is necessarily either Euclidean, 
spherical, or Lobatschefskyan Undei these circumstances not only 
have the line elements an existence which is independent of place 
and direction, but any aibitiaiy finitely extended figure may be 
transferred to any arbitrary place and put m any arbitrary direction 
without alteung its metrical conditions, le its displacements are 
congiuent This brings us back to congiuent transfoi mations 
which we used as a stai ting-point for our reflections on space m 
t; 1 Of these three possible cases the Euclidean one is characterised 
by the circumstance that the group of translations having the 
special properties set out in ^1 are unique in the group of con- 
gruent transformations The facts which are summarised in this 
paragiaph are mentioned briefly in Riemann’s essay, they have 
been discussed in greater detail by Chustoffel, Lipschitz, Helmholtz, 
and Sophus Lie (vide note 7). 

Space is a foim of phenomena, and, by being so, is necessarily 
homogeneous It would appear from this that out of the rich 
abundance of possible geometries included m Riemann’s conception 
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only the three special oases mentioned come into consideration 
from the outset, and that all the others must be rejected without 
further examination as being of no account partununt montes, 
nascetur ndiculus mus 1 Riemann held a different opinion, as is 
evidenced by the concluding remarks of his essay Their full 
purport was not grasped by his contemporaries, and his words died 
away almost unheard (with the exception of a solitary echo m the 
writings of W K Clifford) Only now that Einstein has removed 
the scales horn oui eyes by the magic light of his theory of gravita- 
tion do we see what these words actually mean To make them 
quite cleai I must begin by remarking that Riemann contrasts 
disorete manifolds, 1 e those composed of single isolated elements, 
with continuous manifolds The measure of every part of such a 
discrete manifold is determined by the number of elements be- 
longing to it Hence, as Riemann expresses it, a discrete manifold 
has the punoiple of its metrical relations in ltBelf, a prion, as a 
consequence of the concept of number In Riemann’s own words — 
“The question of the validity of the hypotheses of geometry m 
the infinitely small is bound up with the question of the ground of 
the metrical relations of space In this question, which we may 
still regard as belonging to the doctrine of space, is found the 
application of the remark made above , that m a discrete manifold, 
the principle or character of its metnc lelations is already given in 
the notion of the manifold, whereas in a continuous manifold this 
ground has to be found elsewhere, 1 e has to come from outside 
Either, therefore, the leality which underlies space must form a 
discrete manifold, 01 we must seek the ground of its metric relations 
(measure-conditions) outside it, in binding forces which act upon it 
“ A decisive answer to these questions can be obtained only by 
starting from the conception of phenomena which has hitherto 
been justified by experience, to which Newton laid the foundation, 
and then making in this conception the successive changes required 
by facts which admit of no explanation on the old theory , re- 
searches of this kind, which commence with general motions, 
cannot be other than useful in preventing the work from being 
hampered by too narrow views, and in keeping progress in the 
knowledge of the inter-connectionB of things from being checked 
by traditional prejudices 

“ This carries us over into the sphere of another science, that of 
physios, into which the character and purpose of the present dis- 
cussion will not allow us to enter ” 

If we discard the first possibility, “ that the reality which under- 
lies spaoe forms a discrete manifold” — although we do not by this 
7 
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in any way mean to deny finally, particularly nowadays in view of 
the results of the quantum-theory, that the ultimate solution of the 
problem of space may after all be found m ]ust this possibility — 
we see that Kiemann rejects the opinion that had prevailed up to 
his own time, namely, that the metrical structure of space is fixed 
and inherently independent of the physical phenomena for which 
it serves as a background, and that the real content takes possession 
of it as of residential fiats He asserts, on the contrary, that space 
m itself is nothing more than a three-dimensional manifold devoid of 
all form , it acquires a definite form only through the advent of the 
material content filling it and determining its metric relations 
There remains the problem of ascertaining the laws in accordance 
with which this is brought about In any case, however, the 
metrical groundform will altei in the course of time just as the 
disposition of matter in the world changes We recover the 
possibility of displacing a body without altenng its metnc relations 
by making the body carry along with it the “ metrical field” which 
it has pioduced (and which is lepresented by the metrical ground- 
form , just as a ma s, having assumed a definite shape m equilibrium 
under the influence of the field of force which it has itself produced, 
would become d< formed it one could keep the field of force fixed 
while displacing the mass to another position in it, whereas, in 
reality, it retains its shape during motion (supposed to be sufficiently 
slow), since it carries the field of force, which it has produced, 
along with itself We shall illustrate in greater detail this bold 
idea of Riemann concerning the metrical field produced by matter, 
and we shall show that if his opinion is conect, any two portions 
of space which can he transformed into one another by a continuous 
deformation, must be recognised as being congruent in the sense 
we have adopted, and that the same material content can fill one 
portion of space just as well as the other 

To sunpVVj Was ftxmimtm ot the ^rvaev^Vee we 

assume that the material content can be described fully by scalar 
phase quantities such as mass-density, density of charge, and so 
forth "We fix our attention on a definite moment of time During 
this moment the density p of charge, for example, will, if we choose 
a certain co-ordinate system in space, be a definite function 
f (x , x 2 x 3 ) of the co-ordmates Xj, but will be represented by a different 
function /* (xf*x i *x i *) if we use another co-ordinate system in x t * 
A parenthetical note Beginners are often confused by failing to 
notice that m mathematical literature symbols are used throughout 
to designate functions, whereas m physical literature (including 
the mathematical treatment of physics) they are used exclusively 
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to denote “magnitudes” (quantities) For example, m thermo- 
dynamics the energy of a gas is denoted by a definite letter, say E , 
irrespective of whether it is a funotion of the pressure p and the 
temperature 0 or a function of the volume v and the temperature 
9. The mathematician, however, uses two different symbols to ex- 
press this — 

E = <f>(p, 9) - *(t>, «) 


The partial derivatives which are totally different in mean- 

r u u 0(7 

ing, consequent!} occui in physics books undei the common ex- 
pression \ suffix must be added (as was done by Boltzmann), 


or it must be made clear in the text that in one case p, in the other 
case v, is kept constant The symbolism ot the mathematician is 
clear without any such addition * 

Although the true state of things is really more complex we 
shall assume tho most simple system of geometrical optics, the 
fundamental law of which states that the iay of light from a point 
M emitting light to an observer at P is a “ geodetic ” line, which is 
the shortest of all the hneb connecting M with P we take no 
account of the finite velocity with which light is propagated We 
ascribe to the receiving consciousness merely an optical faculty of 
perception and simplify this to a “ point-eye ” that immediately 
observes the diffeiences of direction of the impinging lays, these 
directions being the values of 9 given by (15) , the “ point-eye ” 
thus obtains a picture of the directions in which the sui rounding 
objects lie (colour factors are ignored) The Law of Continuity 
governs not only the action of physical things on one another but 
also psycho-physical interactions The direction in which we ob- 
serve objects is determined not by their places of occupation a lone, 
but alBO by the direction of the ray from them that strikes the 
retina, that is, by the state ot the optical held directly m contact 
with that elusive body of reality whose essence it is to have an 
objective world presented to it in the form of experiences of con- 
sciousness To say that a material content G is the same as the 
material content G' can obviously mean no more than saymg that 
to every point of view P with respect to G there corresponds a 
point of view P' with respect to G' (and conversely) in such a way 
that an observer at P' in G' receives the same “ direction-picture ” 
as an observer in G receives at P 


‘This is not to be taken as a criticism of the physicist’s nomenclature 
which is fully adequate to the purpose* of physics, which deals with 
magnitudes. 
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Let us take as a basis a definite co-ordinate system x { . The 
scalar phase-quantities, such as density of electrification p, are then 
represented by definite functions 

P = /( x x x. 2 x 3 ) 

Let the metncal gioundfoim be 


fix, 

i, t 1 

in which the */a-' s likewise fin “ mathematical " terminology) denote 
definite functions of x v 3,, x s Fuitheimoie, suppose any con- 
tinuous tiansformation of space into itself to he given, by which 
a point P' coriesponds to each point P ipspectively Using this 
co-ordinate system and the inodes of expiession 

V =- (-r^ir,), J‘ = kv'.*’,) 
suppose the transfoimation to be lepiesented by 

= ^»ki-r,r 3 ) ( 16 ) 

Suppose this transfoimation convert the poition S of space into S', 
I shall show that if Rieirmnn’s view is coirect S' is congruent with 
S in the sense defined 

I make use of a second co-oidinate system by taking as co- 
ordinates of the point P the values ol i, gi\en by (16); the ex- 
pressions (16) then become the formulas of tiansformation The 
mathematical legion in thiee \ enables lepiesented by S in the 
co-ordinates x' is identical with that lepiesented by S' in the co- 
ordinates x An aibitrary point P has the same co-ordinates in x' 
as P has in x I now imagine space to be filled by matter in some 
othei way, namely, that represented by the formulas 

/» =7 (r\r\ r’J 

at the point P, with similar foi mu las for the other scalar quantities 
If the metnc relations of space are taken to be independent of the 
contained matter, the metncal gioundfoim will, as in the case of 
the fiist content, be of the torm 



^g' l k(x\x',x' i )dx’ i Ax' k , 

%k 


the right-hand member ot which denotes the expression after 
transformation to the new co-ordinate system If, however, the 
metric relations of space are determined by the matter filling it — 
we assume, with Riemann, that this is actually so — then, since the 
second occupation by mattei expresses itself in the co-ordinates x' 
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m exactly the same way as does the first m x, the metrical ground- 
form for the second occupation will be 

x'.i'Jdx'sli'i 

In consequence of oui underlying punciple of geome tueal optics 
assumed above, the content in the portion S' of space during the 
first occupation will piesent exactly the same appeaiance to an 
observe! at P' as the mateiial content m S duiing the second 
occupation piesents to a*i obseiver at P If the oldei view of 
“residential flats” is collect, this would of couise not be the case. 

The simple lact that I can squeeze a ball of modelling clay with 
my hands into any megulai shape totally difletent liom a sphere 
would seem to i educe Kiemann’s view to an absurdity This, how- 
ever, pioves nothing Foi it Riemann is light, a defoimation of 
the inner atomic stiuctuie ol the clay is entirely difleient hom that 
which I can effect with my hands, and a i eai 1 angement ot the masses 
in the universe, would he tieeessaiy to make the distoited ball of 
day appeal spherical to an observei tiom all points of view 
The essential point is that a piece oi space has no visual form at 
all, but that this toim depends on the mateiial content occupying 
the wotld, and, indeed, occupying it in such a way that by means 
of an appiopnate 1 eai i angement ol the mode ol occupation I can 
give it any visual ioim Uy this I can also mctamoiphose any 
two different pieces ol space into the same visual foim by choos- 
ing an appiopnate disposition ot the mattei Einstein helped to 
lead Riemann’s ideas to victoiy (although he was not directly 
influenced by Riemann) Looking back hom the stage to which 
Einstein has Lnought us, we now lecognise that these ideas could 
give rise to a valid theory only attei time had been added as a 
fourth dimension to the thtee-space dimensions m the manner set 
forth in the so-called special theoiy ot lelativity. As, accoiding to 
Riemann, the conception "congruence” leads to no metneal system 
at all, not even to the genetal metrical system of Riemann, which is 
governed by a quadratic difleicntial form, we see that “ the inner 
ground of the metric relations ” must indeed be sought elsewhere. 
Einstein affirms that it is to be found in the “ binding forces ” Of 
Gravitation. In Einstein’s theoiy (Chapter IV) the co-efficients 
g,k of the metrical groundfoim play the same part as does gravita- 
tional potential in Newton’s theoiy ol giavitation. The laws 
according to which space-filling mattei determines the metrical 
structure are the laws ol gravitation The gravitational field affects 
light rays and “rigid” bodies used as measunng rods in such a 
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way that when we use these i ods and rays in the usual maimer to 
take measurements of objects, a geometiy of measuiement is found 
to hold which deviates veiy little from that of Euclid in the regions 
accessible to observation These metric relations aie not the out- 
come of space being a toim of phenomena, but of the physical 
behavioui ot measunng lods and light rays as deteimined by the 
gravitational field 

Aftei Riemann had made known his dibcovenes, mathematicians 
busied themselves with woiking out his system of geometucal ideas 
formally, chief among these ueie ChnstolTel, Ricci, and Levi- 
Civita (vide note 8) Riemann, m the last woids ot the above 
quotation, cleai l\ felt the leal development of his ideas in the 
hands ot some subsequent scientist whose genius as a physicist 
could use to equal flights with his own as a mathematician Attei 
a lapse ot seventy veats this mission has been tultilled by Einstein 

Inspired hv the weighty infeiences of Einstein’s theoiy to 
examine the mathematical foundations anew the piesunt wntei 
made the disooveiy that Riemann’s geometiy goes only half-way 
towaids attaining the ideal ot a puie infinitesimal geometiy It still 
lemains to (‘indicate the last dement ol geometiy “at a distance,” 
a lomtiant of its Euclidean past Riemann assumes that it is possible 
to compaie the lengths of two line elements at different points 
of space, too , it is not permissible to use comparisons at a 
distance in an “ infinitely near ” geometry. One principle alone 
is allowable, l>v this a division of length is tiansfeiable horn one 
point to that infinitely adjacent to it 

Attei these uitioductoiy lemaiks we now pass on to the 
systematic development ol June infinitesimal geometiy {vide 
note 9), which will be tiaced thiough thiee stages , from the 
continuum, which eludes closti definition, by way ot affinely 
oonneoted manifolds, to metrical space This theoiy which, 
in my opinion, is the climax of a wondeilul sequence of logically- 
connected ideas, and in which the lesult ot thest ideas has found 
its ultimate shape, is a ttue i/eometiy, a doctnne of space itself 
and not meiely like Euclid, and almost everything else that has 
been done undei the name ol geometiy , a doctnne of the configura- 
tions that aie possible in space 

s 13. Tensors and Tensor-densities m any Arbitrary 
Manifold 

An n-dimensional Manifold. — Following the scheme outlined 
above we shall make the sole assumption about space that it is 
an n-dimensional continuum It may accordingly be referred to 
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M-oo-ordmates x 1 x 2 . x„, of which each has a definite numerical 
value at eaoh point of the manifold , different value-systems of the 
co-ordinates correspond to different points If x l x 2 . x„ is a 
second system of co-ordinates, then theie are certain relations 

Xi = f L {x l x 2 x „) wheie (i = 1, 2, n) (17) 

between the a:-co -ordinates and the ic-co-oidinates , these relations 
are conveyed by ceitain functions /, "We do not only assume that 
thoy are continuous, but also that they have continuous derivatives 


whose deteimmant is non-vanishmg The latter condition is 
necessary and sufficient to make affine geometiy hold in infinitely 
small regions, that is, so that reversible linear relations exist 
between the differentials ot the co-ordinates in both systems, l e 

dx = ^ a]dx , (18) 

k. 

We assume the existence and continuity of highei derivatives where- 
ever we find it necessaiy to use them in the course of oui investi- 
gation In eveiy case, then, a meaning which is mvauant and 
independent of the co-ordinate system has hem assigned to the 
conception of continuous functions of a point which have con- 
tinuous fiist, second, third, or highei derivatives as required , the 
co-ordinates themselves are such functions 

Conception of a Tensor. — The i dative co-ordinates dx of a 
point P' = (x, + dx,) infinitely neai to the point P = (x,) are the 
components of a line element at P oi of an infinitesimal dis- 
placement PP' of P The tiansformation to another co-or- 
dinate system is effected for these components by formulae (18), 
m which a denote the values of the respective derivatives at the 
point P The infinitesimal displacements play the same part in the 
development of Tensoi Calculus as do displacements in Chapter I 
It must, however, be noticed that, here, a displacement is essen- 
tially bound to a point, and that there is no meaning in saying 
that the infinitesimal displacements of two diffeient points are the 
equal or unequal It might occur to us to adopt the convention 
of calling the infinitesimal displacements ot two points equal if 
they have the same components, but it is obvious from the fact 
that the a't’s in (18) are not constants, that if this were the case 
for one co-ordinate system it need m no wise be true for another 
Consequently we may only speak of the infinitesimal displacement 
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of a point and not, as in Chapter I, of the whole of space , henoe 
we cannot talk of a vector or tensor simply, but must talk of a 
veotor or tensor as being at a point P A tensor at a point P is 
a linear form, in several series of variables, which is dependent on 
a co-ordinate system to which the immediate neighbourhood of P 
is referred in the following way the expressions of the linear form 
in any two co-ordinate systems x and x pass into one another if 
certain of the senes of variables (with uppei indices) are trans- 
formed co-grediently, the lemamdei (with lower indices) contra- 
grediently, to the differentials dx„ according to the scheme 

t' — and |, - respectively (19) 

L L 

By aki we mean the values ot these derivatives at the point P The 
co-efiicients of the lineai foim ate called the components of the 
tensor in the co-oidinate system undei considei ation , they aie co- 
variant in those indices that belong to the vaiiables with an upper 
index, contia-vauant in the lemaining ones The conception ot 
tensors is possible owing to the circumstance that the tiansition from 
one co-ordinate system to another expi esses itself as a linear trans- 
formation in the ditleientials One heie uses the exceedingly fruitful 
mathematical device of making a piobletn “ I meat ” by revolting to 
infinitely small quantities The whole ol Tensor Algebra, by 
whose operations only tensois at the same point aie associated, 
can now be taken over from Chapter I. Here, again, we shall 
call tensors of the Inst ordei Yeotors. There are contra-vauant 
and co-variant vectors Whenevei the woidvectoi is used without 
being defined more exactly we shall undeistand it as meaning a 
contra- valiant vectoi Infinitesimal quantities of this typo are the 
line elements in P Associated with every co-oidinato system there 
are « unit vectoi s e, at P, namely , those which have components 

«! , 1, 0, 0, 0 

e 2 j 0, 1, 0, 0 

e„ I 0, 0, 0, 1 

in the co-ordinate system Every vector x at P may be expressed 
in linear terms of these unit vectors Foi if £' are its components 
then 

* = £ l e, + £ 2 e 2 + + £"e„ holds 

The unit vectoi s e, of another co-ordinate system x are derived 
from the e,’s according to the equations 
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The possibility of passing fiom oo-vanant to conti a-variant com- 
ponents of a tensoi does not, of course, come into question here. 
Each two linearly independent line elements having components 
dx t , Sx, map out a surface element whose components ai e 

dztSxt - d.ztSx, = Ax lk 

Each three such lmc elements map out a three-dimensional space 
element and so forth Invariant differential forms that assign a 
numbor lineaily to each arbitrary line element, suiface element, 
etc , respectively are linear tensors ( = co-vanant skew-sym- 
metrical tensors, vide § 7) The above convention about omitting 
signs of summation will be retained 

Conception of a Curve. — If to eveiy value of a parameter s 
a point P = P( s) is assigned in a continuous manner, then if we 
interpret s as time, a “ motion ” is given In default of a better 
expression we shall apply this name in a purely mathematical 
sense, even when we do not interpiet s in this way If we use a 
definite co-ordinate system we may lepiesent the motion m the 
form 

i, = (20) 

by means of n continuous functions a .,(&), which we absume not 
only to be continuous, but also continuously ditfeientiable * In 
passing horn the paiametric value s to !> + ds, the couesponding 
point P sutlers an infinitesimal displacement having components 
dx, If we divide this vectoi at P b) (is, we get the “ velocity,” a 

dx 

vector at P having components ' = u‘ The foimula? (20) is at 

the same time a parametiic lepiescntation of the trajectory of 
the motion Two motions describe the same curve ll, and only 
if, the one motion auses from the other when the parameter s ts 
subjected to a transformation s = u>(s), m which o> is a continuous 
and continuously differentiable uniform function u> Not the com- 
ponents of velocity at a point are deteimmate foi a curve, but only 
their ratios (which characterise the direction of the curve) 

Tensor Analysis. — A tensor field of a certain kind is defined m 
a region of space if to eveiy point P of this legion a tensor of this 
kind at P is assigned Relatively to a co-oidinate system the 
components of the tensor field appeal as definite functions of the 
co-ordinates of the variable “ point of emergence ” P we assume 
them to be continuous and to have continuous derivatives The 


I.e. have continuous differential oo-effiolenta. 
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Tensor Analysis worked out in Chapter I, § 8, cannot, without 
alteration, be applied to any arbitrary continuum For in defining 
the general process of differentiation we earlier used arbitrary co- 
vanant and conti a-vanant vectors, whose components were inde- 
pendent of the point in question. This condition is indeed 
invariable foi linear transformations, but not for any aibitrary 
ones since, in these, the afi 's are not constants For an arbitrary 
manifold we may, theiefoie, set up only the analysis of linear 
tensor fields this we proceed to show Heie, too, there is 
derived from a scalai field / by means of differentiation, indepen- 
dently ot the co-ordmate sjetem, a lineal tensor field of the first 
order having components 

/, ~ ( 21 ) 


Fioin a hneai tensoi held /, ot the first ofdei 
second oidei 


hi — 


3 /, 

ix L 


*fi 

3r, 


we get one of the 


(22) 


Fiom one ot the second ordei, f'i, vie get a lirnai tensoi field ot 
the thud oidei 


I'Ll — 


3 /// 

3 r, 


3 Jh + 3/i k 
‘ 3 3 1 


( 23 ) 


and so toith 

If <f> is a given bcalai field m space and it i„ i, denote any two 
co-oidinate svstems, then the scalai held will be expressed m each 
in turn as a function of the i,’* oi h't> respectively, i e 


<t> = c*) t(x jXj e„) 


II we lorm the mciease ol <j> foi an infinitesimal displacement of 
the current point, we get 



I l 


From this we see that the 



aie components ol a co-variant 


tensor field of the first oidei, which lb deiived liom the scalar field 
<t> in a mannei independent of all co-oidinate systems We have 
here a simple illustration oi the conception of vectoi fields At 
the same time we see that the operation “ grad ” is invariant not 
only for lmeai transformations, but also foi any arbitrary trans- 
formations of the co-ordinates whatsoever, and this is what we 
enunciated. 
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To arrive at (22) we perform the following construction Prom 
the point P — P 00 we draw the two line elements with components 
dXt and 8x t , which lead to the two infinitely near points P 10 andP 01 
We displace (by "variation ’’) the line element dx in some way so 
that its point of emeigenee describes the distance P 00 P n] , suppose 

it to have got to P 01 P U finally We shall call this process the dis- 
placement 8 Let the components dx, have increased by 8dx u so 

that 

Sdx, = ji 1 (P 11 ) — x t (P ftl )[ — jt,(Pjn) — x,(P, in)! 

We now inteichange d and 8 By an analogous displacement d of 
the line element 8x along P ()1I P I0 , by which it finally takes up the 

position P 10 P U , its components aie increased bv 

d8x, = \x,(P' n ) - r,(P 10 )l - |r,(P 01 ) - j,(P 0 , ,)j 
Hence it tollows that 

8 dx, - d8x, = i,(I\ j) - */(P' u j (24) 

If, and only if, the two points Ai and P' H coincide, i e it the two 
lino elements dx and 8x sweep out the same infinitesimal “ parallelo- 
gram ” during then displacements 8 and d iespectively r — that is how 
we shall view it — then we shall have 

8 dx, - d&x, = 0 (25) 

It, now, a co-vanant veotoi held with components I, lb given, then 
we form the change in the invariant df = f,d> , owing to the dis- 
placement 8 thus 

8dt = 8j,dc, + f,8dx. 

Interchanging U and 8, and then subtracting, we get 

A /= (SrZ - d8)f — (8 fidx, — df,8x,) + f,(8dr , - dhx,) 
and it both displacements pass over the same infinitesimal paral- 
lelogram we get, in particulai , 

A/ = 8j,dx, - df.&x, = (^' - ^Jdx t 8zi. (26) 

If one is inclined to distrust these peihaps too venturesome 
operations with infinitesimal quantities the difieientials may be 
replaced by differential co-efficients Since an infinitesimal element 
of surface is only a part (or more coirectly, the limiting value of the 
part) of an arbitrarily small but finitely extended surface, the argu- 
ment will run as follows Let a point ( st ) of our manifold be 
assigned to every r pan of values of two parameters s, t (in a certain 
region encircling g = 0, t = 0) Let the functions x l = x^st), whioh 
represents this " two-dimensional motion ” (extending over a sur- 
face) in any co-ordinate system x,, have continuous first and second 
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differential oo-effioients For every point (si) there are two velocity 

clxt dsc 

vectors with components and We may assign our para- 

meters so that a prescribed point P = (00) corresponds to s = 0, 
1 = 0, and that the two velocity' vectors at it coincide with two arbi- 
trarily given vectois V (for this it is merely necessary to make 
the r/e lineal functions of s and t) Let d denote the differentia- 

ci (i 

tion ^ , and 8 denote Then 


df = /■ 


dx, 


hd/ = 


8 /', dx, dr, 


'i/s’ ' Zxi dt, dt + tltds 

By interchanging d and 8, and then subtracting, we get 


d-r, 


8 fi\dr,dik 
dt 


Af = M/ - = - Tli ) ds 

By setting * -= 0 and t = 0, we get the in vanant at the point P 

k j K'l t 


(27) 


Uu 


8/x 
8,i , 


which depends on two aibitrary vectois it, tat that point The 
connection between this \ie\s and that which uses infinitesimals 
consists m the fact that the lattei is applied m ugoious lorm to 
the infinitesimal paiallelogiams into winch the sin face x, = h(st ) 
is divided h\ the co-oidinate lines i = const and t = const 

Stokes’ Theorem may he lecalled in this connection The 
invariant lineai difteiential /a/a* is called integrable it its integral 
along eyeiy closed cune (its “cuil”) = 0 (This is true, as we 
know, only loi a total differential ) Let any arbitral y sui face given 
in aparametuc foirri ,r, = a,(*/) be spiead out within the closed 
cuive, and be divided into infinitesimal piuallelograms by the co- 
ordinate lines The curl taken around the penmetei of the whole 
surface may then be traced back to the single cuils around these 
little surface meshes, and then values are given foi eveiy mesh by 
oui expiession (27), after it has been multiplied by dsdt A differ- 
ential division ol the cuil is pioduced in this way r , and the tensor 
(22) is a measuie of the “intensity of the cuil ” at every point 
In the same way we pass on to the next highei stage (23) In 
place of the infinitesimal parallelogram we now use the three- 
dimensional paiallelopiped mapped out by the thiee line elements 
d, 1>, and 8 We shall just indicate the steps of the argument 
briefly 
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S(fikdx,Sxk) = dx&Xkbxi + f.kQdxk Sj> + DSzi dx t ) (28) 

Since/*, = - /,*, the second teim on the right is 

= fikfidx, 3-c* - 7>8x, dxt) (29) 

If we interchange d, S, and 8 cyclically, and then sum up, the six 
members arising out ot (29) will destioy each othei in pairs on 
aooount of the conditions ot symmetry (25) 

Conception of Tensor-density — If JWdr, in which dx lepre- 
sents briefly the element of integration dx } , dx dx n , is an in- 

variant integral, then W is a quantity dependent on the co-ordinate 
system in such a way that, when transformed to another co- 
ordinate system, its value become multiplied by the absolute 
(numerical) value of the functional determinant It we regard 
this integral as a measure of the quantity of substance occupying 
the region of integration, then W is its density We may, there- 
fore, call a quantity of the kind described a scalar-density. 

This is an important conception equally as valuable as the con- 
ception of scalars, it cannot be reduced to the lattei In an 
analogous sense we may speak of tensor-densities as well as 
scalar-densities A linear form of several series ol variables which 
18 dependent on the co-ordinate system, some ol the variables 
carrying upper indices, others lower ones, is a tensor-density at 
a point P, if, when the expression lor this lineal toim is known 
ior a given co-ordinate system, its expression foi any other arbitral y 
co-ordinate system, distinguished by bars, is obtained by multiply- 
ing it with the absolute oi numerical value ot the functional de- 
terminant 


A = abs | aj- | i.e the absolute value ol | aj 1 ] , 

and by transforming the vanable according to the old scheme (19) 
The words, components, co-variant, contra-variant, symmetrical, 
skew-symmetrical, held, and so forth, are used exactly as in the 
case of tensois By contrasting tensors and tensor-densities, it 
seems to me that we have grasped rigorously the difference be- 
tween quantity and intensity, so far as this diffeience has a 
physical meaning tensors are the magnitudes of intensity, 
tensor-densities thoBe of quantity. The same unique part that 
co-variant skew-symmetrical tensors play among tensors is taken 
among tensor-densities by contra-vanant symmetrical tensor-den- 
sities, which we shall term briefly linear tensor-densities. 

Algebra of Tensor-densities. — As m the realm of tensors so 
we have here the following operations — 
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1 Addition of tensor-densities of the same type , multiplication 
of a tensor-density by a number 

2 Contraction 

3 Multiplication of a tensor by a tensor-density (not multiplica- 
tion of two tensor-densities by each other) For, if two scalar- 
densities, foi example, were to be multiplied together, the result 
would not again be a scalar-density but a quantity which, to be 
transformed to anothei co-ordinate system, would have to be multi- 
plied by the square ot the functional determinant Multiplying a 
tensor by a tensor-density, however, always leads to a tensor-density 
(whose ordei is equal to the sum of the orders of both factors) 
Thus, for example, if a contra- variant vector with components /* and 
a co-vanant tensor-density with components w,a he multiplied 
together, we get a mixed tensor-density of the third order with 
components (wu produced in a mannci independent of the co- 
ordinate system 

The analysis of tensor-densities can be established only for 
linear fields in the case of an arbitiary manitold It leads to the 

following processes resembling the operation of divergence : — 

3w l 

w. - w ^ 

Jw‘* 

Dx' “ W ' ( 31 ) 


As a result of (30) a lineal tensor-density field w* of the first order 
gives rise to a scalar-density field w, whereas (31) produces from a 
linear field of the second order (w fc * = w a ) a linear field of the 
first ordei, and so foith These operations aie independent of the 
co-ordinate system The divergence (30) of a field w* of the first 
order which has been produced from one, w 1 *, of the second order 
by means of (31) is = 0, an analogous result holds for the higher 
orders To piove that (30) is invariant, we use the following known 
result of the theoiy ot the motion of continuously extended masses. 

If I 1 is a given vectoi field, then 

r, = x, + t St (32) 

expresses an infinitesimal displacement of the points of this 
continuum, by which the point with the co-ordinates x, is transferred 
to the point with the co-ordinates x, Let the constant infinitesi- 
mal faotor St be defined as the element of time during which this 
deformation takes place The determinant of trB.nafnrnrm.tinn 
IDx’] 7 >(‘ 

A = \~4 differs from unity by St ^ The displacement causes a 
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portion G of the continuum, to which, if x x 'a are used to denote 
its co-ordinates, the mathematical region X in the variables x t cor- 
responds, to pass into the region G, from which G differs by an 
infinitesimal amount If 8 is a scalar-density field, which we 
regard as the density of a substance occupying the medium, then 
the quantity of substance present in G 

jB {x)dx 

whereas that which occupies G 

= ^a(x)dx = 

whereby the values (32) are to be inserted m the last expression for 
the arguments x t of s (I am here displacing the volume with re- 
spect to the substance , instead of this, we can of course make the 
substance flow through the volume, b£‘ then represents the inten- 
sity of the current ) The increase in the amount of substance that 
the region G gams by the displacement is given by the integral 
a(x)A - a(x) taken with lespect to the variables t, over X We, 
however, get for the integrand 

.(i) {A- 1) + |s(i) - X«) ! - S< (sg + j-fy) - a< 

Consequently the formula 

> = w 

establishes an invariant connection between the two scalar-density 
fields b and w and the contra-vanant vector field with the com- 
ponents Now, since every vector-density w l is representable in 
the form af l — for if in a definite co-ordinate system a scalar-density 
S and a vector field £ be defined by s = 1, f’ = w*, then the equation 
W* = a£ l holds for every co-ordinate system— the required proof is 
complete 

In connection with this discussion we shall enunciate the 
Principle of Partial Integration which will be of frequent use 
below If the functions w 1 vanish at the boundary of a region G, 
then the integral 



For this integral, multiplied by St, signifies the change that the 
“ volume " jdx of this region suffers through an infinitesimal de- 
formation whose components « St . W'. 
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The invanance of the process of divergence (30) enables us 
easily to advance to further stages, the next being (31) We enlist 
the help of a co-variant vectoi field /,, which has been derived 
from a potential f , 1 e 

/ = 

dx, 

We then form the lineat tensor-density W.t/, of the first order 
and also its divergence 

c>(w '*■/,) _ 

The observation that the J,' s may assume any aibitrarily assigned 
values at a point P concludes the proof In a -.lmilai way we 
proceed to the third and highei ordei s 

^14. Affinely Related Manifolds 

The Conception of Affine Relationship. — We shall call a point 
P of a manifold affinely telated to its neigbfiouihood if we aie given 
the vector P' into which every vectoi at P is transformed by a 
parallel displacement from P to V , V is heie an arbitrary point 
infinitely near P (vide note 10) No moie and no less is required of 
this conception than that it is endowed with all the piopertieB that 
were ascribed to it m the affine geomctiy of Chaptei I That is, 
we postulate There is a co-ordinate system (fin the immediate 
neighbourhood of Pj such that , m it, the components of any vector at 
P are not altei ed by an infinitesimal paiallel displacement This 
postulate chaiactenses parallel displacements as being such that 
they may rightly be legaidedas leaving \ ectors unchanged. Such 
co-ordinate systems are called geodetic at P What is the effect 
of this m an aibrttaty co-oidmate system x Let us suppose that, 
in it, the point P has the co-ordinate x,°, P' the co-ordinates x° + 
dx , , let p be the components of an arbitrary vector at P, p + dp 
the components of the vector resulting from it by parallel displace- 
ment towards P' Firstly, since the parallel displacement from P 
to P' causes all the vectoi s at P to be mapped out linearly or 
affinely by all the vectors at P', dp must be linearly dependent on 

£» i e 

dp = - dyVP (33) 

Secondly, as a consequence of the postulate with which we started, 
the dy'r's must be linear forms of the differentials dx„ i e 

dy* r = Tvidir, , (33') 

in which the number co-efficients T, the “components of the affine 
relationship,” satisfy the condition of symmetry 

r * r*i 

l «r — I rs 


( 33 ") 
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To prove this, let x, be a geodetic co-ordinate system at P, the 
formulas of transfoimation (17) and (18) then hold It follows 
from the geodetic character of the co-ordmate system x, that, for a 
parallel displacement, 

d£‘ = d( a‘ r £ r ) = 

If we regard the p’s as components Sx, ol a line element at P we 
must have 

- = zZ , Xt 8x ’ d *' 

(m the case ot the second denvatives we must of couise insert 
their values at P) The statement contained in oui enunciation 
follows directly from this Moreovei, the symmetrical bilineai form 

— F'nSxrdx,. is derived fiom - - St, dr, (34) 

by ttansformation according to (18) This exhausts all the aspects 
of the question Now, if P,, are aibiiianlj gnen numbaa that 
satisfy the condition of symmetiy (33"), and if wo define the 
affine relationship by (33) and (33'), the tiansfoimation lormuliB 
lead to 

a, Xi^ ~ di - ^ F'rgXjXg, 

that is, to a geodetic co-ordinate system x t at P, since the equations 
(34) are fulfilled for them at P In fact this transformation at P 
gives us 

W 

= 0, dx, = dx,{ a\ = 8 1 *), = - p„ 

The formulae according to which the components P„ ol the 
affine relationship are transformed in passing fiom one co- 
ordinate system to another may easily be obtained from the above 
discussion , we do not, however, require them for subsequent 
work The Ps are certainly not components of a tensor (contra- 
variant in i, co-vanant in r and s) at the point P, they have this 
character with legard to linear transfoimations, but lose it when 
subjected to arbitrary transformations For they all vanish m a 
geodetic co-ordinate system Yet eveiy virtual change of the 
affine relationship [P M ], whether it be finite or “ infiniiesimal,” is 
a tensor. For 

[dp] = [F' r ,]Z r dx e 

is the difference of the two vectors that arise as a result of the two 
parallel displacements of the vector £ from P to P'. 

The meaning of the parallel displacement of a co- variant 
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vector ft at the point P to the infinitely near point P' ib defined 
uniquely by the postulate that the mvanant product of the 
vector & and any arbitrary contra- variant vector tj' remain un- 
changed after the simultaneous parallel displacements, 1 e 

d(i,-r) 1 ) - (d£ t 7)') + (f ,-dy ) = (rff, - dy,i,)T/' =- 0 

whence 

d£, = ^>dy r ,£, (35) 

We shall call a conti a-variant vector field £' stationai y at the point 
P, if the vectors at the points P’ infinite]} neai P arise irom the 
vector at P by paiallol displacement, that is, li the total differential 
equations 

d? + dy'rt = 0 j^ot ^ + p,4' = 0^ 

are satisfied at P A veetoi held can obviously always be found 
such that it has aibitrary given components at a point P (this re- 
mark will he used in a construction which is to be earned out m 
the sequel) The same concejrtion may be set up loi a oo-vanant 
vector held 

From trow onwards we shall occupy ourselves with affine 
manifolds; they are such that every point of them is 
affinely related to its neighbourhood. For a definite co- 
ordinate system the components P,, of the affine lelationship 
are continuous functions oi the co-oidmates x, By selecting the 
appropriate co-ordinate system the P, s ’s may, of couise, be made to 
vanish at a single point P, but it is, in geneial, not possible to 
achieve this simultaneously for all points of the manifold There 
is no difference tn the natuie of any ot the affine relationships 
holding between the various points of the manifold and their im- 
mediate neighbourhood The manifold is homogeneous m this 
sense There aie not various types of manifolds capable of being 
distinguished by the natuie ol the affine relationships govern- 
ing each kind The postulate with which we set out admits of 
only one definite kind of affine relationship 

Geodetic Lines. — II a point which is in motion carries a 
vector (which is aibitrauly vanable) with it, we get for every value 
of the time parameter s not only a point 

P = («,) x = x t (s) 

of the manifold, but also a vector at this point with components 
v l = i)‘(s) dependent on s The vector remains stationary at the 
moment a if 
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dv 

~dl 


- + r - 


(36) 


(This will relieve the minds of those who disappiove of opcia- 
tions with diffeientials , they have heie been conveited into 
diffeiential eo-eflicients ) In the case of a veetoi being earned along 
accoidrag to any aibitiaiy 1 ule, the lett-hand side V< ol (36) consists 
of the components ot a veetoi in (a) connected invariant^ with tho 
motion and indicating how much the \cctoi V changes pel unit 
of time at this point Foi in passing irom the point P = (a) to 
P' =* (s 4- ds), the veetoi v l at P becomes the veetoi 


V + 


dv 

ds 


at P’ If, howevei, we displace V liom P to P‘ leaving it un- 
changed, we theie get 

o' + 8«' = v‘ - r , i ,0V“rfz / s 

Aocoidingly, tho difference between these two veetoi s at P\ the 
change in v during the tune ds has components 

d ~ds - aV = V‘ds 
as 

In analytical language the invaiiant chaiactei ot the veetoi V may 
be lecognised most leadily as tollovvb Let us take an aibitraiy 
auxiliary co-vanant veetoi (, = (s) at P, and let us loun the change 
in the invariant £,v l in its passage tiom (a) to (a + ds), wheieby the 
vector £j is taken along unchanged Wo get 

d( £iV ) ^ -w, 

IT- ~ 


If V vanishes for eveiy value oi a, the veetoi v glides with tho 
point P along the ti ajectoiy duung the motion ivithout becoming 
changed 

Eveiy motion is accompanied by the veetoi *0 = d ^’ oi its 

ds 

velocity , for this particular case, V is the veetoi 


U> =» 


dii 1 

ds 


+ 




d-x r , dx a dxp 
+ aB ds dh 


namely, the acceleration, which is a measuie ol the change of 
velooity per unit of time A motion, in the course ot which the 
velocity remains unchanged throughout, is called a translation. 
The trajectory of a translation, being a curve which preserves its 
direction unchanged, is a straight or geodetic line. According 
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t>o the translational view (of Chaptei I, § 1) this is the inherent 
pioperty of the straight line 

The analysis of tensors and tensor-denBities may be de- 
veloped toi an affine manifold just as simply and completely 08 
foi the lineal geometiy of Chaptei 1 Foi example, if f, k are the 
components (co-v.u iant in i, conti a-vanant m k) ol a tensoi field of 
the second oidei, we take two auxihaiy arbitiaiy vectors at the 
point P, of which the one, £, is conti a-vanant and the other, r/, is 
co-vanant, and foi m the invaiiant 


Itt'Vk 


and its change loi an infinitesimal displacement d o) the cunent 
point P, fiy which £ and r\ a»c displaced parallel to themselves 
Now 

d(ft k i'w) = Y' f'/A - h k >iuiy<'£' + /,'i'dy.V. 

in; 


hence 


^ - r,//,* + r V; 


aie the components of a tensoi held ot the thnd oidei, co-vanant 
in U aud conti a-vanant in l this tensoi held is domed hom the 
given one of the second oidei by a piocess independent of the co- 
oiduiate system The additional twins, which the components of 
the alline lelationship contain, aie chaiactenstic quantities in 
which, tollowing Ernst* in, we shall later recognise the influence of 
the gravitational field The method outlined enables us to differ- 
entiate a tensoi m eveiy conceivable case 

Just as the opeiation “giad” plays the tundamental part in 
tensoi analysis and all othei opeiations aie derivable from it, so the 
operation “div" defined by (30) is the basis of the analysis of 
tensor-densities Thu lattei leads to piocesses oi a similar char- 
acter for tensoi -densities of any older For instance, if we wish 
to find an expression foi the divergence of a mixed tensor-density 
Wi* of the second order, vve make use of an auxiliary stationary 
veotoi field £‘W> 1 at P and find the divergence of the tensor- 
density £ l w, J - 


*(W) = w i , t. 
ix L IU* Vr ' i la 1 *. 



f'aWr* 


+ 


7>Xk ) 


This quantity is a scalai -density, and since the components of a 
vector field which is stationaiy at P may assume any values at the 
this point (P), namely, 
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dw** 

3^7 


r-.w', 


(37) 


it is a co- vanant tensor-density of the Inst oidei which has been 
derived fiom w/ in a mannei independent of eveiy co-oidinate 
system. 

Moreover, not only can vvc leduce a tensoi -density to one of the 
next lovvet oidei by cany mg out the pioeess of divergence, but we 
can also tiansposc a tensoi -density into one of the next higher order 
by differentiation. Lets denote a scalai -density, and let us again 
use a stationary yectoi field £' at. P we then foini the divergence 
of current-density , sC 


3js£*) 

3i, 


We thus get 


3s 

FT, 


r~ r s 


3^/3 
3r, ” \3 


3s 

3t, 


r„s( 


3s 

3 a, 


- r„s 


as the components of a co-variant vectoi -density To extend 
differentiation beyond scalai tensor-densities to any tensor -densities 
whatsoever for example, to the mixed tensoi -density nr,* of the 
second oidei, wo again pioceed, as has been done 1 epeatedly above, 
to make use of two stntionaiy vectoi fields at P, namely, and r)„ 
the lattei being co- variant and the loirnei contia-vauant We 
differentiate the scalai-density w, l £'% It the tensoi -density that 
has been domed hy differentiation lie contracted with lespect to 
the symbol ot ditlerentiation and one of the conti a-vanant indices, 
the divergence is again obtained 


^ IS. Curvature 

If P and P r ,11 e two points connected by a cuive, and if a vectoi 
is given at P, then this vectoi may be moyed paiallcl to itself along 
the cuive from P to P* Equations (36), giving the unknown 
components of the vectoi which is being subjected to a continuous 
parallel displacement, hayp, tor given initial values ot v‘, one and 
only one solution The vector transference that comes about in 
this way is in general non-integrable, that is, the vector which we 
get at P* is dependent on the path ol the displacement along 
which the transference is effected Only in the particular case, in 
which uitegiabihty occuia, is it allowable to speak ol the same 
vector at two different points P and P * , this comprises those 
vectors that aie generated from one another by parallel displace- 
ment. Let such a manifold be called Euclidean-affine. If we 
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aubject all points of such a manifold to an infinitesimal displacement, 
which is in each case i (presentable by an “equal” infinitesimal 
vectoi, then the space is said to have undei gone an infinitesimal 
total translation. With the helpo! this conception, and following 
the lint* of reasoning ot Chapter I (without entenng on a ngorous 
prool), we may constmct “lineal ’’ co-oidmate systems which are 
oharactensed lry the tact that, in them, the same vectois have the 
same components at diHeiont points of the systems In a linear 
co-ordinate system the components ol the affine lelationship vanish 
identically \ny two such systems aie connected by linear 
formuliE of tiansfoi mation The mamlold is then an afhnc space 
in the sense ol Chaptei I The uitryi ability of the, vectoi lians- 
ferevee is the infnntenmal yetmtehual inajmty ninth dishnqm’fhes 
“ hnea,i ” ipate s a many afhvely related sjiaces 

We must now turn om attention to the general case; it must 
not he expected in this that a vectoi that has been taken lound a 
closed cuive l>v psuallel displacement hnalh letuins to its initial 
position Tust as in the ptoof of Stokes’s Theoiem, so heie we 
stietch a suiface ovei the closed cime and divide it into infinitely 
small paiallelogiams by paiametiic Inus The change m any 
arlutiaiy vectoi aitei it has ttaveised tin peupheiy ol the suitace 
is leduced to the change effected aitei it has tiavcised each ot the 
lnhnitesiinal paiallelogiams maiked out In two line elements rfx, 
and dr, at a point P This change has now to he dctei mined We 
shall adopt the convention that the amount Ax = (a£‘), by which 
a vectoi X — P mcieascs, is domed liom x by a lineal transforma- 
tion, a mati i\ iF, i e 

Ax = AF(x) , Ar = A F; i H (38) 

It AF = 0, then the mam told is “ plane ” at the point P in the 
surface duectiou assumed h\ the suilace element, if this is true 
foi all elements ol a finite)} extended poition ol suiface, then every 
vectoi that is suh-|ected to paiallel displacement along the edge of 
the surface ■ etui ns finally to its initial position aF is linearly 
dependent on the element ol suitace 

AF — F.idifiii = )F,cA i,i (Ai ,i - dt fit,, - dr t &x,, 
and Fjn = F,i) (39) 

The ditleiential loim that occuis heie chai acteiises the curvature, 
that is, the deviation of the manifold horn plane-ness at the point P 
for all possible di lections ot the suiface, since its co-efficients are 
not numbers, but matuces, we might well speak of a “linear 
matrix-tensor of the second ordei,” and this would undoubtedly 
brat chaiactense the quantitative nature ot curvature. If, how- 
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ever, we revert from the matrices back to their components- — 
supposing Fp t it to be the components of F,* or else the co-efficients 
of the form 

\F* $ = F^^dx ,-&r t . (40) 

— then we arrive at the formula 

Ax Ffr k 6j fl dx$x, (41) 

From this we see that the Fp lk s are the components of a tensor of the 
fourth order which is contra-variant in a and co- variant m fi, i and k 
Expressed in terms of the components of the affine lelationship, 
it is 

*5* - (t? - S) + - r: * r -> < 42) 

According to this they 'fulfil the conditions ot ‘'skew” and 
“ cyclioal ” symmetry, namely — 

I'M, = - FU , F;, l + F: m + Ft# = 0 (43) 

The vanishing of the eurvatuie is the invariant dilfeiential law 
which distinguishes Euclidean spaces among affine spaces in terms 
of general infinitesimal geometry 

To piove the statements above enunciated we use the same 
process of sweeping twice over an infinitesimal paiallelogram as 
we used on p 107 to derive the curl tensor , we use the same nota- 
tion as on that occasion Let a vector x = x(P„„) with components 
£' be given at the point P, m The vector x(P, 0 ) that is derived 
from x(P 00 ) by paiallel displacement along the line element da; is 
attached to the end point P V) of the same line element Jf the 
components of x(P,, ( ) aie (’ + d£‘ 

then di a = - dy%£& — - rj^i lx, 

Throughout the displacement S to which the line element dx is to 
be subjected (and which need by no means be a parallel displace- 
ment) let the vector at the end point he bound always by the 
specified condition to the vector at the initial point The d£"’s are 
then increased, owing to the displacement, by an amount 

Sdt = - Sr %dx,&> - rZfidztf - dy,U r 

If, in particular, the vector at the initial point of the line element 
remains parallel to itself during the displacement, then S£’ must be 

replaced m this foimula by - &y g £? In the final position PoiPn 
of the line element we then get, at the point P 01 , the vector x(P 01 ), 

which is derived from x(P 00 ) by parallel displacement along P oa P 01 ; 
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at P n we get the vector x(P n ), into which x(P 01 ) is converted by 
parallel displacement along P 01 P U , and we have 

m* - {i‘{P n ) ~ W p n)) ~ U a (Pi«) - tr{P„)) 

If the vector that is derived from x(P 10 ) by parallel displacement 

along P 1# P U is denoted by x*P u , then, by interchanging d and 8, 
we get an analogous expression foi 

d8? = {£(P„) - HP W )} - {f“(P 0 i) - t(Poo)) 

By subtraction we get 

Af* = 8d( a - d8£* 

f - Sr fitdTi + dyrSyg - 

t+ - 8y“dyfi + r^dSr,) 

Since S lx x = dBr, the two last terms on the right destroy one another, 
and we are left with 

Ai“ = A FI 

m which the A£“'s aie the components of a vector Ax at P n , which 
is the diffeience of the two vectois x and x* at the same point, 

1 e 

- A£° = p(P„) - £*JP U ) 


Since, when we pioceed to the limit, P u coincides with P = P 00 , 
this proves the statements enunciated above 

The foregoing aigument, based on infinitesimals, become rigor- 
ous as soon as we interpiet d and 8 in terms of the diffeientiations 


— and ~ as was done earliei To trace the various stages of the 
ds at' 

vector x during the sequence ot infinitesimal displacements, we 
may well adopt the following plan Let us ascribe to every pair 
of values s, t, not onl> a point P = ( st ), but also a co-vanant vector 
at P with components f,(st) If t is an arbitrary vector at P, 

then signifies the value that assumes it £* is taken 

aloug unchanged fiom the point (st) to the point (s + ds, t) And 
d (/,£>) is itself again an expression of the form excepting that 
instead of/, there are now other functions/, of s and t We may, 
therefore, again subject it to the same process, or to the analogous 
one 8 If we do the latter and repeat the whole operation in the 
reverse order, and then subtract, we get 

8d(Jip) = 8dfi f ' + df,8(’ + 8f d£’ + /,8dp, 

and then, since Sdf, - ^ = dS/„ 


as was done earliei 


is taken 
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we have = (&d - d$)(f*£*) = f A£’ 

In the last expression A£» is precisely the expression found above. 
The invariant obtained is, for the point P = (00), 

It depends on an arbitrary co-variant vector with components /» at 
this point, and on three contra-variant vectors $, u, v , the 
are accordingly the components of a tensor of the fourth order 

§ 16. Metrical Space 

The Conception of Metrical Manifolds. — A manifold has a 
measure-determination at the point P, if the line elements at P 
may be compared with respeot to length , we herein assume that 
the Pythagorean law (of Euclidean geometry) is valid for in- 
finitesimal regions Every vector x then defines a distance at P , 
and there is a non-degenerate quadratic form x 2 , such that x and y 
define the same distance if, and only if, x 2 = y" This postulate 
determines the quadratic form fully, if a factoi oi proportionality 
differing from zero be piefixed The fixing of the latter Berves to 
calibrate the manifold at the point P We shall then call x 2 the 
measure of the vector X, or since it depends only on the distance 
defined by x, we may call it the measure 1 of this distance. 
Unequal distances have different measuies, the distances at a 
point P therefore constitute a one-dimensional totality If we re- 
place this calibration by another, the new measuie l is derived 
from the old one l by multiplying it by a constant factor k ^ 0, 
independent of the distance , that is, l = kl The relations be- 
tween the measuies of the distances aie independent of the cali- 
bration. So we see that just as the chaiacteiisation oi a vector at 
P by a system of numbeis (its components) depends on the choice 
of the co-ordinate system, so the fixing of a distance by a number 
depends on the calibration , and just as the components of a vector 
undergo a homogeneous lineal transformation m passing to anothei 
co-ordinate system, so also the measure of an arbitrary distance 
when the calibration is altered We shall call two vectors x and y 
(at P), for which the symmetrical bilinear form x y con eepondmg 
to x a vanishes, perpendicular to one another, this reciprocal re- 
lation is not affected by the calibration factoi The fact that the 
form x 2 is definite is of no account in our subsequent mathematical 
propositions, but, nevertheless, we wish to keep this case upper- 
most in our minds m the sequel If this form has p positive and 
q negative dimensions (p + q — n), we say that the manifold is 
(j? + <?)-dimensional at the point in question. Jt p q, we shall 
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fix the sign of the metrical fundamental form X s once and for all 
by the postulate that p > q , the calibration ratio X is then always 
positive. After choosing a definite oo-ordinate system and a certain 
calibration factor, suppose that, for every vector x with components 
f\ we have 

x ' = & £* (<lh = 9ik) (44) 

We now assume that our manifold has a measure -deter- 
mination at every point. Let us calibrate it everywhere, and 
insert in the manifold a system of n co-ordinates x t — we must do 
this so as to be able to express in numbers all quantities that 
occur — then the </,*’ s in (44) are perfectly definite functions of the 
co-ordinates rr, , we assume that these functions are continuous 
and differentiable Since the determinant of the 3,48 vanishes at 
no point, the mtegial numbers p and q will remain the same m the 
whole domain of the manifold , we assume that p > q 

For a manitold to be a metneal space, it is not sufficient for it 
to have a measure-determination at every point , in addition, every 
point must be metrically related to the domain surrounding it 
The conception of metucal relationship is analogous to that of 
affine lelationship , just as the lattei treats of vectors, so the 
former deals with distances A point is thus metncally related to 
the domain in its immediate neighbourhood, li the distance is 
known to which eveiy distance at P gives use when it passes by a 
congiuent displacement lrom P to any point P' infinitely near P 
The immediate vicinity ot P may be calibiated 111 such a way that 
the measure of any distance at P has undergone no change after 
congruent displacements to infinitely neai points Such a cali- 
bration is called qeodetic at P If, howevei, the manifold is 
calibrated in any way, and ll I is the measuie ot any arbitrary 
distance at P, and l + dl the measuie of the distance at P' re- 
sulting from a congruent displacement to the infinitely near point 
P’, theie is necessarily an equation 

<U = - ld4> (45) 

in which the infinitesimal lactoi d<f> is independent of the displaced 
distance, for the displacement effects a repiesentation of the dis- 
tances at P similai to that at P' In (45), d<f> corresponds to the 
dy'r’s in the formula for \ector displacements (33) If the cali- 
bration is altered at P and its neighbouring points according to the 
formula l — l\ (the calibration ratio X is a positive function of the 
position), we get m place of (45) 
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dl — - ldf> m which dtji = d<j> - . (46) 

A, 


The necessary and sufficient condition that an appropi late value of 
A make d<f> vanish identically at P with lespect to the infinitesimal 

displacement PP' = (dx,) is clearly that d<j> must be a differential 
form, that ts, 

d<j> = . (45') 


The inferences that may be diawn hom the postulate enunciated 
at the outset ai e exhausted m (45) and (45') (In short, the <)>,’s 
are definite numbeis at the point P If P has co-ordinates x, = o. 


we need only assume log A equal to the lmeai function to 

get d<j> = o there) All points of the manifold aie identical as 
regards the measui e-determinations governing each and as legards 
their metrical lelationship with their neighbouring points Yet, 

according as n is even oi odd, theie aie lespectively ” + 1 oi 

A $3 


different types ot irieti ical manifolds which aie distinguishable from 
one anothei by the inertial index of the metucal gioundfoim One 
kind, with which we shall occupy oui selves particulaily , is given 
by the case m which jt = n, g — n (or p — o, ij — n) , othei cases 
are p = n - 1, q = I (oi p = I, q - n - t), oi p = u - 2, q = 2 
(or p = 2, q = n 2), and so foith 

We may summaiise oui lesults thus The metrical character 
of a manifold is chat ai tensed relatively to a system of rejnencc ( = 
co-ordmaie system + calibration) by tno fundamental forms, 

namely, a quadratic differential form Q = ^ ijadojlrn and a linear 

a 

one d<f> = ^ <f>idx, They remain invariant during transformations 

to new co-ordinate systems Ij the calibration is changed, the first 
form receives a factor A, which is a positive function of position with 
continuous derivatives, whereas the second function becomes di- 
minished by the differential of log A Accordingly all quantities 
or relations that lepiesent metrical conditions analytically must 
contain the functions r /,*,<£, m such a way that invariance holds 

(1) for any transformation of co-oidinate (co-ordinate invariance), 

(2) for the substitution which leplaees ipi and <f>, respectively by 


A . (j,i and <f>t — - » — 

A VtTr 
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no matter, in (2), what function of the co-ordinates X may he. 
(This may be termed calibration mvai wince ) 

In the same way as in § 15, in which we determined the change 
in a vector which, lemaining parallel to itself, traverses the peri- 
phery of an infinitesimal parallelogram bounded by dx u Sx„ so here 
we calculate the change At m the measure l oi a distance subjected 
to an analogous piocess Making use of dl = ~ ld<j> we get 

8 dl — — fjldtji — I8d<f> ~ l&<f>d<t> — 18d<)>, 
i e Al = Ml dSl = - lA<f> where 

A<j> = (M - dh)<t> - f t tdx$ZL and/,* = ^ (47) 


Hence we may call the lineal tensoi of the second ordei with com- 
ponents/,! the distance curvat me of metncal space as an analogy 
to the vector curvatme of affine space, which was derived m §15 
Equation (46) confirms analytically that the distance curvature is 
independent of the calibration , it satisfies the equations of invariance 


y/ti 

Dr, + 3xi + Dr, 


= 0 


Its vanishing is the necessauj and sufficient condition that every 
distance may be transfcned J>om its initial position , in a manner 
independent of the path, to all points of the space This is the only 
case that Eiemaim consideied It metncal space is a Riemann 
space, theie is meaning in speaking of the same distance at different 
points of space , the manifold may then be calibiated ( normal 
calibration) so that <i<f> vanishes identically (Indeed, it iollows 
from /t *= 0, that d<£ is a total differential, namely, the differential 
of a function log X, by le-cahbiatmg in the calibration latio X, d<f> 
may then be made equal to zeio eveiywhere) In normal calibra- 
tion the metncal groundfoim V of Eiemann’s space is determined 
except foi an arbitiary constant factoi, which may be fixed by 
choosing once and for all a unit distance (no matter at which 
point , the normal meter may be transported to any place) 

The Affine Relationship of a Metrical Space.— We now 
arrive at a fact, which may almost be called the key-note of 
infinitesimal geometry, inasmuch as it leads the logic of 
geometry to a wondeifully haimomous conclusion In a metrical 
space the conception of infinitesimal paiallel displacements may 
be given in only one way if, in addition to oui previous postulate, 
it is also to satisfy the almost self-evident one parallel displace- 
ment of a vector must leave unchanged the distance which it deter- 
mines Thus, the principle of transference of distances or lengths 
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which is the basis of metrical geometry, carries with it a 
principle of transference of direction, in other words, an affine 
relationship is inherent in metrical space. 

Proof. — We take a definite system of refeienoe In tho ease 
of all quantities a‘ which carry an upper index 4 (not neceBsanly 
excluding otheis) we shall define the lowenng of the index by 
equations 


a, = 



and the leveise piocess of laismg the index by the eonespondmg 
inverse equations It the veetoi £» at the point P = (r,) is to be 
transformed into the vector £‘ + d$ l at P (= j, + d.r L ) by the 
parallel displacement to P' which we are about to explain, then 


d£ - 

and the equation 
must hold lor the measure 


dy if*, dy\ = T l r (h , 

dl = ~ ld<f> 

l = (hkt‘£ lr 


aocoidiug to the postulate enunciated, and this gives 


d$ l + i i k d<j, k = - (<j,Li‘i’ r )d'}> 
The first tei m on the left 


= - ^fif k dy\ - - 2 £*£ k dya = - £ l i k (dy, k + dyin) 


Hence we get 
or 


dy ik + dyk, = dtj,k + Jitdif) 

r ,,ki + r *,»» = — h yocd 3 ’ 


(48) 


By inteichanglug the indices ikr cyclically, then adding the last 
two and subtracting the first from the lesultant sum, we get, bear- 
ing in mind that the T’s must be symmetrical in then last two 
indices, 

r r.ik = iif^Xk + ^7 ~ lift) + ^ lr ^ k + - Jik4>r) (49) 

Prom this the F'li aie determined according to the equation 

T r.ik = g T ,r\k or, explicitly, F\k = 9 n F g ,ik (50) 

These components of the affine relationship fulfil all the postulates 
that have been enunciated It is in the nature of metrioal space to 
be furnished with this affine relationship , m virtue of it the whole 
analysis of tensors and tensor-densities with all the conceptions 
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worked out above, such as geodetic line, curvature, etc., may be 
applied to metrical spaoe If the curvature vanishes identically, 
the space is metucal and Euclidean m the sense of Chapter I. - 
In the case of vector curvature we have still to derive an im- 
portant decomposition into components, by means of which we 
prove that distance euivatuie is an mheient constituent of the 
formei This is quite to be expected since vector transference is 
automatically accompanied by distance tiansference If we use the 
symbol A = Bil — d(> 1 elating to parallel displacement as before, 
then the moasuie l of a vectoi p satisfies 

XL = - XU‘ = - (U‘)M (47) 

Just as we found foi the case in which /, are any functions of 
position that 

A (/,(*) =/.Af 

so wo sec that 

x(M l ) = = <mM' ? + g.t? 

and equation (47) then leads to the following result If for the 
vector x = (£*) we set 

Ax = *Ax - X VAc t>, 

then Ax appeals split up into a component at right angles to x and 
another parallel to x, namely, *Ax and -x $A<j> respectively This 
is accompanied by an analogous lesoiution of the curvature tensor, 

l c 

FU = - u;f‘ k (51) 

The tirst component * F will be called “direction curvature it 
is defined by 

*ax = *F; lk fij»,u,si k 

The perpendicularity of *Ax to x is expiessed by the formula 

*Fp lL u? l dx,bxL = *F afilk t a P 3 di l ?>i: k = 0 

The sysiem ot numbeis *F a p lk is skew-symmetiical not only with 
respect to i and k but also with respect to the index pail a and j8 
In consequence we have also, in particular, 

*K tk = o 

Corollaries. — If the co-ordinate system and calibiation around 
a point P is chosen so that they are geodetic at P, then we have, 
at P, ijh — 0, = 0, oi, according to (48) and (49), the equivalent 
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The linear form d<f> vanishes at P and the co-efficients of the 
quadratic gronndform become stationary , m other words, those 
conditions come about at P, whioh are obtained in Euclidean space 
simultaneously for all points by a single system of reference This 
results in the following explicit definition of the parallel displace- 
ment of a vector m metrical space A geodetic system of reference 
at P may be recognised by the property that the at P vanish 
relatively to it and the <7,* s assume stationary values A vector is 
displaced from P parallel to itself to the infinitely near point P' by 
leaving its components in a system of reference belonging to P 
unaltered. (There are always geodetic systems ot reference , the 
ohoioe of them does not affect the conception of parallel displace- 
ments ) 

Since, in a translation x, = x,(s), the velocity vector w, = ^ 
moves so that it remains parallel to itself, it satisfies 

W tni fl/ll 

1 J- ' + («,« ‘) ( 4 >iU l ) = 0 m metucal geometry ( 52 ) 

If at a certain moment the u l ’s have such values that u t u , 1 — 0 (a 
case that may occur if the quadratic groundform Q is indefinite), 
then this equation persists throughout the whole translation we 
shall call the tiajectoiy of such a translation a geodetic null-line. 
An easy calculation shows that the geodetic null-lines do not alter 
if the metric relationship of the manifold is changed 111 any way, as 
long as the measure-determination is kept fixed at every point 

Tensor Calculus. — It is an essential characteristic of a tensor 
that its components depend only on the co-oidinate system and not 
on the calibration In a geneiahsed sense we shall, however, also 
call a linear form which depends on the co-ordinate system and the 
calibration a tensor, if it is transformed 111 the usual way when 
the co-ordinate system is changed, but becomes multiplied by the 
factor X e (where X = the calibration ratio) when the calibration is 
changed , we say that it is of weight e. Thus the are com- 
ponents of a symmetiical co-variant tensor of the second order and 
of weight 1 Whenever tensors are mentioned without their weight 
being specified, we shall take this to mean that those of weight 0 
are being considered The relations which were discussed in tensor 
analysis are relations, which are independent of calibration and 
oo-ordinate system, between tensors and tensor-densities in this 
special sense. We tegard the extended conception of a tensor, 
and also the analogous one of tensor-density of weight e, merely as 
an auxiliary conception, which is introduced to simplify calculations. 
They are convenient for two reasons (1) They make it possible to 
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‘ * j uggle with indices ' ’ m this extended region By lowering a oontra- 
vanant index in the components of a tensor of weight e we get the 
components of a tensor of weight e + 1, the components being co- 
variant with respect to this index The process may also be carried 
out in the reverse dnection (2) Let q denote the determinant of 
the Qtk s, furnished with a plus or minus sign according as the 
number q ot the negative dimensions is even oi uneven, and let Jg 
he the positive loot of this positive numbei g Then, by multiply- 
ing any tensor by s-g we get a tensor -density whose weight 

is ~ more than that of the tensor; hom a tensoi of weight - ” 

A A 

we get, m paiticuhu , a tensoi -density in the true sense The 
proof is based on the evident fact that Jg is itself a scalar-density 

71 

ot weight ^ We shall always indicate when a quantity is multi- 
plied by Jg by changing the oidinaiy lettei w’hich designates the 
quantity into the conespondmg one punted in Claiendon type 
Since, in Riemann's geometry, the quadiatic groundlorm Q is fully 
determined by normal calibiation (we need not consider the arbi- 
trary constant lactot), the difference in the weights ot tensors dis- 
appear here since, in this case, eveiy quantity that may be 
represented by a tensor may also be represented by the tensor- 
density that is derived irom it by multiplying it by Jg, the differ- 
ence between tensois and tensor-densities (as well as between 
co-variant and conti a- variant) is effaced This makes it clear why 
for a long time tensor-densities did not come into then right as 
compared with tensors The mam use of tensor calculus in 
geometry is an internal one, that is, to construct fields that are 
derived mvanantly from the metucal stiuctures We shall give 
two examples that aie of impoitance for later work Let the 
metrical manifold be (3 + l)-dimensional, so that - g will be 
the determinant of the In this space, as in every other, the 

distance cuivature with components fa is a true linear tensor 
field of the second oidei. From it is derived the contra- variant 
tensor f* of weight - 2, which, on account of its weight differing 
from zero, is ot no actual importance , multiplication by Jg leads 
to f 1 *, a true linear tensor-density of the second order 

1 = i/Uf* (53) 

is the simplest scalar-density that can be formed , consequently 
[u, is the simplest invariant integral associated with the metrical 
basis of a (3 + l)-dimensional manifold On the other hand, the 
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integral J Jgdx, which ocours in Riemann’e geometry as “ volume,” 

is meaningless in general geometry We can derive the intensity 
of current (vector-density) from P k by means of the operation 
divergence thus 

— 

Hx t _ 8 

In physics, however, we use the tensor calculus not to describe the 
metrical condition but to describe fields expressing physical states 
in metrical space — as, for example, the electromagnetic field — and 
to set up the laws that hold in them Now, we shall find at the 
close of our investigations that this distinction between physics and 
geometry is false, and that physics does not extend beyond geometry 
The world is a (3 + I)-dimensional metrical manifold, and all 
physical phenomena that occur m it are only modes of expression 
of the metrical field In particular, the affine relationship of the 
world is nothing more than the gravitational field, but its metrical 
character is an expression of the state of the “ tether” that fills the 
world , even mattei itself is reduced to this kind of geometry and 
loses its character as a permanent substance Clifford’s prediction, 
in an article of the Forlmghlly Review of 1875, becomes con- 
firmed here with remarkable accuracy , in this he says that “ the 
theory of space curvature hints at a possibility of descnbing matter 
and motion in terms of extension only ” 

These aie, howover, as yet dreams of the future For the 
present, we shall maintain our view that physical states are foreign 
states in space Now that the principles of infinitesimal geometry 
have been worked out to their conclusion, we shall set out, in the 
next paragraph, a number of observations about the special case of 
Eiemann’s space and shall give a number of formulae which will 
be of use later. 

§17. Observations about Riemann’s Geometry as a Special 

Case 

General tensor analysis is of great utility even for Euclidean 
geometry whenever one is obliged to make calculations, not in a 
Cartesian or affine co-ordinate system, but m a curvilinear co- 
ordinate system, as often happens m mathematical physics To 
illustrate this application of the tensor calculus we shall here 
write out the fundamental equations of the electrostatic and the 
magnetic field due to stationary currents in terms of general cur- 
vilinear co-ordinates 

Firstly, let E t be the components of the electric intensity of field 
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in a Cartesian co-ordinate system. By transforming the quadratic 
and the linear differential forms 


ds 2 = dx^ + dr , 2 + dx^ E 1 dx 1 + E i dx l + E z dx } 

respectively, into terms of arbitrary curvilinear co-ordinates (again 
denoted by x,), each form being independent of the Cartesian co- 
ordinate system, suppose we get 

ds 2 = g t i,dx r dxk and E t dx t 


Then the E ,’ s are in every co-ordinate system the components of 
the same co-variant vectoi field From them we form a vector- 
density with components 

E 1 = Jg g a E k (g = l<hk\) 


We transform the potential - tj> as a scalar into terms of the new 
co-ordinates, but we define the density p of electricity as being the 

electric charge given by ^p dx 1 dx„dx i contained in any portion of 

space , p is not then a scalar but a scalar density The laws are 
expressed by 


js _ ~&E V _ tVE, _ q'I 

‘ lx h Dr, I 

3E l 

i)X t P 

S( = E, E l - -^S, 


(54) 


in which S, = E,E‘, are the components of a mixed tensor-density 
of the second order, namely, the potential difference The proof is 
sufficiently indicated by the remark that these equations, in the 
form we have written them, are absolutely invariant in character, 
but pass into the fundamental equations, which were set up earlier, 
for a Cartesian co-ordinate system 

The magnetic field produced by stationary currents was charac- 
terised in Cartesian co-ordinate systems by an invariant skew- 
symmetrical bilinear form HudxjSxt By transforming the latter 
into terms of arbitrary curvilinear co-ordinates, we get Ha, the 
components of a linear tensor of the second order, namely, of the 
magnetic field, these components being co-variant with respect to 
arbitrary transformations of the co-ordmates Similarly, we may 
deduce the components <£, of the vector potential as components of 
a co-variant vector field in any curvilinear co-ordinate system. We 
now introduce ajlineai i tensor -density of the second order by means 
of the__equations 
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The laws are then expressed by 


tt _ D<£* DH h 'iHtj, 

** Da;* Da;, Da;, Da;* Da;j 

respectively 


DH** 
Da;* 

- iS\S 


= s' 


S = \H lk W l 


(55) 


The S*’s are the components of a vector-density, the electric intensity 
of current , the potential differences S* have the same invariant 
character as in the electric field These formulte may be specia- 
lised for the case of, for example, spherical and cylindrical co- 
ordinates No further calculations are required to do this, if we 
have an expression for ds 1 , the distance between two adjacent 
points, expressed in these co-ordinates , this expression is easily 
obtained from considerations of infinitesimal geometry 

It is a matter of greater fundamental importance that (54) and 
(55) furnish us with the underlying laws of stationary electro- 
magnetic fields if unfoieseen leasons should compel us to give up 
the use of Euclidean geometry for physical space and replace it by 
Riemann’s geometry with a new groundform For even in the 
case of such generalised geometric conditions our equations, m 
virtue of their invariant character, represent statements that are 
independent of all co-ordinate systems, and that express formal 
relationships between charge, current, and field In no wise can 
it be doubted that they are the direct transcription of the laws of 
the stationary electric field that hold m Euclidean space , it is 
indeed astonishing how simply and naturally this transcription is 
effected by means of the tensor calculus The question whether 
spaoe is Euclidean or not is quite irrelevant for the laws of the 
electromagnetic field The property of being Euclidean is ex- 
pressed in a universally invariant form by differential equations 
of the second order in the y,*’s (denoting the vanishing of the 
curvature) but only the $,*’ s and their first derivatives appear in 
these laws It must be emphasised that a transcription of such 
a simple kind is possible only for laws dealing with action at 
infinitesimal distances. To derive the laws of action at a 
distance corresponding to Coulomb’s, and Biot and Savart’s Law 
from these laws of contiguous action is a purely mathematical 
problem that amounts in essence to the following In place of the 
usual potential equation A<j> = 0 we get as its invariant generalisa- 
tion (vide (54)) in Riemann’s geometry the equation 
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that is, a linear differential equation of the second order whose 
co-efficients are, however, no longer constants From this we are 
to get the “ standard solution,” tending to infinity, at any arbitrary 
given point , this solution corresponds to the “ standard solution ” 

^ of the potential equation It presents a difficult mathematical 

problem that is treated in the theory of linear partial differential 
equations of the second order The same problem is presented 
when we are limited to Euclidean space if, instead of investigating 
events in empty space, we have to consider those taking place in a 
non-homogeneous medium (for example, in a medium whose di- 
electric constant varies at different places with the time) Con- 
ditions are not so favourable for transci lbmg electromagnetic laws, 
if real space should become disclosed as a metrical space of a still 
more general charactei than Biemann assumed In that case it 
would be just as inadmissible to assume the possibility of a calibra- 
tion that is independent of position in the case of currents and 
charges as in the case of distances Nothing is gained by pursuing 
this idea. The true solution of the problem lies, as was indicated 
in the concluding words of the pi evious paragraph, m quite another 
direction 

Let us rather add a few observations about Riemann’s space 
as a special caee. Let the unit measure (1 centimetre) be chosen 
once and for all , it must, of course, be the same at all points The 
metrical structure of the Biemann Bpace is then described by an 
invariant quadratic differential form c'lx l dxt or, what amounts 
to the same thing, by a co-variant symmetrical tensor field of the 
second order The quantities <£,, that are now equal to zero, must 
be struck out everywhere m the formula of general metrical 


geometry Thus, the components of the affine relationship, 
which here bear the name “Christoffel thiee-indices symbols” and 


are usually denoted by 



are determined fiom 



("We give way to the usual nomenclature — although it disagrees 
flagrantly with our own convention regarding rules about the 
position of indioes — so as to conform to the usage of the text- 
books ) 



OBSERVATIONS ABOUT RIEMANN’S GEOMETRY 138 


The following formulae are now tabulated for future reference — 

3ps?-m- ■ • <"> 

l(jdJg_g*) + {ral gr> = o .... (6r) 
sfg 'dxk 1 J 

s 2b £r ±l + W** + {‘3 »" - {r}«* - 0 <""» 

These equations hold because si g is a scalar and sjg g 1 ^ is a tensor^density , 
hence, according to tho rules given by the analysis of tensor-densities, the left- 
hand members of these equations, multiplied by *Jg t are likewise tensor- densities. 
If, however, we use a oo-ordinate system = 0^, which is geodetic at P, then 

all terms vanish Hence, in virtue of the invariant nature of these equations, 
they also hold in every other co-ordinate system Moreover, 

d A = g*dg %k , d*Jq _ ^ gikdg xk . (68) 

y Jg 

For the total differential of a determinant with ri 1 (independent and variable) 
elements g lk is equal to G tk dg lk , whore Qik denotes the minor of g lk If t»*(— t 4 *) 
is any symmetrical system of numbers, then wo always have 

t ,k dg lk = - t lk dg* . (69) 

Prom 

9 V 9* = ** 

it follows that 

g v dgj k = - gAdg v 

If those equations are multiplied by t£ (this symbol cannot bo misinterpreted 


t* = 9klt‘ l = 9kfi h = t\) 

the required result follows In particular, in place of (58) we may also write 

d q = ~ 9 t h j] y lk • < 5H ') 

The co-variaut compon0ats of CUTYStUre m Biemann’s space, 

which we denote by B instead of F, satisfy the conditions of symmetry 

^afikl ~ ~ ^ afllk’ Rfialk ~ ~ filk, 

RtL$ik + + ^akfii = 

(for the “distance curvature” vanishes) It is easy to show that, from them, it 
follows that (vide note 11) 

^ikafl = 

As the result of an observation on page 67, it follows that all those conditions taken 
together enable us to characterise the curvature tensor completely by means of a 
quadratic form that is dependent on an arbitrary element of surface, namely, 

{& x ik = dx t 9x k - dx k Sx^ 

If this quadratic form is divided by the square of the magnitude of the surface 
element, the quotient depends only on the ratio of the Ax lk ’s, i e. on the position 
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of the surface element, Riemann calls this number the curvature of the space 
at the point P in the surface direction m question In two-dimensional 
Riemann space (on a surface) there is only one surface direction and the 
tensor degenerates into a scalar (Oaussian curvature) In Einstein’s theory of 
gravitation the contracted tensor of the second order 

a* = 

which is symmetrical in Riemann’s space, becomes of importance . its 
components are 

** - £ W - ■£> W + {?} {7} - {■;} {*'} « 

Only in the caBe o£ the Be com! term on the right, the symmetry with respect to 
t and k is not immediately evident , according to (57), however, it is equal to 

1 d 3 (log g ) 

5 dhdxk 

Finally, by applying contraction once more we may form the scalar of 
curvature 

R = g*R lk 

In general metrical space the analogously formed scalar of curvature F is 
expressed in the following woiy (as is easily shown) by the Riemann expression 
11, which is dependent only on the g llc 'a and which has no distinct meaning in 
that space — 

F = S - (n - 1) -1, _ ("jliHtLrJL) (61) 

\lg, c'at i 

F is a scalar of weight - 1 lienee, in a region in which F =f= Owe may define a 
unit of length by means of the equation F= constant This is a remarkable result 
inasmuch as it contradicts in a certain Bense the original view concerning the 
transference of lengths in general metrical spaco, according to which a direct 
comparison of lengths at a distance is not possible , it must be noticed, however, 
that the unit of length which arises in this way is dependent on the conditions 
of curvature of the manifold (The existence of a unique uniform calibration of 
this kind is no more extraordinary than the possibility of introducing into 
Riemann’s space certain unique eo-ordmate systems arismg out of the metrical 
structure) The “volume" that is m uaS yfed by using this unit of length is 
represented by the invariant 1D ^ ra ] 

J Jg~F^dx • < 62 > 

ioi l'™ vr . u ors (\ r? that undergo para! lel displacement we have, 
in metrical space, 

d{jtsf) + = d 

In Riemann’s space, the second term is a bsent From this it 
follows that in Riemann’s space the paral r ^ displacement of a 
contra-variant vector f is expressed m exactly same wa y ln 
terms of the quantities £, = gjet* as the parallel displacement of a 
co-variant vector is expressed m terms of its corPP onen ^ s & 

df, - - 0 or di t - 
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Accordingly, for a translation we have 

( 68 ) 

for, by equation (48), 



and hence for any symmetrical system of numbers t“^ — 

*TB? ft] *■'-{?}« • • <“) 

Since the numerical value of the velocity vector remains unchanged 
during translations, we get 

dXy dxi _ w , __ cons t . , ( 65 ) 

as at, 

If, for the sake of simplicity, we assume the metrical groundform 
to be definitely positive, then every curve x t = x,(s)[a < s ^ i] has a 
length, which is independent of the mode of paiametric representa- 
tion This length is 

rt 

If we use the length of arc itself as the parameter, Q becomes equal 
to 1 Equation (65) states that a body in translation traverses its 
path, the geodetic line, with constant speed, namely, that the time- 
parameter is proportional to s, the length of arc In Eiemann’s 
Bpace the geodetic line possesses not only the differential property 
of preserving its direction unaltered, but also the integral property 
that every portion of it is the shortest line connecting its 
initial and its final point. This statement must not, however, 
be taken literally, but must be understood in the same sense as 
the statement m mechanics that, in a position of equilibrium, the 
potential energy is a minimum, or when it is said of a function 
fix, y) in two variables that it has a minimum at points where its 
differential 

df =^Ldx + ~ dy 
3x 3 y 

vanishes identically in dx and dy , whereas the true expression is 
that it assumes a “stationary” value at that point, which may be 
a minimum, a maximum, or a “ point of inflexion The geodetic 
line is not necessarily a curve of least length but is a curve of 
stationary length. On the surface of a sphere, for instance, the 
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great circles are geodetic lines. If we take any two points, A and 
B, on such a great circle, the shorter of the two arcs AB is indeed 
the shortest line connecting A and B, but the other arc AB is also 
a geodetic line connecting A and B , it is not of least but of 
stationary length. We shall seize this opportunity of expressing 
in a rigorous form the principle of infinitesimal variation 
Let any arbitrary curve be represented parametrically by 
x t = x,(s), (a<s<^b) 

We shall call it the “ initial ” curve To compare it with 
neighbouring curves we consider an arbitrary family of curves 
involving one paiameter 

Xt = a: t (s , e) (a < s < 6) 

The parameter « varies within an interval about c = 0 , Xi(s , e ) are 
to denote functions that resolve into x t (s) when « = 0 Since all 
curves of the family aie to connect the same initial point with the 
same final point, x,(a , c) and x x {b , *) arc independent of <. The 
length of such a cuive is given by 

b 

£(*) = J Vyds 

a 

Further, we assume that s denotes the length of an arc of the 
initial curve, so that Q = 1 for « = 0 Let the direction compon- 

ents of the initial curve c = 0 be denoted by u l We also set 
* -*** 

These are the components of the “ infinitesimal ” displacement 
which makes the initial curve change into the neighbouring curve 
due to the “ variation ” corresponding to an infinitely small value 
of c , they vanish at the ends 



is the corresponding variation m the length 8L = 0 is the con- 
dition that the initial curve has a stationary length as compared 
with the other members of the family If we use the symbol 8Q 
in the Bame sense, we get 

« a 

since Q = 1 in the case of the initial curve Now 
dQ = dx x dx, d,x a „ dxk <Px x 
dt D®, ~5l ds ds 14 ds dtds 


( 66 ) 
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and henoe (if we interchange “variation” and “differentiation,” 
that is the differentiations with respect to t and s) we get 

SQ = ^ + 3g*vJ#k 

ds 

If we substitute this m (66) and rewrite the second term by apply- 
ing partial integration, and note that the £*’s vanish at the ends 
of the interval o£ integration, then 

a 

Hence the condition 8L — 0 is fulfilled for any family of curves if, 
and only if, (63) holds Indeed, if, for a value s — s a between a 
and b, one of these expressions, for example the first, namely, i = 1, 
differed from zero (were greater than zero), say, it would be possible 
to mark off a little interval around s 0 so small that, within it, the 
above expression would be always >-0 If we choose a non- 
negative function for & 1 such that it vanishes for points beyond this 
interval, all remaining £ l 's, howevei, being = 0, we find the equation 
8L = 0 contradicted 

Moieover, it is evident from this proof that, of all the motions 
that lead from the same initial point to the same final point within 
the same interval of time a translation is distinguished 

6 

by the property' that J Qds has a stationary value 

a 

Although the author has aimed at lucidity of expression many 
a reader will have viewed with abhorrence the Hood of for- 
mulae and indices that encumber the fundamental ideas of 
infimteBimal geometry It is certainly regrettable that we have to 
enter into the purely formal aspect in such detail and to give it so 
much space but, nevertheless, it cannot be avoided Just as any- 
one who wishes to give expressions to his thoughts with ease must 
spend laborious hours learning language and writing, bo here too 
the only way that we can lessen the burden of formulae is to 
master the technique of tensor analysis to such a degree that we 
can turn to the real problems that concern us without feeling any 
encumbrance, our object being to get an insight into the nature of 
space, time, and matter so far as they participate in the structure 
of the external world Whoever sets out in quest of this goal must 
possess ,& perfect mathematical equipment from the outset. Before 



138 


THE METRICAL CONTINUUM 


we pass on after these wearisome preparations and enter into the 
sphere of physical knowledge along the route illumined by the 
genius of Einstein, we shall seek to obtain a clearer and deeper 
vision of metrical space Our goal is to grasp the inner necessity 
and uniqueness of its metrical structure as expressed in Pytha- 
goras’ Law 

§ 18. Metrical Space from the Point of Yiew of the Theory 

of Groups 

Whereas the character of afline relationship presents no further 
difficulties — the postulate on page 124 to which we subjected the 
conception of paiallcl displacement, and which characterises it as a 
kind of unaltered transference, defines its character uniquely — we 
have not yet gained a view of metrical structure that takes us 
beyond experience It was long accepted as a fact that a metrical 
character could be described by means of a quadratic differential 
form, but this fact was not clearly understood Eiemann many 
years ago pointed out that the metrical groundform might, with 
equal right essentially, be a homogeneous function of the fourth 
order in the differentials, or even a function built up in some other 
way, and that it need not exon depend lationally on the differentials 
But we dare not stop exen at this point The underlying general 
feature that detei mines the metrical structure at a point P is the 
group of rotations. The metrical constitution of the manifold at 
the point P is knoxxn if, among the linear transfoi mations of the 
xectoi body (l e the totality of vectors), those aie knoxvn that are 
congruent tiansfoi mations of themselves Theie are just as many 
diffeient kinds of measure-determinations as there are essentially 
different groups of linear transfoi mations (xvhereby essentially 
different groups are such as are distinguished not merely by the 
choice of co-ordinate system) In the case of Pythagorean 
metrical space, which we have alone mxestigated hitherto, the 
group of rotations consists of all linear transformations that convert 
the quadratic groundform into itself But the group of rotations 
need not have an invariant at all in itself (that is, a function which 
is dependent on a single arbitrary vector and which remains un- 
altered after any rotations) 

Let us reflect upon the natural requirements that may be im- 
posed on the conception of rotation At a single point, as long as 
the manifold has not yet a measure-determination, only the n- 
dimensional p&rallelopipeds can be compared with one another m 
respect to size If a, (t — 1, 2, . n) are arbitrary vectors 
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that are defined in terms of the initial unit vectors ti according to 
the equations 

a, = o*e* 

then the determinant of the a*'s which, following Grassmann, we 
may conveniently denote by 

>ja 2 . a^] 

[e ^ e 2 fin-] 

is, according to definition, the volume of the parallelopiped mapped 
out by the n vectors a. If we choose another system of unit 
vectors all the volumes become multiplied by a common constant 
factor, as w r e see from the “ multiplication theorem of deter- 
minants,” namely 

[ u , s. ■, a„] [ a ■ 0 2 a„] [CjOq 6 n ] 

~ [6,6, e„] [e^, e»] 

The volumes are thus determined uniquely and independently of 
the co-ordinate system once the unit measure has been chosen 
Since a rotation is “ not to alter ’’ the vector body, it must obviously 
be a transformation that leaves the infinitesimal elements of volume 
unaffected Let the rotation that transfoims the vector x = (£') 
into x = (S') be represented by the equations 
6> = a*e* or S' = a l k S k 

The determinant of the rotation matrix (aj.) then becomes equal to 
1 This being the postulate that applies to a single rotation, 
we must demand of the rotations as a whole that they form a 
group in the sense of the definition given on page 9 Moreover, 
this group has to be a continuous one, that is the rotations are to 
be elements of a one-dimensional continuous manifold 

If a linear vector transformation be given by its matrix A => 
(a^) in passing from one co-ordinate system (e,) to another (e*) 
according to the equations 

U e v = . . . (67) 

then A becomes changed into UA U~ l (where U~ l denotes the in- 
verse of U, UU- 1 and U~ 1 U are equal to identity E ). Hence 
every group that is derived from a given matrix group G by apply- 
ing the operation UGU- 1 on every matrix G of G (CJ being the 
same for all G'n) may be transformed into the given matrix group 
by an appropriate change of co-ordinate system Such a group 
UQU- 1 will be said to be of the same kind as G (or to differ from 
G only in orientation) If G is the group of rotation matrices at P 
and if UQU- 1 is identical with G (this does not mean that G must 



140 THE METRICAL CONTINUUM 

again pass into G as a result of the operation UOU -1 , but all that 
is required is that G and UGU~ l belong to G simultaneously) then 
the expressions for the metrical structures of two co-ordmate 
systems (67), that are transformed into one another by U, are 
similar , U is a representation of the vector body on itself, such 
that it leaves all the metrical relations unaltered This is the 
conception of similar representation. G is included in the 
group G* of similar representations as a sub-group 

Fiom the metrical structure at a single point we now pass on 
to “ metrical relationship The metrical relationship between 
the point P ( , and its immediate neighbourhood is given if a linear 
representation at P 0 = P 1 of the vector body on itself at an infinitely 
near point P = (ii° + dx l ) is a congruent transference. Together 
with A every representation (or transformation) AG 0 , in which A 
is followed by a rotation G 0 at P 0 , is likewise a congruent transfer- 
ence , thus, from one congruent transference A of the vector body 
from P 0 to P, we get all possible ones by making G 0 traverse the 
group of rotations belonging to P u If we consider the vector body 
belonging to the centre P„ for two positions congruent to one 
another, they will resolve into two congiuent positions at P if 
subjected to the same congruent tiansterence A, for this reason, 
the group ol rotations G at P is equal to AGyA' 1 The metrical 
relationship thus tells us that the group of rotations at P differs 
from that at P # only in orientation If we pass continuously from 
the point P 0 to any point of the manifold, we see that the groups 
ot rotation are of a similar kmd at all points of the manifold , thus 
there is homogeneity in thiB respect 

The only congruent transfeiences that we take into consideration 
are those in which the vector components £ l undergo changes dp 
that are infinitesimal and of the same order as the displacement of 
the centre P 0 , 

dp = d\' k f* 

If L and M are two such transferences from P 0 to P, with co- 
efficients d\'k and dpi respectively, then the rotation ML" 1 is 
likewise infinitesimal it is represented by the formula 

dp = da' k £* where da* = dp k - d\* . . (68) 

The following will also be true If an infinitesimal congruent 
transference consisting in the displacement (dx t ) of the centre P 0 is 
succeeded by one in which the centre is displaced by (&r,), we get 
a congruent transference that is effected by the resultant displace- 
ment dx, + Sx, of the centre (plus an error which is infinitesimal 
oompared with the magnitude of the displacements). Hence, if 
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for the transition from P„ = (x%, x\, . x ( S) to the pomt 
(xj + t, x\, . . xl), this being an infinitesimal change c in the 

direction of the first co-ordinate axis, 

d£ l = e A 

is a congruent transference, and if Al- 2 , A L have a corre- 

sponding meaning for the displacements of P 0 in the direction of 
the 2nd up to the n th co-ordinate in turn , then the equation 

dp = A'krdXr f* . (69) 

gives ft congruent transference for an arbitrary displacement having 
components dxi 

Among the various kinds of metrical spaces we shall now 
designate by simple intrinsic lelations the category to which, 
according to Pythagoras' and Eiemann’s ideas, real spaco belongs. 
The group of rotations that does not vary with position exhibits 
a property that belongs to space as a form of phenomena, it 
characterises the metrical nature of space The metrical relation- 
ship,* from pomt to pomt, however, is not detei mined by the 
nature of space, nor by the mutual orientation of the groups of 
rotation at the various points of the manifold The metrical 
relationship is dependent rather on the disposition of the material 
content, and is thus in itself free and capable of any “virtual” 
changes We shall formulate the fact that it is subject to no 
limitation as our first axiom 

I. The Nature of Space Imposes no Restriction on the 
Metrical Relationship 

It is possible to find a metrical relationship in space between 
the pomt P 0 and the points in its neighbourhood such that the 
formula (69) represents a system of congruent transferences to 
these neighbouring points for arbitrarily given numbers A^. 

Corresponding to every co-ordinate system x t at P„ there is a 
possible conception of parallel displacement, namely, the displace- 
ment of the vectors from P 0 to the infinitely near points without 
the components undergoing a change m this co-ordmate system 
Such a system of parallel displacements of the vector body from P 0 
to all the infinitely near points is expressed, as we know, m terms 
of a definite co-ordinate system, selected once and for all by the 
formula 

df* = - dy 1 £* m which the differential forms dy‘ k — r \ydx r 

* Although, as will be shown later, it 1 b everywhere oi the same kind 
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satisfy the condition of symmetry 

a = p ri . . (70) 

And, indeed, a possible conception of parallel displacement cor- 
responds to every system of symmetrical co-effioients T For a 
given metrical relationship the further restriction that the “ parallel 
displacements ” shall simultaneously be congruent transferences 
must be imposed The second postulate is the one enunciated 
above as the fundamental theorem of infinitesimal geometry , for 
a given metrical relationship there is always a single system of 
parallel displacements among the transferences of the vector body. 
We treated affine relationship in § 15 only provisionally as a 
rudimentary characteristic of space , the truth is, however, that 
parallel displacements, m virtue of their inherent properties, must 
be excluded from congruent transferences, and that the conception 
of parallel displacement is determined by the metrical relationship 
This postulate may be enunciated thus — 

II. The Affine Relationship is Uniquely Determined by the 
Metrical Relationship 

Before we can formulate it analytically we must deal with 
infinitesimal rotations A continuous group G of r members is 
a continuous r-dimonsional manifold of matrices If SjS 2 . s r 
are co-ordinates m this manifold, then, corresponding to every 
value system of the co-ordinates there is a matrix A(s 1 s 2 s r ) 
of the group which depends on the value -system continuously. 
There is a definite value -system — we may assume for it that Sj^ = 0 
— to which identity, E, corresponds The matrices of the group 
that are infinitely near E differ from E by 

AA + AitfSo + Ar ds r , 

in which A, = 'l We call a matrix A an infinitesimal 

\3s, /o 

operation of the group if the group contains a transformation 
(independent of «) that coincides with E and eA to within an 
error that converges more rapidly towards zero than e, for de- 
creasing small values of e The infinitesimal operations of the 
group fo m the linear family 

g A-jAj + A 2 A 2 + + A r A r (A being arbitrary numbers) (71) 

g is exactly r-dimensional and the A’s are linearly independent of 
one another For if A is an arbitrary matrix of the group, the 
group property expresses the transformations of the group which 
are infinitely near A in the formula A(E + <A), m which « is an 
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infinitesimal factor and A traverses the group g. If g were of 
less dimensions than r, the same would hold at each point of 
the manifold , for all values of s, there would be linear relations 

between the derivatives - — , and A would in reality depend on less 
os t 

than r parameters The infinitesimal operations generate and 
determine the whole group If we carry out the infinitesimal 

transformation E + - A (n being an infinitely great number) 

71 

n-times successively, we get a matrix (of the group) that is finite 
and different from E, namely, 


A = lim (E + ~ AV= E + £ + 

n-»»\ n / l 1 


A2 A3 

— + — + 
21 3' 


and thus we get every matrix of the group (or at least every one 
that may bo reached continuously in the group, by starting from 
identity) if we make A traverse the whole family g Not every 
arbitrarily given linear family (71) gives a group in this way, but 
only those in which the A's satisfy a certain condition of integrability 
The latter is obtained by a method quite analogous to that by which, 
for example, the condition of integrability is obtained for parallel 
displacement in Euclidean space If we pass from Identity, 
E (s, = 0), by an infinitesimal change ds, of the parameters, to the 
neighbouring matrix A d = E + dA, and thence by a second infini- 
tesimal change 8 s„ from A s to AgAu and then reverse these two 
operations whilst preserving the same older, we get ApA d J AsA,j, 
a matrix (of the group) ditfermg by an infinitely small amount 
from E Let d be the change m the direction of the first co- 
ordinate, and 8 that in the direction of the second, then we are 
dealing with the matrix 


formed from 


A t t = At l A(A, 


A = A(s, 0,0, 0) and A t = A(0,t, 0, 0) 

Now, A, 0 = A 0 t = E, hence 


i — > o 
!->0 

Since A n belongs to the group, this limit is an infinitesimal operation 
Of the group We find, however, that 


lim = (™«\ 

o 1—^0 8 t \D 5 Dty, 


leading to 



Dibt 


-A 2 + A, l A 2 A, for t = 0 , 

AjA 2 + A 2 Aj for t -*■ 0, 8 -* 0 
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Accordingly AjA 2 - AjA^ or, more generally, A,A* - A*A, most 
be an infinitesimal operation of the group or, what amounts to 
the same thing, if A and B are two infinitesimal operations of the 
group, then AB - BA must also always be one Sophus Lae, to 
whom we are indebted for the fundamental conceptions and facts 
of the theory of continuous transformation groups (vide note 12), 
has shown that this condition of integrability is not only neoessary 
but also sufficient Hence we may define an r-dimensional linear 
family of matrices as an infinitesimal group having r members if, 
whenever any two matrices A and B belong to the family , AB - BA 
also belongs to the family By introducing the infinitesimal opera- 
tions of the group, the problem of continuous transformation groups 
becomes a linear question 

If all the transformations of the group leave the elements of 
volume unaltered, the “ traces” of the infinitesimal operations = 0 
For the development of the deteiminant of E + «A in powers of 
t begins with the members 1 + t trace (A) U is a similar trans- 
formation, if, for every G of the group of rotations, UGU~ y or, 
what comes to the same thing, UGU~ y G~ y , belongs to the group 
of rotations G Accordingly, A„ is an infinitesimal operation of the 
group of similar transformations if, and only if, A*,A - AA l also 
belongs to g, no matter which of the matnces A of the group of 
infinitesimal rotations is used 

The infinitesimal Euclidean rotations 

de = v\?, 

that is, the infinitesimal linear transfoimations that leave the unit 
quadratic form 

Q r , = (ef + (^) 2 + + (£ n ) 2 

invariant, were determined on page 47 The condition which 
characterises them, namely, 

jdQ (l - frdG = 0, implies that vf = - 
Thus it is seen that wo are dealing with the infinitesimal group 

S of all skew-symmetrical matrices , it obviously has D 

2 

members It may be left to the reader to verify by direct calcula- 
tion that it possesses the group property If Q is any quadratic 
form that remains invariant during the infinitesimal Euclidean 
rotations, i e dQ = 0, then Q necessarily coincides with Q q except 
for a constant factor. Indeed, if 

Q = “ufc£*£ fc (ain = aoe) 

then for all skew-symmetrical number systems v\ the equation 

= 0 ... ( 72 ) 
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must hold. If we assume k = t and notice that the numbers 
v\i ®»» • v i may be chosen arbitrarily for each particular i, 

excepting the case v\ — 0, we get a, t *» 0 for r =^= * If we write 
a,i for a „ equation (72) becomes 

— a*) = 0 

from which we immediately deduce that all aj’s are equal The 
corresponding group B* of similar transformations is derived from 
8 by “ associating " the single matrix E , this here signifies d£ l — c£*. 
For if the matrix C = (e*) belongs to 8*, that is, if for every skew- 
symmetrical r>f, c, l r v[ — r]c r k is also a skew-symmetrical number 
system, then tho quantities cl + = u-ih satisfy equation (72) , 

whence it follows that a,i = 2a 8f , that is, C is equal to aE flus 
a skew-symmetrical matrix 

More generally, let Bq denote the infinitesimal group of linear 
transformations that transform an arbitrary non-degenerate quad- 
ratic form Q into itself Sq and are distinguished only by their 
orientation, if Q' is generated from Q by a linear transformation. 
Hence there are only a finite number of different kinds of infini- 
tesimal groups Sq that differ from one another in the inertial index 
attached to the form Q But even these diffeiences are eliminated 
if, instead of confining ourselves to the realm of real quantities, we 
use that of complex members , in that case, every Sq is of the same 
type as S 

These preliminary remarks enable us to formulate analytically 
the two postulates I and II Let g be the group of infinitesimal 
rotations at P We take A ^ to denote evei y system of n a numbers, 
to denote every system that is composed of matrices (A^), 
(A is), (AjJ,) belonging to g and F kr to denote an arbitrary 

system of numbers that satisfies the condition of symmetry (70) 
If the group of infinitesimal rotations has N members, these 

member systems form linear manifolds of n 3 , nN and n 

dimensions respectively Since, according to I, if the metrical 
relationship runs through all possible values, any arbitrary number 
systems A’tj, A ** 2 , A l tn may occur as the co-efficients of n 

infinitesimal congruent transferences in the n co-ordinate directions 
(cf. (69)), then, by II (cf (68)) each A must be capable of resolution 
in one and only one way according to the formula 

At,. = a^ - 


10 
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This entails two results 

1 w s = nN + n . - A - g — - or N = — g — ' > 

2 A* r - r; r is never equal to zero, unless all the A’s and Ps 
vanish , or, a non-vanishing system A can never fulfil the condition 
of symmetry, A t ‘ = A,* To enable us to formulate this condition 
mvariantly let us define a sj mmetrical double matrix (an infini- 
tesimal double rotation) belonging to g as a law expressed by 

C = A/^V (A,*, = A*), 

which produces trom two arbitrary vectois, £ and y, a vector £ 
as a bilinear symmetrical foim, provided that for every fixed vector 
r), the transition £-»£ (and hence also for eveiy fixed vector £ the 
transition y -> £) is an operation of g. We may then summarise 
our results thus — 

The group of infinitesimal rotations has the following properties 
accoi ding to out axioms 

(a) The ti ace of every matrix = 0 , 

(h) No symnietnc.il double mail ix belongs to g except zero , 

(c) The dimensional number of g is the highest that is still m 

7l(7Z — 1 ) 

agreement with postulate (b), namely, N = — — <jj — . 

These pioperties letain their meaning for complex quantities as 
well as foi leal ones We shall }ust verily that they are true of the 
infinitesimal Euclidean group of lotations 8, that is, that n J numbers 
Vfo cannot simultaneously satisfy the conditions of symmetry 

l tt = V kO V d = - v tl’ 

■without all of them vanishing This is evident from the calculation 
which was undei taken on page 125 to determine the affine 
relationship For if we write down the three equations that we 
get from + t’* t = 0 by interchanging the indices 1 k l cyclically, 
and then subtiact the second from the sum of the first and the 
third, wo get, as a result of the first condition of symmetry, *» 0. 

It seems highly probable to the author that 8 is the only infini- 
tesimal group that satisfies the postulates a, b, and c, or, more 
exactly, in the case of complex quantities every such infinitesimal 
group may be made to coincide with 8 by choosing the appropriate 
co-ordinate system If this is true, then the group of infinitesimal 
rotations must be identical with a certain group S Q , in which Q 
is a non-degenerate quadratic form Q itself is determined by g 
except for a constant of proportionality. It is real if g is real. 
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For if we split Q (in which the variables are taken as real) into a 
real and an imaginary part Q 1 + iQ lt then g leaves both these forms 
Q l and Q 2 invariant Hence we must have 
Q\ = Cj<2 Qi = c 2 Q 

One of these two constants is certainly different from zero, since 
+ tc 2 = 1, and hence Q must be a real form excepting for a 
constant factor This would link up with the line of argument 
followed in the preceding paragraph and would complete the 
analysis of Space, wo should then be able to claim to have made 
intelligible the natuie of space and the source of the validity of 
Pythagoras’ Theoiem, by having explored the ultimate grounds 
accessible to mathematical reasoning (vide note 13) If the 
supposed mathematical proposition is not true, definite charac- 
teristics and essentials of space will yet have escaped us The 
author has proved that the proposition holds actually for the 
lowest dimensional numbers n = 2 and n = 3 It would lead too 
far to present these purely mathematical considerations here 

In conclusion, it will be advisable to call attention to two points 
Firstly, axiom 1 is in no wise contradicted by the result of axiom 
II which states that not only the metrical structure, but also the 
metrical relationship is of the same kind at every point, namely, of 
the simplest typo imaginable For every point there is a geodetic 
co-ordinate system such that the shifting of all vectors at that point, 
which leaves its components unaltered, to a neighbouring point is 
always a congruent transference Secondly, the possibility of grasp- 
ing the unique significance of the metncal structure of Pythagorean 
space in the way here outlined depends solely on the circumstance 
that the quantitative metrical conditions admit of considerable virtual 
changes This possibility stands or falls with the dynamical view 
of Riemann. It is this view, the truth of which can scarcely be 
doubted after the success that has attended Einstein’s Theory of 
Gravitation (Chapter IV), that opens up the road leading to the 
discovery of the “ nationality of Space ” 

The investigations about space that have been conducted in 
Chapter II seemed to the author to offer a good example of the 
kind of analysis of the modes of existence (Wesensanalyse) which is 
the object of Husserl's phenomenological philosophy, an example 
that is typical of cases in which we are concerned with non- 
immanent modes The historical development of the problem of 
space teaches how difficult it is for us human beings entangled 
in external reality to reach a definite conclusion A prolonged 
phase of mathematical development, the great expansion of geo- 
metry dating from Euclid to Riemann, the discovery of the physioal 
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facts of nature and their underlying laws from the time of Galilei, 
together with the incessant impulses imparted by new empirical 
data, finally the genius of individual great minds — Newton, Gauss, 
Riemann, Einstein — all these factors were necessary to set ua free 
from the external, accidental, non-essential characteristics which 
would otherwise have held us captive Certainly, once the true 
point of view has been adopted reason becomes flooded with light, 
and it recognises and appreciates what is of itself intelligible to it 
Nevertheless, although reason was, so to speak, always conscious of 
this point of view m the whole development of the pioblem, it had 
not the power to penetrate into it with one flash This reproach 
must be directed at the impatience of those philosophers who 
believe it possible to describe adequately the mode of existence on 
the basis of a single act of typical presentation (exemplanscher 
Vergegenwartigung) m puaiciple they are right yet from the point 
of view of human nature, how utterly they are wrong 1 The problem 
of space is at the same time a very mstiuctive example of that 
question of phenomenology that seems to the author to be of 
greatest consequence, namely, in how far the delimitation of the 
essentialities perceptible in consciousness expresses the structure 
peculiar to the realm of piesented objects, and in how far mere 
convention participates in this delimitation 
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RELATIVITY OF SPACE AND TIME 

§ 19. Galilei’s Principle of Relativity 

W E have already discussed in the introduction how it is 
possible to measure time by means of a clock and how, 
after an aibitrary initial point of time and a time-unit has 
been chosen, it is possible to characterise every point of time by a 
number t But the Union of space and time gives rise to diffi- 
cult further problems that are treated in the theory of relativity 
The solution of these ptoblems, which is one of the greatest feats in 
the history of the human intellect, is associated above all with the 
names of Copernicus and Einstein {vide, note 1) 

By means of a clock wo hx directly the time-conditions of 
only such events as occur just at the locality at which the clock 
happens to be situated Inasmuch as I, as an unenlightened being, 
fix, without hesitation, the things that I see into the moment of 
their perception, I extend my time over the whole world I believe 
that there is an objective meaning in saying of an event which is 
happening somewheie that it is happening “ now " (at the moment at 
which I pronounce the word 1) , and that there is an objective mean- 
ing m asking which of two events that have happened at different 
places has occurred earlier or later than the other We shall for 
the present accept the point of view implied in these assump- 
tions. Every space-time event that is strictly localised, such as 
the flash of a spark that is instantaneously extinguished, occurs at 
a definite space-time-pomt or world-point, “ here-now ” As a 
result of the point of view enunciated above, to every world-point 
there corresponds a definite time-co-ordinate t 

"We are next concerned with fixing the position of such a point- 
event in space For example, we ascribe to two point-masses a 
distance separating them at a definite moment We assume that 
the world-points corresponding to a definite moment t form a three- 
dimensional point-manifold for which Euclidean geometry holds 
(In the present chapter we adopt the view of space set forth in 

H9 
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Chapter I ) We choose a definite unit of length and a rectangular 
co-ordinate system at the moment t (such as the corner of a room) 
Every world-point whose time-co-ordinate is t then has three 
definite space-co-ordinates x v x 2 , 

Let us now fix our attention on another moment t' We assume 
that there is a definite objective meaning in stating that measure- 
ments are carried out at the moment t' with the same unit length 
as that used at the moment t (by means of a “ rigid ” measuring 
staff that exists both at the time t and at the time t') In addition 
to the unit of time we shall adopt a unit of length fixed once and 
for all (centimetre, second) We are then still free to choose the 
position of the Cartesian co-ordinate system independently of the 
choice of time t Only when we believe that there is objective 
meaning in stating that two point-events happening at arbitrary 
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moments take place at the same point of space, and in saying that 
a body is at rest, are we able to fix the position of the co-ordinate 
system for all times on the basis of the. position chosen arbitrarily at 
a certain moment, without having to specify additional “ individual 
objects ” , that is, we accept the postulate that the co-ordinate 
system lemains permanently at rest After choosing an initial 
point in the time-scale and a definite co-ordmate system at this 
initial moment we then get four definite co-ordinates for every 
world-point To be able to represent conditions graphically we 
suppress one space-co-ordinate, assuming space to be only two- 
dimensional, a Euclidean plane 

We construct a graphical picture by representing in a space 
carrying the rectangular set of axes (ac lt x 2 , f) the world-pomt by a 
“ picture ’’-point with co-ordinates (z v x t , t). We can then trace 
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out graphically the “ time-table ” of all moving point-masses ; the 
motion of each is represented by a “ world-line,” whose direction 
has always a positive component in the direction of the f-axis. The 
world-lines of pomt-masses that are at rest are parallels to the 
t ~ axis The world-lino of a point-mass which is in uniform transla- 
tion is a straight line On a section t = constant we may read off 
the position of all the point-masses at the same time t If we 
choose an initial point in the time-scale and also some other Car- 
tesian co-ordinate system, and if (x v a\, t), (x\, x' 3 , t') are the co- 
ordinates of an arbitrary world-point m the first and second 
co-ordinate system respectively, the transformation formula) 

— a u x', + a 12 x'j, 4- aO 

X„ = a- n x\ -t- + a 2 L .1 

t = t' + a j 

hold, in them, the a’s and the a denote constants, the a t k 8, in 
particular are the co-efficients of an orthogonal transfoi mation The 
world-co-ordinates aie thus fixed except for an arbitrary trans- 
formation of this kind in an objective manner without individual 
objects or events being specified In this we have not yet taken 
into consideration the arbitrary choice of both units of measure 
If the initial point remains unchanged both m space and in time, 
so that a-! = a 2 — a = 0, then (x' 3 , x' 2 , t') arc the co-ordinates with 
respect to a rectilinear system of axes whose t' axis coincides with 
the <-axis, whereas the axes x' 3 , x' 2 are derived from x 3 , x 2 by a 
rotation in their plane t = 0 

A moment’s reflection suffices to show that one of the assump- 
tions adopted is not true, namely, the one which states that the 
conception of rest has an objective content * When I arrange to 
meet some one at the same place to-morrow as that at which we 
met to-day, this means m the same material surroundings, at the 
same building in the same street (which, accoiding to Copernicus, 
may be in a totally different part of stellar space to-morrow) All 
this acquires meaning as a result of the fortunate circumstance 
that at birth we are introduced into an essentially stable world, in 
which changes occur in conjunction with a comparatively much 
more comprehensive set of permanent factors that preserve their 
constitution (which is partly perceived directly and partly deduoed) 
unchanged or almost unchanged The houses stand still , ships 
travel at so and so many knots these things are always under- 
stood in ordinary life as referring to the firm ground on which we 

•Even Aristotle 'was clear on this point, for he denotes “place" (rixes) as 
the relation of a body to the bodies in its neighbourhood. 
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stand Only the motions of bodies (point-masses) relative to 
one another have an objective meaning, that is, the distances 

and angles that are determined from simultaneous positions of the 
point-masses and their functional relation to the time-co-ordinate. 
The connection between the co-ordinates of the same world-point 
expressed in two different systems of this kind is given by formulas 

x i “ a n(O x 'i + a i 2 (0^' 2 + a i(0] 

#2 ^ a 2l(^ 1 "J" a j> 2 (^ ) X 2 a 2 (^ ) j • .IX 

in which the a,’s and a^'s may be any continuous functions of t', 
and the a,t’s are the co-efficients of an orthogonal transformation for 
all values of t' If we map out the curves £' = const , as also x\ — 
const and x' 2 = const by our graphical method, then the surfaces 
of the first family are again planes that coincide with the planes 
t — const , on the other hand, the other two families of curves are 
cuived surfaces The transformation formulae are no longer linear 

Under these circumstances we achieve an important aim, when 
investigating the motion of systems of point-masses, such as 
planets, by choosing the co-ordinate system so that the functions 
jCi(t), xjt) that express how the spaee-co-ordmates of the point- 
masses depend on the time become as simplo as possible or at 
least satisfy laws of the greatest possible simplicity This is the 
substance of the discovery of Copernicus that was afterwards 
elaborated to such an extraordinary degree by Kepler, namely, that 
there is in fact a co-ordinate system for which the laws of planetary 
motion assume a much simpler and more expressive form than if 
they are referred to a motionless earth The work of Copernicus 
produced a revolution in the philosophic ideas about the world inas- 
much as he shattered the belief in the absolute importance 
of the earth. His reflections as -well as those of Kepler are purely 
kinematical in character Newton crowned their work by dis- 
covering the true ground of the kinematical laws of Kepler to lie in 
the fundamental dynamical law of mechanics and in the law of 
attraction Every one knows how brilliantly the mechanics of 
Newton has been confirmed both for celestial as well as for earthly 
phenomena As we are convinced that it is valid universally and 
not only for planetary systems, and as its laws are by no means 
invariant with respect to the transformations II, it enables us to 
fix the co-ordinate system in a manner independent of all individual 
specification and much more definitely than is possible on the 
kinematical view to which the principle of relativity (II) leads. 
Galilei’s Principle of Inertia (Newton’s First Law of 
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Motion) forms the foundation of mechanics. It states that a point- 
mass which is subject to no forces from without executes a uniform 
translation Its world-line is consequently a straight line, and the 
space-co-ordinates x v x. z of the point-mass are linear functions of 
the time t If this principle holds for the two co-ordinate systems 
connected by (II), then x x and x„ must become linear functions of 
t\ when linear functions of t' are substituted for x\ and x\ It 
straightway follows from this that the ant's must be constants, and 
that a, and a, must be linear functions of t , that is, the one Car- 
tesian co-ordinate system (in space) must be moving uniformly m 
a straight line relatively to the other co ordinate system Con- 
versely, it is easily shown that if C), C 2 are two such co-ordinate 
systems, then if the principle ol inertia and Newtonian mechanics 
holds for C it will also hold for C' Thus, m mechanics, any two 
“allowable” co-ordinate systems are connected by formulae 

*1 = a l\ x 1 + “12* 2 + Yl< d" O-ji 

X 1 = a n x 'l + a-i2 x '-i + yi 1 ' + a 2 | III 

t = t + Ch J 

in which the a^’s aie constant co-efficients of an orthogonal trans- 
formation, and a, a, and y, are arbitrary constants Every trans- 
formation of this kind represents a transition from one allowable 
co-ordinate system to anothei (This is the Principle of Re- 
lativity of Galilei and Newton.) The essential feature of this 
transition is that, if we disregard the naturally arbitrary directions 
of the axis in space and the arbitrary initial point, there is invariance 
with respect to the transformations 

*i = x \ + y it', x t = x\ + y 2 C, t = t' (1) 

In our graphical representation ( vide Fig 7) x\, x'„, t' would be 
the co-ordinates taken with respect to a rectilinear set of axes in 
which the x\-, x' 2 - axes coincide with the x x -, x 2 - axes, whereas the 
new t'- axis has some new direction The following considerations 
show that the laws of Newtonian mechanics are not altered m pass- 
ing from one co-ordinate system C to another C' According to the 
law of attraction the gravitational force with which one point-mass 
acts on another at a certain moment is a vector, in space, which is 
independent of the co-ordinate system (as is also the vector that 
connects the simultaneous positions of both point-masses with one 
another). Every force, no matter what its physical origin, must 
be the same kind of magnitude , this is entailed in the assumptions 
of Newtonian mechanics, which demands a physics that satisfies 
this assumption in order to be able to give a content to its con- 
ception of force. We may prove, for example, in the theory of 
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elasticity that the stresses (as a consequence of their relationship 
to deformation quantities) are of the required kind. 

Mass is a scalar that is independent of the co-ordinate system. 
Finally, on account of the transformation formulae that result from 
(1) for the motion of a point-mass, 

dx l dr\ dx 2 dx\ d 2 x l d?x\ d 2 x, cPx'^ 

It = ~W + Yl ’ ~dt = ~W + ^ ’ W = W*’ IF = dt ' 2 

not the velocity, but the acceleration is a vector (in space) in- 
dependent of the co-ordinate system Accordingly, the funda- 
mental law mass times acceleration = force, has the required 
invariant property 

Accotding to Newtonian mechanics the centre of inertia of 
every isolated mass-system not subject to external forces moves m 
a straight line If we regard the sun and his planets as such a 
system, there is no meaning in asking whether the centre of inertia 
of the solar system is at rest or is moving with uniform translation. 
The fact that astronomers, nevertheless, assert that the sun is 
moving towards a point in the constellation of Hercules, is based 
on the statistical observation that the stars in that region seem on 
the average to diverge from a certain centre — just as a cluster of 
trees appears to diverge as we approach them If it is certain that 
the stars are on the average at rest, that is, that the centre of 
inertia of the stellar firmament is at rest, the statement about the 
sun’s motion follows It is thus merely an assertion about the 
relative motion of the centre of inertia and of that of the stellar 
firmament 

To grasp the true meaning of the principle of relativity, one 
must get accustomed to thinking not in “space,” nor m “time,” 
but “ in the world,” that is m space-time. Only the coincidence 
(or the immediate succession) of two events m space-time has a 
meaning that is directly evident, it is just the fact that in these 
cases space and time cannot be dissociated from one another 
absolutely that is asserted by the principle of relativity Following 
the mochamstic view, according to which all physical happening 
can be traced back to mechanics, we shall assume that not only 
mechanics but the whole of the physical uniformity of Nature is 
subject to the principle of relativity laid down by Galilei and 
Newton, which states that it is impossible to single out from the 
systems of refei ence that are equivalent for mechanics and of which 
each two are correlated by the formula of transformation III special 
systems without specifying individual objects. These formulae 
condition the geometry of the foor-dimenBional world m exactly 
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the same way as the group of transformation substitutions con- 
necting two Cartesian co-ordinate systems condition the Euclidean 
geometry of three-dimensional space A relation between world- 
points has an objective meaning if, and only if, it is defined by such 
arithmetical relations between the co-oidinates of the points as are 
invariant with respect to the transformations (III) Space is said 
to be homogeneous at all points and homogeneous in all directions 
at every point These assertions are, however, only parts of the 
complete statement of homogeneity that all Cartesian co- 
ordinate systems are equivalent In the same way the principle 
of relativity determines exactly the sense in which the world 
(= space-time as the “form" of phenomena, not its “accidental” 
non-homogeneous material content) is homogeneous 

It is indeed remarkable that two mechanical events that are 
fully alike kinematically, may be different dynamically, as a com- 
parison of the dynamical principle of relativity (III) with the much 
more general kmematical principle of relativity (II) teaches us. A 
rotating spheucal mass of fluid existing all alone, or a rotating fly- 
wheel, cannot in itself be distinguished fiom a spherical fluid mass 
or a fly-wheel at rest , in spite of this the “ lotatmg ” sphere becomes 
flattened, whereas the one at rest does not change its shape, and 
stresses are called up in tho rotating fly-wheel that cause it to 
burst asunder, if the rate of rotation be sufficiently great, whereas 
no such effect occurs in the case of a fly-wheel which is at rest 
The cause of this varying behaviour can be found only in the 
“ metrical structure of the world,” that reveals itself m the centri- 
fugal forces as an active agent This sheds light on the idea quoted 
from Eiemann above , if there corresponds to metrical structure (in 
thiB case that of the world and not the fundamental metrical tensor 
of space) something just as real, which acts on matter by means of 
forces, as the something which corresponds to Maxwell’s stress 
tensor, then we must assume that, conversely, matter also leacts on 
this real something Wo shall revert to this idea again later in 
Chapter IV 

For the present we shall call attention only to tho linear 
character of the transformation formulae (III) , this signifies that 
the world is a four-dimensional affine space. To give a 
systematic account of its geometry we accordingly use world- 
Yectors or displacements in addition to world-points A displace- 
ment of the world is a transformation that assigns to every world- 
point P a world-point P', and is characterised by being expressible m 
an allowable co-ordinate system by means of equations of the form 

x,' = an + <h (* = 0, 1, 2, 3) 
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in •which the x»’s denote the four space-time-co-ordinates of P 
(t being represented by x 0 ), and the *',’s are those of P' m this co- 
ordinate system, whereas the a,'e are constants This conception 
is independent of the allowable co-ordinate system selected The 
displacement that transforms P into P' (or transfers P to P') is 
" > 

denoted by PP' The world-points and displacements satisfy all 
the axioms of the affine geometry whose dimensional number is 
n = 4 Galilei’s Principle of Inertia (Newton’s First Law of 
Motion) is an affine law , it states what motions realise the 
straight lines of our four-dimensional affine space (“world"), 
namely, those executed by point-masses moving under no forces 

From the affine point of view we pass on to the metrical one 
From the graphical picture, which gave us an affine view of the 
world (one co-ordinate being suppressed), we can read off its 
essential metrical structure , this is quite different from that of 
Euclidean space The world is “ stratified ” , the planes, t = const , 
m it have an absolute meaning After a unit of time has been 
chosen, each two world-pomts A and B have a definite time- 

difference, the time-component of the vector AB = x, as is 
generally the case with vector-components in an affine co-ordinate 
system, the time-component is a linear form f(x) of the arbitrary 
vector x The vector x points into the past or the future according 
as <(x) is negative or positive Of two world-points A and B, A is 
earlier than, simultaneous with, or later than B, according as 

t{AB)> 0, = 0, or <0. 

Euclidean geometry, however, holds in each “ stratum ’’ , it is 
based on a definite quadratic form, which is in this case defined 
only for those world-vectors x that he in one and the same 
stratum, that is, that satisfy the equation t(x) = 0 (for there is 
sense only in speaking of the distance between simultaneous 
positions of two point-masses) Whereas, then, the metrical 
structure of Euclidean geometry is based on a definitely positive 
quadratic form, that of Galilean geometry is based on 

1 A linear form t(x) of the arbitrary vector x (the “ duration ’’ 
of the displacement x) 

2 A definitely positive quadratic form (xx) (the square oi the 
“length" of x), which is defined only for the three-dimensional 
linear manifold of all the vectors x that satisfy the equation 
t{x) - 0 

We cannot do without a definite space of reference, if we wish to 
form a picture of physical conditions. Such a space depends on the 
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choice of an arbitrary displacement e m the world (within which 
the time-axis falls m the picture), and is then defined by the con- 
vention that all world-points that he on a straight line of direction 
6, meet at the same point of space. In geometrical language, we 
are merely dealing with the process of parallel projection. To 
arrive at an appropriate formulation we shall begin with some 
geometrical considerations that relate to an arbitrary n-dimensional 
affine space To enable us to form a picture of the processes we 
shall confine ourselves to the case n = 3 Let us take a family of 
straight lines in space all drawn parallel to the vector e ( =f 0) If we 
look into space along these rays, all the space-points that lie behind 
one another m the direction of such a straight line would coincide , 
it is in no wise necessary to specif) a plane on to which the points are 
projected Hence our definition assumes the following form 

Let ©, a vectoi differing from 0, be given If A and A ' are two 

points such that AA' is a multiple of e, we shall say that they pass 
into one and the same point A of the minor space defined by e. 
We may represent A by the straight line parallel to e, on which all 
these coincident points A, A' in the minor space lie Since every 

displacement x of the space transforms a straight line parallel to e 
again into one paiallel to e, x brings about a definite displacement 
X of the minor space , but each two displacements x and x' become 
coincident in the minor space, if their difference is a multiple of e. 
We shall denote the transition to the minor space, “ the projection 
in the direction of e,” by printing the symbols for points and dis- 
placements in heavy oblique type Projection converts 

Ax, x + y, and AB into A x, X + y, AB 
that is, the projection has a true affine character, this means that 
m the minor space affine geometry holds, of which the dimensions 
are leas by one than those of the original “ complete ” space 

If the space is metrical m the Euclidean sense, that is, if it is 
based on a non-degenerate quadratic form which is its metrical 
groundform, Q{j) = (xx), — to simplify the picture of the process we 
shall keep the case for which Q is definitely positive in view, but 
the line of proof is applicable generally, — then we shall obviously 
ascribe to the two points of the minor space, which two straight 
lines parallel to e appear to be, when we look into the space m the 
direction of 6, a distance equal to the perpendicular distance 
between the two straight lines Let us formulate this analytically. 
The assumption is that (efi) = e 0 Every displacement x may 
be split up uniquely into two summands 

x = + x* 


( 2 ) 
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of which the first is proportional to e and the second is perpen- 
dicular to it, viz 

(x*e) = 0, ( = \ (xe) . . (3) 

We shall call £ the height of the displacement x (it is the differ- 
ence of height between A and B, if x = AB) We have 

(xx) = e£ 2 + (x*x*) . (4) 

X is characterised fully, if its height £ and the displacement X of 
the minor space produced by x are given , we write 

X = f \x 

The “ complete " space is “ split up ” into height and minor space, 
the “ position-difference ” x of two points m the complete space is 
split up into the diffeience of height £, and the difference of position 
X in the minor space There is a meaning not only in saying that 
two points in space coincide, but also in saying that two points m 
the minor space coincide or have the same height, respectively 
Every displacement x of the minor space is pioduced by one and 
only one displacement x* of the complete space, this displacement 
being orthogonal to e The relation between x* and x is singly 
reversible and affine The defining equation 

(xx) = (x*x*) 

endows the minor space with a metrical structure that is based on 
the quadratic gioundform (xx) This converts (4) into the funda- 
mental equation of Pythagoras 

(xx) = ef 2 + (xx) . (5) 

which, for two displacements, may be generalised m the form 

(xy) = e£r) + (xy) . (5') 

Its symbolic form is clear 

These considerations, m so far as they concern affine space, may 
be applied directly The complete space is the four-dimensional 
world e is any vector pointing m the direction of the future : the 
minor space is what we generally call space. Each two world- 
points that lie on a world-line parallel to e project into the same 
space-point This space-point may be represented graphically by 
the straight line parallel to e and may be indicated permanently 
by a point-mass at rest, that is, one whose world-line is just that 
straight line The metrical structure, however, is, aocorimg to the 
Galilean principle of relativity, of a kind different from that we 
assumed just above. This necessitates the following modifications. 
Every world-displacement x has a definite duration i(x) = t (this 
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takes the place of “ height ” m our geometrioal argument) and 
produces a displacement x in the minor space , it splits up ac- 
cording to the formula 

X = t I X 

corresponding to the resolution into space and time In particular 
every space-displacement, x may bo produced by one and only one 
world-displacement x* which satisfies the equation f(x*) = 0 The 
quadratic form (x*x*) as defined for such vectors X*, impresses on 
space its Euclidean metrical structure 

{xx) = (x*x*) 

The space is dependent on the direction of pi ojection. In actual 
cases the direction of projection may be fixed by any point-maBS 
moving with uniform translation (or by the centre of mass of a 
closed isolated mass-system) 

We have set forth these details with pedantic accuracy so as to 
be armed at least with a set of mathematical conceptions which 
have been sifted into a foi m that makes them immediately applicable 
to Einstein’s principle of relativity for which our powers of intuition 
are much more inadequate than foi that of Galilei 

To return to the realm of physics The discovery that light is 
propagated with a finite velocity gave the death-blow to the 
natural view that things exist simultaneously with their peiception 
As we possess no means of transmitting time-signals more rapid 
than light itself (01 wireless telegraphy) it is of course impossible to 
measure the velocity of light by measuring the time that elapses 
whilst a light-signal emitted from a station A travels to a station B. 
In 1675 Koemer calculated this velocity from the apparent ir- 
regularity of the time of revolution of Jupiter’s moons, which took 
place in a period which lasted exactly one year he argued that it 
would be absurd to assume a mutual action between the earth and 
Jupiter s satellites such that the period of the earth’s revolution 
caused a disturbance of so considerable an amount in the satellites 
Fizeau confirmed the discovery by measurements carried out on 
the earth s surface His method is based on the simple idea of 
making the transmitting station A and the receiving station B 
coincide by reflecting the ray, when it reaches B, back to A. 
According to these measurements we have to assume that the 
centre of the disturbances is propagated m concentric spheres with 
a constant velocity c In our graphical picture (one space-co- 
ordinate again being suppressed) the propagation of a light-signal 
emitted at the world-point 0 is represented by the circular cone 
depicted, which has the equation 

> c * <2 - (ml + *1) = 0 . . . . (6) 
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Every plane given by t = const cuts the cone m a circle composed 
of those points which the light-signal has reached at the moment t 
The equation (6) is satisfied by all and only by all those world- 
points reached by the light-signal (provided that t > 0) The 
question again arises on what space of reference this description of 
the event is based The aberration of the stare shows that, 
relatively to this reference space, the earth moves in agreement 
with Newton's theory, that is, that it is identical with an allowable 
reference space as defined by Newtonian mechanics The propa- 
gation in concentric spheres is, however, certainly not invariant 
with respect to the Galilei transformations (III) , for a ('-axis that 
is drawn obliquely intei sects the planes t = const at points that 
are excentnc to the cncles of propagation Nevertheless, this 
cannot be regarded as an objection to Galilei’s principle of relativity, 
if, accepting the ideas that have long held sway m physics, we 
assume that light is tiansrnitted by a matenal medium, the SBther, 
whose pai tides are movable with regai d to one another The 
conditions that obtain in the case of light are exactly similar to 
those that bring about concent! ic circles ot waves on a surface of 
water on -to which a stone has been (hopped The latter phenom- 
enon ceitamly does not justify the conclusion that the equations 
of hydrodynamics are contraiy to Galilei’s principle of relativity. 
For the medium itself, the watei or the aithei resjiectiv ely, whose 
particles me at lest with lespect to one anothei, if we neglect the 
relatively small oscillations, furnishes us with the same system of 
refeience as that to which the statement concerning the concentric 
transmission is icferied 

To bung us into closer touch with this question we shall here 
insert an account of optics iu the theoietical guise that it has pre- 
served since the time of Maxwell under the name of the theory of 
moving electiomagnetic fields 

*5 20. The Electrodynamics of Moving Fields 
Lorentz’s Theorem of Relativity 

In passing from stationary electromagnetic fields to moving 
electromagnetic fields (that is, to those that vary with the time) we 
have learned the following — 

1 The so-called electric cunent is actually composed of moving 
electricity a charged coil of wire in rotation produces a magnetic 
field aocordmg to the law of Biot and Savart If p is the density 
of charge, v the velocity, then clearly the density s of this con- 
vection current — pv , yet, if the Biot-Savart Law is to remain 
valid in the old form, s must be measured m other units. Thus 
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we must set 8 “ — , in which o is a universal constant having the 
c 

dimensions of a velocity The experiment carried out by Weber 
and Kohlrausch, repeated later by Rowland and Eiohenwald, gave 
a value of c that was coincident with that obtained for the velocity 
of light, withm the limits of errors of observation (vide note 2) 

We call - — p tbe electromagnetic measure of the charge-density 
c 

and, so as to make the density of electric force = p E' in electro- 
magnetic units, too, we call E' = cE the electromagnetic measure 
of the field- intensity 

2 A moving magnetic field induces a current in a homogeneous 
wire It may be determined from the physical law s = cE and 
Faraday’s Law of Induction ; the latter asserts that the induoed 
electromotive force is equal to the time-decrement of the magnetic 
flux through the conductor , hence we have 

jE'dr - - ^B n do (7) 

On the left theie is the line-integral along a closed curve, on the 
right the surface-integral of the normal components of the magnetic 
induction B, taken over a surface which fills the curve The flux 
of induction through the conducting curve ib uniquely determined 
because 

div B = 0 (8') 

that is, there is no real magnetism By Stokes’ Theorem we get 
from (7) the differential law 

cri E + l - 0 (8) 

The equation curl E = 0, which holds for statistical cases, is hence 
1 f)B 

increased by the term - on the left, which is a derivative of 

the time All our electro technical sciences are based on it , thus 
the necessity for introducing it is justified excellently by actual 
experience 

3 On the other hand, in Maxwell’s time, the term which waB 
added to the fundamental equation of magnetism 

curl H = S • (9) 

was purely hypothetical In a movmg held, such as in the dis- 
charge of a condensor, we cannot have div 8 = 0, but in place of it 
the “ equation of continuity ” 

1 dp 
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must hold This gives expression to the fact that the current con- 
sists of moving electricity Since p = div D, we find that not s, 

but s + — ^ must be irrotational, and this immediately suggests 
c ot 

that instead of equation (9) we must write for moving fields 


curl H - 


1 3D 

c it 


( 11 ) 


Besides this, we have just as before 

div D = p (11') 

From (11) and (11') we arrive conversely at the equation of con- 

1 3D 

tmuity (10) It is owing to the additional member - (Maxwell’s 

displacement current), a differential co-efficient with respect to 
the time, that electiomagnetic disturbances aro propagated m the 
aether with the finite velocity c It is the basis of the electro- 
magnetic theory of light, which interprets optical phenomena with 
such wonderful success, and which is experimentally verified in the 
well-known experiments of Hertz and in wireless telegraphy, one of 
its technical applications This also makes it clear that these laws 
are referred to the same reference-space as that for which the con- 
centric propagation of light holds, namely, the “ fixed ” father The 
laws involving the specific characteristics of the matter under con- 
sideration have yet to be added to Maxwell’s field-equations (8) and 
(8'), (11) and (11') 

We shall, however, here consider only the conditions m the 
ffither , in it 

D = E and H = B, 
and Maxwell’s equations are 


, __ 1 3B „ 

cml E + c it = °- 

i x» 1?E 

ourl B - c it = S ’ 


div B = 0 
div E = p 


(A) 

(ISn) 


According to the atomic theory of electrons these are generally 

valid exact physical laws This theory furthermore sets s = — , in 

c 

which Y denotes the velocity of the matter with which the electric 
oharge is associated 

The force whioh acts on the masses consists of components 
arising from the electrical and the magnetic field its density is 


p - pE + [sB] 


(IS) 
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Since s is parallel to Y, the work performed on the electrons per 
unit of time and of volume is 

p ¥ = pE ¥ = c(sE) = s E' 

It is used in increasing the kinetic energy of the electrons, which 
is partly transferred to the neutral molecules as a result of collisions 
This augmented molecular motion in the interior of the conductor 
expi esses itself physically as the heat arising during this pheno- 
menon, as was pointed out by Joule We find, in fact, experimen- 
tally that s • E' is the quantity of heat produced per unit of time 
and per unit of volume by the cuirent The energy used up in 
this way must be furnished by the instrument providing the current 
If we multiply equation (12j) by - B, equation (12 n ) by E and add, 
we get 

- o div [EB] - ? t (*E* + *B») - c(flE) 

If we set 

[EB] =-8 iE 2 + 4B« - W 
and integrate over any volume V, this equation becomes 

WdV + cjs^do = jc(sE)dV 

v n v 

The second member on the left is the integral, taken over the outer 
surface of V v of the component s n of 8 along tho inward normal. 
On the right-hand side we have the work performed on the volume 
V per unit of tune It is compensated by the decrease of energy 

j'lFdF contained in V and by the energy that flows into the portion 

of space V from without Our equation is thus an expression of 

the energy theorem. It confirms the assumption which we 
made initially about the density W of the field-energy, and 

we furthermore see that cS, familiarly known as Poyn ting’s vector, 
represents the energy stream or energy-flux. 

The field-equations (12) have been integrated by Lorentz m the 
following way, on the assumption that the distribution of charges 
and currents are known The equation div B = 0 is satisfied by 
setting 

- B -= ourl f (14) 

in which - f is the vector potential By substituting this in the 

-i 

first equation above we get that E - - -i is irrotational, so that we 

c dt 

can set 

V 1 M A -L 

E " C «“ grad * 



( 15 ) 
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m which - <f> is the scalar potential We may make use of the 
arbitrary character yet possessed by f by making it fulfil the sub- 
sidiary condition 

- ^ + div f = 0 
c it 

This is found to be expedient for our purpose (whereas for a 
stationary field we assumed div f = 0) If we introduce the 
potentials in the two latter equations, we find by an easy 
calculation 


6 " 


1 d 2 f 


6" D t‘ 


\ + Af = 8 


(16) 

(16') 


An equation of the form (16) denotes a wave disturbance travelling 
with the velocity c In fact, just as Poisson’s equation A <f> = p has 
the solution 


- 4w<f> 


(iv 


so (16) has the solution 






-I'M 


dV, 


on the left-hand side of which <f> is the value at a point O at time t, 
r is the distance of the source V, with lespect to which we integrate, 
from the point of emcigence O , and within the integral the value 

of p is that at the point V at time t - T - Similarly (16') has the 

solution 


4,rf = 




dV 


The field at a point does not depend on the distribution of charges 
and currents at the same moment, but the determining factor for 

every point is the moment that lies back just as many as 

the disturbance propagating itself with the velocity c takes to travel 
from the source to the point of emergence 

Just as the expression for the potential (in Cartesian co- 
ordinates), namely, 

i-j, i-<t> 


A <j> 




ix* 
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is invariant with respeot to linear transformations of the variables 
x v x t , x s , which are suoh that they convert the quadratic form 

x'\ + x t 1 4- a: 2 .., 

into itself, so the expression which takes the place of this ex- 
pression for the potential when we pass from statical to moving 
fields, namely, 

^“d> 

- c"» 3F + + S5T + (retarded potentials) 

is an invariant for those linear transformations of the foui co- 
ordinates, t, x v x,, x it the so-called Lorentz transformations, that 
transform the indefinite form 

— c~t i +• x 2 j + xr 2 + r*’ 3 (17) 

into itself Lorentz and Einstein recognised that not only equation 
(16) but also the whole system of electromagnetic laws /or the aether 
has this property of imanance, namely, that these laws are the ex- 
pression of invariant relations between tensors which exist m a four- 
dimenswnal affine, space whose co-ordinates are t, x [t x 2 , x and upon 
which a non-defimte metrical structure is impressed by the form (17) 
This is the Lorentz-Einstein Theorem of Relativity. 

To prove the theorem we shall choose a new unit of time by 
putting ct = x a The co-efficients of the metrical groundi'orm are 
then 

9ik = 0 (i =j= k ) , g tl = t„ 

in which « 0 = - 1, tj = e, = 1 , so that in passing from 

components of a tensor that are co-vauant with respect to an index 
i to the contra-variant components of that tensor we have only to 
multiply the i th component by the sign of c l The question of con 
tinuity for electricity (10) assumes the desired invariant form 



t=0 


if we introduce s° = p, and 4 1 , s 2 , s 3 , which are equal to the com- 
ponents of b, as the four contra-variant components of a vector 
in the above four-dimensional space, namely, of the “ 4-vector 
current” Parallel with this — as we Bee fiom (16) and (16') — we 
must combine 

<£ 0 — <f> and the components of f, namely, <f> 1 , 

to make up the contra-variant components of a four-dimensionaL 
vector, which we call the electromagnetic potential , of its co- 
vanant components, the 0 th , i,e <f>o> = - 4>> whereas the three 
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others <f> v <f> 3 are equal to the components of f The equations 
(14) and (15), by whioh the field-quantities B and E are derived 
from the potentials, may then be written m the invariant form 


in which we set 


(18) 


E - (F 10 , F 20 , F„), B 


(F 2 3, F 3] , F 12 ) 


This is then how we inaj combine electric and magnetic intensity 
of field to make up a single linear tensor of the second order F, 
the “ held ” From (18) we get the invariant equations 


*F U 3F, DF,* 

*>x, + irk 5 if 
and this is Maxwell’s fust system of equations (12j) We took a 
circuitous loute in using Loientz s solution and the potentials 
only so as to he led naturall) to the pioper combination of the 
threc-dirm nsional quantities, which com cits them into four- 
dimeneiorml vectors and tensors By passing oven to contra- 
variant components we get 


E => (F", F 12 , F 02 ), B = (F 2S , F 31 , F 12 ) 


Maxwell's second system, expressed mvariantly m terms of four- 
dimensional tensors, is now 

'r-DF ,A 

lTT k = ?1 ( 20 ) 

k 

If we now intioduee the four-dimensional vector with the co-variant 
components 

p. = F it s k (21) 

(and the contra-variant components 

p' =* F' k S),) 

— following our prenous practice of omitting the signs of sum- 
mation — then p° is the “ w oik -density,” that is, the work per 
unit of time and per unit of volume p° = (sE) [the unit of time is 
to be adapted to the new measure of time x 0 = ct], and p 1 , p 2 , p* are 
the components of the density of force 

This fully proves the Lorentz Theorem of Relativity We 
notice here that the laws that have been obtained are exactly the 
same as those uhich hold in the stationary magnetic field (g 9 (62)) 
except that they haie been transposed from three-dimensional to four - 
dimensional space There is no doubt that the real mathematical 
harmony underlying these laws finds as complete an expression as 
is possible m this formulation in terms of four-dimensional tensors. 
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Further, we learn from the above that, exaotly as in the case of 
three-dimensions, we may derive the “ 4-foice" = p l {torn a sym- 
metrical four-dimensional “ stress-tensor ’’ S, thus 

-*-*** or -r-T* • < 22 > 

Sf = FuF* - i8f|F) 2 (22') 

The square of the numerical value of the field (which is not neoes- 
sarily positive here) is 

j F | 2 = iFurF* 

We shall verify formula (22) by direct calculation We have 

+ ^F,, _ \F ir 


= Fn + F tr *F.J 

Da " Xi 


The first term on the light gives us 

- F lr s‘ = ~ )>, 

If we write the co-efficient of F 1 " skcw-symmetncully wo get for 
the second teim 

' &) 

which, combined with the thud, gives 

i , ^Fi, , 2>F r A 


A "fit _J_ D-f_l/ + eT'r.N 

\ D.r r Dii Di*/ 


The expiessiou consisting of thiee teims m the brackets = 0, by 
(19) 

Now | F | 1 = B~ - E Let us examine what the individual 
components of S v * signify, by separating the index v trom the 
others 1, 2, 3, in conformity with the partition into space and time. 
S 00 ~ the energy-density W = ^(E 1 -f B-) 

S m — the components of 8 = [E B] i,k ~ (1, 2, 3) 

S •* = the components of the Maxwell stress-tensor, which is 
composed of the electrical and magnetic parts given in § 9 Ac- 
cordingly the 0 th equation of (22) expi esses the law of energy The 
1st, 2nd, and 3rd have a fully analogous form If, for a 

moment, we denote the components of the vector ^ 8 by G\ G 3 , G* 

0 

and take to stand for the vector with the components S' 1 , S&, 
S a we get 

- P' - ^ + dtv t«> (t = 1, 2, 3) (23) 


The force which acts on the electrons enclosed m a portion of 
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space V produces an increase in time of momentum equal to itself 
numerically This increase is balanced, according to (23), by a 
corresponding decrease of the field-momentum distributed in the 

a 

field with a density — , and the addition of field- momentum from 

c 

without The current of the t U] component of momentum is given 
by t w , and thus the momentum-flux is nothing more than the 
Maxwell sti ess-tensor The Theorem of the Conservation of 
Energy is only one component, the time -component , of a law which 
is invariant for Lorentz transformations, the other components being 
the spate -components which ev press the, conservation of momentum 
The total energy as well as the total momentum remains un- 
changed they meiely stream from one part of the field to 
auother, and become transformed from field-eneigy and field- 
momentum into hinetic-eneigy and kinetic-momentum of matter, 
and vice vena That is the simplo physical meaning of the 
formalin (22) In accordance with it we shall in future refer 
to the tonsoi h’ of the four-dimensional world us the energy- 
momentum-tensor oi, more briefly, as the energy -tensor. 

Its symmetty tells us that the density of momentum = times 


the energy- flux. The field- momentum is thus very weak, 
but, neveitheless, it has been possible to prove its existence by 
demonstrating the piessuie ol light on a lefiecting suiface 

A Loientr tiansloi mation is linear Hence (again suppressing 
one space co-oidinate in our graphical pictuie) we see that it is 
tantamount to introducing a new a lime co-ordinate system Let 
us consider how the fundamental vectois e' 0 , e v e' 2 of the new 
co-oidinate system he relatively to the original fundamental vectors 
6 0 , e*, that is to the unit vectors in the direction of the t 0 (or t), 

x,, Xj axes Since, for 


^ L®1 "b -L®-1 — o® o + x i® i + l ,6 ,, 

we must have 


- V + »,* + -rr = - j' 0 * + a'r + x', 2 [ = Q(x)] 

we get Q(e' u ) = -1 Accordingly, the vector e' 0 starting from 0 
(i e the t’-a\is) lies wutlun the cone of ligbt-piopagation , the 
paiallel planes t' = const he so that they cut ellipses from the 
cone, the middle points of which lie on the t'-axis (see Fig 7) , the 
x i*> x j*axis are in the direction of conjugate diameters of these 
elliptical sections, so that the equation of each is 

*y + *' 2 S = 


const 
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As long as we retain the picture of a material aether, capable of 
executing vibrations, we can see m Loientz’s Theorem of Relativity 
only a remarkable proptrty of mathematical transformations, the 
relativity theorem of Galilei and Newton remains the truly valid 
one We are, howevei, confronted with the task of interpreting 
not only optical phenomena but all electrodynamics and its laws 
as the result of a mechanics of the ather which satisfies Galilei’s 
Theorem of Relativitj To achieve this we must bring the field- 
quantities into definite lelationship with the density and velocity of 
the rather Before the time of Maxwell’s electiomagnetic theory of 
light, attempts were made to do this for optical phenomena , these 
efforts were partly, but never wholly, crowned with success This 
attempt was not carried on (vtde note 3) in the case ol the moie 
comprehensive domain into which Maxwell lelegated optical phe- 
nomena On the contiaiy, the idea of a field existing in empty 
space and not requiring a medium to sustain it giadu&lly 
began to win ground Indeed, even Famdaj had expressed in 
unmistakable language that not the field should denve its meaning 
through its association with matter, but, conversely, lather that 
particles of matter are nothing more than singularities of the field 

§ 21. Einstein’s Principle of Relativity 

Let us for the present retain out conception ol the aether It 
should be possible to deteimine the motion ol a bod>, for example, 
the earth, relative to the fixed or motionless tether We are not 
helped by abenation, loi this only shows that this lelstive motion 
changes m the couise of a ) ear Let A,, O, /!_, be thieo fixed points 
on the earth that share m its motion Suppose them to he in a 
straight line along the direction of the earth’s motion and to be 
equidistant, so that Aft = 0A„ = l, and let v be the velocity of 

V 

translation of the earth through the asther. Jet - = q, which we 
shall assume to be a very small quantity A light-signal emitted 
at 0 will reach A 2 after a time -- ^ — has elapsed, and A 1 after a time 
l 

- - Unfortunately, this difference cannot be demonstrated, as 

we have no signal that is more rapid than light and that we could 
use to communicate the time to another place * We have recourse 

* It might occur to ua to transmit time from one world-point to another by 
carrying a clock that is marking time from one place to the other In practice, 
this process is not sufficiently accurate for our purpose Theoretically, it is by 
no means certain that this transmission is independent of the traversed path 
In fact, the theory of relativity proves that, on the contrary, they are dependent 
on one another , of. § 22. 



170 


RELATIVITY OF SPACE AND TIME 


to Fizeau's idea, and set up little mirrors at and A i which reflect 
the light-ray back to 0 If the light-signal is emitted at the 
moment 0, then the ray reflected from A 2 will reach A after a time 

l l = 2 U 

C - V C + V c 1 — V 1 

whereas that reflected from A 1 reaches 0 after a time 

Z _Z 2 Ic 

r + i’ + 6 — v t* — v i 

There is now no longer a difference m the times Let us, however, 
now assume a third point A which participates in the translational 
motion through the uathei, such that OA = l, but that OA makes 
an angle 6 with the duection of OA In Fig 8, 0, O', 0" are the 
successive positions oi the point 0 at the time 0 at which the signal 
is emitted, at the time t' at which it is reflected from the mirror A 



placed at A', and finally at the time t' + t" at which it again reaches 
O, lespeetivoly From the figure we got the proportion 

OA' O" A' = 00’ 0"0’ 

Consequently the two angles at .4’ are equal to one another The 
reflecting minor must be placed, just as when the system is at 
rest, perpendicularly to the rigid connecting line OA, m order that 
the hght-i a_\ may teturn to O An elementary tngonometncal 
calculation gives for the apparent rate of transmission in the 
direction 0 

oi c - - r 2 

rh' - < 24 > 

It is thus dependent on the angle 9, which gives the direction of 
transmission Observations of the value of 9 should enable us to 
determine the direction and magnitude of v 

These observations were attempted in the celebrated Michel son- 
Morla; experiment (vide note 4) In this, two mirrors A, A’ are 
rigidly fixed to 0 at distances l, l', the one along the line of motion, 
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the other perpendicular to it The whole appaiatua may be rotated 
about 0. By means of a transparent glass plate, one-half of which 
is silvered and which bisects the right angle at 0, a hght-ray is split 
up into two halves, one of which travels to A, the other to A'. They 
are reflected at these two points , and at 0, owing to the partly 
silvered mirror, they are again combined to a single composite ray 
We take l and l' approximately equal , then, owing to the difference 
m path given by (24), namely, 

2 1 2 f 

1 - q- Jl - q*' 

interference occurs If the whole apparatus is now turned slowly 
through 90° about O until A' comes into the dnection of motion, 
this difference of path becomes 

_ 21 _ 2 r 

J ‘ 1 - T 

A ' 

T 

it' 


4c=. Jr — i p 

Observer ■ 


I 

+ Source of I, iq hi 
Fio 9 

Consequently, there is a shortening of the path by an amount 

2(1 + ‘Hr--?’ 

This should express itself in a shift of the initial interference fringes 
Although conditions were such that, numerically, even only 1 per 
cent of the displacement of the fringes expected by Michelson could 
not have escaped detection, no trace of it was to be found when the 
experiment was performed. 

Lorentz (and Fitzgerald, independently) sought to explain this 
strange result by the bold hypothesis that a rigid body in moving 
relatively to the aether undergoes a contraction in the direction of 
the line of motion in the ratio 1 _ qi This would actually 

account for the null result of the Michelson-Morley experiment. 
For there, OA has in the first position the true length l J\ - qt i 
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and OA' the length l’, whereas in the second position OA has the 
true length l but OA' the length V J\ - The difference of path 

would, in each ease, be 

It was also found that, no mattei into what direction a mirror 
rigidly fixed to O was turned, the same apparent velocity of 
transmission Jc 1 — v* was obtained for all directions , that is, that 
this volocity did not depend on the direction 8, in the manner given 
by (24) Nevertheless, theoretically, it still seemed possible to 
demonstrate the decrease of the velocity of transmission from c to 
Jc* - v* But if the aither shoitens the measuring rods in the 
dnoction ol motion in the ratio 1 J T — q*, it need only retard 
clocks in the same ratio to hide this effect, too In fact, not only 
the Mtchelson-Morley experiment but a whole senes of /wither experi- 
ments dcsujncd to demonstrate that the cai th's motion lias an influence 
on combined mechanical and electi omaqnehc phenomena, have led to 
a null icsult (vide note 5) /hither mechanics has thus to account 
not only for Maxwf ll’s laws but also for this icmarkable interaction 
between matter and ®ther It seems that the tether has betaken 
itself to the land of the shades in a final effort to elude the in- 
quisitive seaich of the physicist ! 

The only reasonable answei that was given to the question as 
to why a tianslatiou in the tether cannot he distinguished from 
test was that of Einstein, namely, that there is no at her t (The 
tether has since the veiy beginning remained a vague hypothesis 
and odc, moreover, that has acted very pooily m the face of facts ) 
The position is then this for mechanics we get Galilei’s Theorem 
of Relativity, for electrodynamics, Lorentz’s Theoiem If this 
is really the case, they neutralise one another and thereby define 
an absolute space of reference m which mechanical laws have the 
Newtonian form, electrodynamical laws that given by Maxwell 
The difficulty of explaining the null result of the experiments whose 
purpose was to distinguish translation from rest, is overcome only 
by- regai ding one or other of these two principles of relativity as 
being valid for all physical phenomena That of Galilei does not 
come into question for electrodynamics as this would mean that, in 

Maxwell’s theory, those terms by which we distinguish moving fields 

from stationary ones would not occur there would be no induction, 


2(1 - l’) 


ws, mvA no wqlm telegraphy . On the othfti hanh, 

the contraction theory of Lorentz-Fitzgerald suggests that Newton’s 
mechanics may be modified so that it satisfies the Lorentz -Einstein 
Theorem of Relativity, the deviations that occur being only of 
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the order they are then easily within reach of observation for 

all velocities v of planets or on the earth. The solution of Einstein 
(i nde note 6), which at one stroke overcomes all difficulties, is then 
this the world is a four -dimensional affine space whose metrical 
structure is determined by a non-definitc quadratic form 

Q(x) = (xx) 

which has one negative and three positive dimensions All physical 
quantities are scalars and tensors of this foui -dimensional world, 
and all physical laws express invariant relations between them 
The simple ooncrete meaning of the form Q(x) is that a light-signal 
which has been emitted at the world-point O arrives at all those and 

only those world-points A for which x — OA belongs to the ono 
of the two conical sheets defined by the equation Q(x) — 0 (cf $■ 4) 
Hence that hheet (of the two cones) which “opens into the future" 
namely, Q(x) <0 is distinguished objectively from that which opens 
into the past By introducing an appropriate “ normal ” co-ordinate 
system consisting of the zeio point O and the fundamental \ectorB 
6t, we may bung Q(x) into the normal form 


(OA, OA) = - xf + xf + xf + ary, 
in which the x,'s are the co-ordinates of A , in addition, the 
fundamental vector e 0 is to belong to the cone opening into the 

future It is impossible to narrow down the selection from 
these normal co-ordinate systems any farther: that is, none 
are specially favoured , they are all equivalent If we make uso 
of a particular one, then x 0 must be regarded as the time , x lt x, 2 , x t 
as the Cartesian space co-ordinates , and all the ordinary expressions 
referring to space and time are to be used in this system of reference 
as usual The adequate mathematical formulation of Einstein’s 
discovery was first given by Minkowski (vide note 7) to him we 
are indebted for the idea of four-dimensional world-geometry, on 
which we based our argument from the outset 

How the null result of the Michelson-Morley experiment comes 
about is now clear For if the interactions of the cohesive forces 
of matter as well as the transmission of light takes place according 
to Einstein's Principle of Relativity, measuring rods must behave so 
that no difference between rest and translation can be discovered by 
means nf abjective determinations. Seeing that MaxweV's equations 



Einstein ’s Principle of Ee/aavicy, as tens 

« must indeed regard (Ae MicAslson-Mo/ /sy sxperimsttt as 
we . nf ruixd bodies mull, areally ijjeaiMj. *e 

that the mechanics of ngm o 
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(»» accordance not with that of Galilei’s Principle of Belatvoity , but 
■with that of Einstein 

It is clear that this is mathematically much simpler and more 
intelligible than the former world-geometry has been brought into 
closer touch with Euclidean space-geometry through Einstein and 
Minkowski Moreover, as may easily be shown, Galilei’s principle 
is found to be a limiting case of Einstein's world-geometry by 
making c converge to oo The physical purport of this is that 
we, are to discard our belief m the objective meaning of 
simultaneity , it was the great achievement of Einstein in the 
field of the theory of knowledge that he banished this dogma from 
our minds , and this is what leads us to rank his name with that of 
Copernicus The giaphical picture given at the end of the pre- 
ceding paragraph discloses immediately that the planes x' v = const 
no longer coincide with the planes x tt — const In consequence 
of the mctncal stiuctuie of the woild, which is based on 
each piano x'„ = const has a measure-determination such that 
the ellipse in which it intersects the “ light-cone,” is a circle, and 
that Euclidean geometiy holds for it The point at which it is 
punctured by the x' (l -axis is the mid-point of the elliptical section 
So the propagation of light takes place m the ‘‘accented” system 
of reference, too, in concentric circles 

We shall next endeavour to eradicate the difficulties that seem 
to oui intuition, our mnei knowledge of space and time, to be 
involved in the revolution caused by Einstein m the conception of 
tune Accoidmg to the oidinary view the following is true If I 
shoot bullets out with all possible velocities in all directions from a 
point O, they will all reach world-points that are later than 0, 
I cannot shoot back into the past Similarly, an event which 
happens at 0 has an influence only on what happens at later 
woi ld-points, whereas “one can no longei undo" the past the 
extreme limit is reached by gravitation, acting acoordmg to 
Newton’s law of attraction, as a result of which, for example, by 
extending my arm, I at the identical moment produce an effect on 
the planets, modifying then orbits ever so slightly If we again 
suppress a space-co-oidinate and use our graphical mode of repre- 
sentation, then the absolute meaning of the plane t = 0 which 
passes through 0 consists in the fact that it separates the “future” 
world-points, which can bo influenced by actions at O, from the 
“past" world-points from which an effect may be conveyed to or 
conferred on 0 According to Emstem’s Principle of Eelativity,-we 
get in place of the plane of separation t ** 0 the light cone 

xf + jy’ - eft 2 — 0 
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(which degenerates to the above double plane when c =» co ). This 
makes the position clear in this way The direotion of all bodies 
projected from 0 must point into the forward-cone, opening into 
the future (so also the direction of the world-line of my own body, 
my “life-curve ” if I happen to be at 0) Events at 0 oan influence 
only happenings that occur at world-points that lie within this 
forward cone the limits aie marked out by the resulting pi opagation 
of light into empty space * If I happen to he at O, then O divides 
my life-curve into past and future, no change is theioby caused 
As far as my relationship to the world is concerned, however, the 
forward-cone comprises all the world-points which are affected 
by my active or passive doings at O, whereas all events that are 
complete in the past, that can no longer bo altered, lie externally 
to this cone The sheet of the forward -cone separates my 
active future from my active past. On the other hand, the 


Active f ulute 



Fig 10 

interior of the backward-cone includes all events m which I have 
participated (either actively or as an observer) or of which I have 
received knowledge of some kind or other, for only such events 
may have had an influence on me , outside this cone are all 
occurrences that I may yet experience or would yet experience if my 
life were everlasting and nothing were shrouded from my gaze 
The sheet of the backward -cone separatee my passive past 
from my passive future. The sheet itself contains everything 
on its surface that I see at this moment, oi can see , it is thus 
properly the picture of my external surroundings In the fact that 
we must in this way distinguish between active and passive, present, 

*The propagation of gravitational force must, of course, likewise take place 
withthe speed of light, according to Einstein's Theory of Relativity The Jaw for 
the gravitational potential mast be modified m a manner analogous to that by 
which electrostatic potential was modified in passing from statical to moving 
Saida. 
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and future, there lies the fundamental importance of Romer'g 
discovery of the finite velocity of light to which Einstein’s 
Principle of Relativity first gave full expression The plane t ** 0 
passing through 0 in an allowable co-ordinate system may be 
placed so that it cuts the light-cone Q(x) = 0 only at 0 and thereby 
separates the cone of the active future from the cone of the passive 
past 

For a body moving with uniform translation it is always 
possible to choose an allowable co-ordinate system ( = normal co- 
ordinate system) such that the body is at rest m it The individual 
parts of the body are then separated by definite distances from one 
another, the straight lines connecting them make definite angles 
with one another, and so forth, all of which may be calculated by 
means of the formulae of ordinary analytical geometry from thespaoe- 
co-ordinates r v r,, of the points under consideiation in the allow- 
able co-ordinate system chosen I shall term them the Btatio 
measures of the body (this defines, in particular, the static 
length of a measuring rod) If this body is a clock, m which a 
penodical event occurs, there will be associated with this period in 
the system of i eference, in which the clock is at rest, a definite time, 
determined by the increase of the co ordmate x n during a period, 
we shall call this the “proper time" of the clock If we push the 
body at one and the same moment at different points, these points 
will begin to move, but as the effect can at most be propagated 
with the velocity of light, the motion will only gradually be com- 
municated to the whole body As long as the expanding spheres 
encircling each point of attack and travelling with the velocity of 
light do not oveilap, the parts surrounding these points that are 
diagged along move independently of one another It is evident 
from this that, according to the theory of relativity, there cannot 
be rigid bodies in the old sense, that is, no body exists which 
remains objectively always the same no matter to what influences 
it has been subjected How is it that in spite of this we can use 
our measuring rods for cariving out measurements in space? We 
shall use an analogv If a gas that is in equilibrium in a closed 
vessel is heated at vanous points by small flames and is then re- 
moved adiabatically, it will at first pass through a series of com- 
plicated stages, which will not satisfy the equilibrium laws of 
thermo-dynamics Finally, however, it will attain a new state of 
equilibrium corresponding to the new quantity of energy it contains, 
which is now greater owing to the heating We require of a rigid 
body that is to be used for purposes of measurement (in particular, 
» linear measuring rod) that, after coming to rest in & a 
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allowable system of reference, it shall always rem&m exactly 
the same as before, that is, that it shall have the same Bt&tle 
measures (or Static length) , and we require of a clock that 
goes correctly that it shall always have the same proper- 
time when it has come to rest (as a whole) in an allowable 
system of reference. Wo may assume that the measunng rods 
and clocks which we shall use satisfy this condition to a suillcient 
degree of approximation It is only when, in oui analogy, the gas 
is wanned sufficiently slowly (stiictly speaking, infinitely slowly) 
that it will pass through a series of thermo-dj nannc states of 
equilibtiurn , only when we move the measuring rods and clockB 
steadily, without jerks, will theypicseive their static lengths and 
proper-times The limits of acceleration within which tins as- 
sumption may he made without appreciable enois arising are 
certainly very wide Definite and exact statements about this 
point can he made only when we have built up a dynamics based 
on physical and mechanical laws 

To get a clear picture of the Loren tz -Fitzgerald eontiaction from 
the point of view of Einstein’s Theory of Relativity, we shall 
imagine the following to take place in a plane In an allowable 
system of reference (co-ordmates t, x t , x,, one space-eo-oidinate 
being suppressed), to which the following space-time expressions 
will be referied, there is at lest a plane sheet of papei (carrying 
rectangular co-ordinates r,, x, maiked on it), on which a closed 
curve C is drawn We have, besides, a cnculai plate carrying a 
rigid clock-hand that rotates mound its cuitie, so that its point 
traces out the edge of the plate if it is rotated slowly, thus proving 
that the edge is actually a circle Let the plate now move along the 
sheet of paper with uniform translation If, at the same time, the 
index rotates slowly, its point runs unceasingly along the edge of 
the plate in this sense the disc is circular dui mg translation too 
Suppose the edge of the disc to coincide exactly with the curve o 
at a definite moment If we measure o by means of measuring 
rods that are at rest, we find that c is Dot a cncle but an ellipse 
This phenomenon is shown graphically in Fig 11 We have 
added the sjstem of reference l', x\, x , with respect to which the 
disc is at rest Any plane V = const intersects the light cone 
in this system of reference in a circle “that exists for a single 
moment " The cylinder above it erected in the direction of the 
t'-axis represents a circle that is at rest in the accented system, 
and hence marks off that part of the wort d which is passed over 
by our disc The section of this cylinder aDd the plaiie t = 0 is 
not a circle but an ellipse The right-angled cylinder constructed 
13 
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on it in the direction of the f-axis represents the constantly present 
curve traced on the paper 

If we now inquire what physical laws are necessary to dis- 
tinguish normal co-ordinate systems fiom all other co-ordinate 
systems (m Rieinann’s sense), we learn that we require only 
Galilei's Pi mciple of Relativity and the law- of the propagation of 
light, by means of light-signals and point-masses moving under no 
foices — even if we have only hmall limits of velocity within which 
the lattei may move — vve are m a position to fix a co-ordinate 
system o! this Kind To see this we shall next add a corollary 
to Galilei's Principle of Ineitia 11 a clock shares in the motion of 
the point-tnass moving under no forces, then its time-data are a 
measure of the “ pioper-time ” s of the motion Galilei’s principle 
states that the woild-lme of the point is a straight line, we 
elahoiatc this hy stating furthei that the moments of the motion 



characterised In 4 = 0, 1, 2, .1, (or hy any arithmetical series 

ot values of s) represent equidist int points along the straight line, 
lly introducing the paiamcter of piopei-time to distinguish the 
various stages of the motion vve get not only a line in the four- 
dirnonsional woild hut also a “motion ” m it (cf the definition on 
p 105) and accoidmg to Galilei this motion is a translation 

The woi Ulqvomts constitute a foui -dimensional manifold , this is 
peihaps the most cettain fact of oui empirical knowledge We 
shall call a system of foui co-oidinates x, (i = 0, 1, 2, 3), which are 
used to fix these points in a ceitam poition of the world, a linear 
co-ordinate By B tern, if the motion of point-mass under no forces 
and expressed in terms of the parameter s of the proper-time be 
represented by formulae in which the x,’s are linear functions of c. 
The fact that there are such co-ordinate systems is what the law of 
inertia really asserts After this condition of linearity, all that is 
neoessaiy to define the co-ord-nate system fully is a linear Irons- 
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formation That is, if x x , x\ are the oo-ordinateB icspectively of 
one and the same world-point in two different linear co-ordinate 
systems, then the zu’s must be linear functions of the x 's By 
simultaneously interpreting the ar,’s as Cartesian co-ordinates in a 
four-dimensional Euclidean spaee, the co-ordmate system furnishes 
us with a representation of the woild (or of the portion of world 
in which the jr.’s exist) on a Euclidean space of repiesentation 
We may, therefon , formulate our pioposition thus A re- 
presentation of two Euclidean spaces by one another (or in other 
words a tiansfounation from one Euclidean space to nnothei), such 
that stiaight lines become straight lines and a senes of equidistant 
points become a senes of equidistant points is necessarily an 
affine transformation Eig 12 which tepiesents Mobius’ mesh- 
constiuction (vuie note H) may suffice to indicate the pioof to 
the reader It is obvious that this mesh-system may bo airanged 
so that the three dn actions of the stiaight lines composing it may 
be derived fiom a given, arbitrarily thin, cone cairying these 



directions on it, the above geometncal theorem 1 c mains valid even 
if we only know that the stiaight lines whose directions belong to 
this cone become straight lines again as a result of the transfor- 
mation 

Galilei’s Principle of Inertia is sufficient in itself to prove 
conclusively that the woild is affine in ehaiactn it will not, 
however, allow us deduce any further result The metrical ground- 
form (xx) of the world is now accounted for by the process of hght- 
propagation A light-signal emitted fiom 0 arrives at the world- 

point A if, and only if, x = OA belongs to one of the two conical 
sheets defined by (xx) = 0 This determines the quadiatic form 
except for a constant factor , to hx the latter we must choose an 
arbitrary unit-measure (cf Appendix I) 

§ 22, Relativistic Geometry, Kinematics, and Optics 

We shall call a world-vector x space-like or time-like, accord- 
ing as (xx) is positive or negative Time-like vectors are divided 
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into those that point into the future and those that point into the 
pait. We shall call the invariant 

As = « J - (xx) (25) 

of a time-like vector x which points into the futuie its proper-time. 
If we set 

x = As e 

then e, the direction of the time-like displacement, is a vector that 
points into the future, and that satisfies the condition of normality 
(ee) = - 1 

As in Galilean geometry, so in Einstein’s woild-geometry we 
must resolve the world into space and time by projection 

in the direction of a time-like vector e pointing into the future and 
normalised by the condition (ee) = - 1 The process of projection 
was discussed in detail in § 19 The fundamental formulae (3), (5), 
(5') that are set up must here be applied with e = - 1 * World- 
points for which the vector connecting them is proportional to e 
coincide at a space-point which we may mark by means of a point- 
mass at rest, and which we may represent graphically by a world- 
line (straight) parallel to e. The three-dimensional space /? e that 
is generated by the projection has a metncal character that is 
Euclidean since, for every vector x* which is orthogonal to e, that 
is, every vector x’ that satisfies the condition (x*e) = 0, (x*x*) is 
a positive quantity (except in the case in which x* = 0 , cf § 4) 
Every displacement x of the world may be split up according to 
the formula 

X =» At | X 

At is its duration (called “ height ” in § 19) x is the displacement 
it produces in the space R t 

If e v e 2 , e 3 form a co-ordinate system m ff e , then the world- 
displacements e 1 , e», e 3 that are orthogonal to e = e 0 , and that pro- 
duce the three given space-displacements, form in conjunction with 
e„ a co-ordinate system, which belongs to R e , for the world-points 
It is normal if the three vectors e, in R t form a Cartesian co-ordmate 
system In every case the system of co-efficients of the metrical 
groundform has, in it, the form 

- 1 0 0 0 

0 ffn ffi2 ffi3 

0 9n 9 22 923 

# 0 9 21 9 22 9 22 

* Here the units of space and time are chosen so that the velocity of light 
t » vacuo becomes equal to 1 To arrive at the ordinary unite of the c.g s. 
systems, the equation of normality (ee) = - 1 must be replaced by (ee) = - c*, 
and e must be taken equal to - c'K 
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The proper time As of a time-like vector * pointing into the 
future (and for which X = As e) is equal to the duration of x in the 
space of reference /?«, in which x calls forth no spatial displacement 
In the sequel we shall have to contrast several ways of splitting up 
quantities into terms of the vectors e, e', . . . ; 6 (with or without 
an index) is always to denote a time-like world-vector pointing into 
the future and satisfying the condition of normality (ee) = - 1 
Let K be a body at rest in R e , K’ a body at rest in R' e K' 
moves with uniform translation in Re If, by splitting up e' into 
terms of e, we get in R e 

e = h | hu (26) 

then K' undergoes the space-displacement hu during the time (l e 
with the duration) h m R e Accordingly, u is the velocity of K' in 

R. or the relative velocity of K' with respect to K, Its magni- 
tude is determined by v J = ( uu ) By (3) we have 

h = - (e'e) (27) 

on the other hand, by (5) 

1 = - (e'e') = h* - h 2 (uu) = h 2 ( 1 - v 2 ), 

thus we get 

h = •, 1 - 
Jl - v- 


If, between two moments of K”s motion, it undeigoes the world- 
displacement As e', (26) shows that h As = At is the duration of 
this displacement in Re The proper time As and the duration At of 
the displacement in R e are related by 

As = At Jl - v 2 (29) 


Since (27) is symmetrical in e and e', (28) teaches us that the 
magnitude of the relative velocity of K' with respect to K is 
equal to that of K with respect to K'. The vectonal relative 
velocities cannot be compared with one another since the one 
exists in the space Re, the other in the space Re 

Let us consider a partition into three quantities e, e t , e 2 Let 
K v K 2 be two bodies at rest in R ev Re 2 icspectively Suppose we 
have in Re 


Cj = | /jjiq 

®2 = fyi I ^2^2 


h x 

h 2 


1 _ 

Ji - v 
1 

n/L-V 


Then 


- (Ms) - h \K I 1 - (<W}- 
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Hence, if and K„ have velocities u v v 3 respectively in /?*, with 
numerical values v v v 2 , then if these velocities v v U 2 make an angle 
6 with each other, and if v V2 = v it is the magnitude of the velocity 
of K 2 relatively to K ± (or vice versa), we find that the formula 

v,v 2 c os 6 _ 1 / 3( « 

Jl _ Vl * J 1 - d 2 2 n/1 - V V 

holds it shows how the relative velocity of two bodies is 
determined from their given velocities. If, using hyperbolic 

functions, we set v = tanh v for each of the values v of the velocity 
(v being <1), we get 

cosh Mj cosh n i — sinh u 1 sinh u. 2 cob 6 = cosh u 12 
This formula becomes the cosine theorem of spherical geometry 
if we replace the hyperbolic functions by their corresponding trigo- 
nometrical functions , thus u V2 is the side opposite the angle 0 in a 



triangle on the Bolyai-Lobatsehefsky plane, the two remaining sides 
being Mj and u 2 

Analogous to the relationship (29) between time and proper- 
time, there is one between length and statical -length We shall 
use Re as our space of reference Let the individual point- 
masses of the body at a definite moment be at the world- 
points 0, A, The space-points 0, A, at R e at which they 
are situated form a figure in Re, on which we can confer duration, by 
making the body leave behind it a copy of itself at the moment under 
consideration m the space Re , an example of this was presented in 
the illustration given at the close of the preceding paragraph. If, 
on the other hand, the world-points O, A, . are at the space- 
points O', A', . in the space Re in which 2T is at rest, then 
O', A’, , constitute the statical shape of the body K (cf. Fig 13, 

in which orthogonal world-distances are drawn perpendicularly). 
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Thera is a transformation that connects the part of R t , which re- 
ceives the imprint or oopy, and the statical shape of the body in 
Re'. This transformation transforms the points A, A' into one 
another. It is obviously affine (in fact, it is nothing more than 
an orthogonal projection) Since the world-pomts 0, A are simul- 
taneous for the partition into e, we have 

OA = x = 0 | X m R % , and x = OA 

By formula (5) 

OA 2 = (xx) = (xx) 

O' A" 1 = (xx) + (xe') a 

If, however, we determine (xe') in Re by (5') we get 

(xe') = h (xu) 

and hence 

O' A' 2 = (xx) + 

If we use a Cartesian co-ordinate system x v x,,, x, in /? e with 0 as 
origin, and having its axis in the direction of the velocity v, then 
if x v x. v x i are the co-ordinates of A , we have 

OA 2 = -V + xf + xf 

WJ- = j 3 ~i+ x -i + x i = x 'i + x'i + x 's 
in the last teim of which we have set 


VI 


x „ = v, 


(31) 


By assigning to every point in Re with co-ordinates (r v x 2 , x 3 ) the 
point with co-ordinates (x\, x t , x 3 ) as given by (31), we effect a. 
dilatation of the imprinted copy in the latio 1 J\ — jp along the 
direction of the body’s motion Our formula! assert that the copy 
thereby assumes a shape congruent to that of the body when at 
rest , this is the Lorentz-Fitzgerald contraction. In particular, 
the volume V that the body K‘ occupies at a definite moment in the 
space Re is connected to its statical volume V 0 by the relation 


v= v 0 jr~- v * 


Whenever we measure angles by optical means we determine 
the angles formed by the light-rays for the system of reference in 
which the (rigid) measuring instrument is at rest Again, when 
our eyes take the place of these instruments it is these angles that 
determine the visual form of objects that he within the field of vision. 
To establish the relationship between geometry and the observation 
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of geometrical magnitudes, we must therefore take optical con- 
siderations into account The solution of Maxwell’s equations for 
light-rays in the aather as well as in a homogeneous medium, which 
is at rest m an allowable reference system, is of a form such that 
the component of the “phase" quantities (in complex notation) 
are all 

= const 

in which <3 = ®(P) is, with the omission of an additive constant, 
the phase determined by the conditions set down , it is a function 
of the world-point which here occurs as the argument If the 
world co-ordinates are transformed linearly in any way, the com- 
ponents in the new co-ordinate system will again have the same 
form with the same phase-function ® The phase is accordingly 
an invariant For a plane wave it is a linear and (if we ex- 
clude absorbing media) real function of the world-co-ordinates 
of P , hence the phase-difference at two arbitrary points ®(B) - ®(.4) 

is a linear foim of the arbitrary displacement x = AB, that is, 
a co-variant woild-veetor If we represent this by the corre- 
sponding displacement 1 (we shall allude to it briefly as the light- 
ray 1) then 

®(B) -®{A)~ (lx) 

If we split it up by means of the time-like vector e into space and 
time and set 

1 -*\\a (32) 

so that the space-vector a in R e is of unit length 

x = At ) Jf, 

then the phase-difference is 

From this we see that v signifies the frequency, q the velocity of 
transmission, and a the direction of the light-ray in the space R e 
Maxwell’s equations tell us that the velocity of transmission q = 1 , 
or that 

(II) = 0 

If we split the world up into space and time in two ways, 
firstly by means of e, secondly by means of e', and distinguish the 
magnitudes derived from the second process by accents we imme- 
diately find as a result of the invariance of (II) the law 


( 33 ) 
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If we fix our attention on two light-rays 1 1P 1 2 with frequencies 
v x , v 2 and velocities of transmission q v q 2 then 


{l ' h) = - *} 


7i <h 

If thoy make an angle <o with one another, then 


cos o> 


J 

"1 ? 1?2 


- 1 } = y>' 


, , f COS 1 


V 


7i9. 


For the aether, these equations become 


q = q( = 1), v l v i sin- „ = v\v‘, sm 


1 - 
2 


(34) 

(35) 


Finally, to get the relationship between the frequencies y and v 
we assume a body that is at rest in R e ’ , let it have the velocity u 
in the space /? e , then, as before, we must set 


e' = h [ ho in R t 


(26) 


From (26) and (32) it follows that 

-■ - - a.) - ■*{> - <&} 


Accordingly, if the direction of the light-ray in J? a makes an angle 
6 with the velocity of the body, then 


^ v cos 6 

v ’ = ~ q 
v mJi - V* 


(36) 


(36) is Doppler s Principle For example, since a sodium-molecule 
which is at rest in an allowable system remains objectively the 
same, this relationship (36) will exist between the frequency v of a 
sodium-molecule which is at rest and y the frequency of a sodium- 
molecule moving with a velocity y, both fiequencies being observed 
m a spectroscope which is at rest, 6 is the angle between the 
direction of motion of the molecule and the light-ray which enters 
the spectroscope If we substitute (36) m (33) we get an equation 
between q and q which enables us to calculate the velocity of pro- 
pagation q in a moving medium from the velocity of propagation q 
in the same medium at rest , for example, in water, v now re- 
presents the rate of flow of the water , 6 represents the angle that 
the direction of flow of the water makes with the light-rays If 
we suppose these two directions to coincide, and then neglect powers 
of v higher than the first (since v is in practice very small compared 
with the velocity of light), we get 

q - q + v(l - q *) 
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that is, not the whole of the velocity v of the medium is added to 
the velocity of propagation, but only the fraction 1 - — z 'which 

n — — , > is the index of refraction of the medium^ Fresnel’s “ con- 

vection-co-effioient ” 1 - — „ was determined experimentally by Fizeau 

long before the advent of the theory of relativity by making two 
light-rays from the same source interfere, after one had travelled 
through water which was at rest whilst the other had travelled 
through water which was in motion (vide note 9) The fact that the 
theory of relativity accounts for this remarkable result shows that 
it is valid for the optics and electrodynamics of moving media 
(and also that m such cases the relativity principle, which is derived 
from that of Lorentz and Einstein by putting q for c, does not hold , 
one might be tempted to believe this erroneously from the equation 
of wave-motion that holds in such cases) We shall find the 
special form ol (34) for the cether, in which q = q' = 1 (cf 35), to be 



(1-u cos dj) (1 - v cos fl.d 
l-ii- 



If the refeicnce-space /?« happens to be the one on which the 
theory of planets is commonly founded (and m which the centre of 
mass of the solar system is at rest), and if the body m question 
is the earth (on which an observing instrument is situated), v its 
velocity in ff e , <u the angle in ff* that two rays which reach the 
solar system from two infinitely distant stars make with one another, 
0 V & 2 the angles which these rays make with the direction of motion 
of the earth in /? a , then the angle <«', at which the stars are observed 
from the earth, is detei mined by the preceding equation We 
cannot, of course, measure o», but we note the changes in to (the 
aberration) by taking account of the changes in 0 1 and d,, in the 
course of a year 

The formula) which give the relationship between time, proper- 
time, volume and statical volume are also valid in the case of non- 
uniform motion. If dx is the infinitesimal displacement that a 
moving pomt-mass experiences dui mg an infinitesimal length of time 
in the world, then 

dx = ds u (un) = - 1 , ds> 0 
give the proper-time ds and the world-direction u of this displace- 
ment The integral 

l dS ~ 
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taken over a portion of the world-line is the proper-time that 
elapses during this part of the motion it is independent of the 
manner m which the world has been split up into space and time 
and, provided the motion is not too rapid, will be indicated by a 
clock that is rigidly attached to the point-mass If we use any 
linear co-ordinates x t whatsoever in the world, and the proper-time 
s as our parameters to represent our world-line analytically (just 
as we use length of arc in three-dimensional geometry), then 

dx, 

~= u' 
ds 


are the (contra-variant) components of u, and we get J u ,M l = - 1 

l 

If we split up the world into space and time by means of e, we find 


J. _ 

jr- 


j i -~ 


111 Re 


in which v is the velocity of the mass-pomt , and we find that the 
time dt that elapses during the displacement dx in R e and the 
proper-time ds are connected by 


ds — dt Ji - v * ( 37 ) 

If two world -points A, B are so placed with respect to one another 

“*> 

that AB is a time-like vector pointing into the future, then A and 
B may be connected by world-lines, whose directions all likewise 
satisfy this condition in other woids, point-masses that leave A 
may reach B The proper-time necessary for them to do this is 
dependent on the world-line , it is longest for a point-mass that 
passes from A to B by uniform translation For if we split up 
the world into space and time m such a way that A and B occupy 
the same point in space, this motion degenerates simply to lest, and 
we derive the proposition (37) which states that the proper-time 
lags behind the time t The life-piocesses of mankind may well 
be compared to a clock Suppose we have two twin-brothers who 
take leave from one another at a world-point A, and suppose one 
remains at home (that is, permanently at rest in an allowable 
reference- space), whilst the other sets out on voyages, during 
which he moves with velocities (relative to “ home ”) that approxi- 
mate to that of light When the wanderer returns home in later 
years he will appear appreciably younger than the one who stayed 
at home 

An element of mass dm (of a continuously extended body) that 
moves with a velocity whose numerical value is v occupies at a 
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particular moment a volume dV which is connected with its 
statical volume dV 0 by the formula 

dV=dV 0 

dm 


Accordingly, we have the relation between the density 


dV 


fi. and 


the statical density 


dm 

dv : 




H = P Jl - i > 2 


is an invariant, and p. 0 u with components p. 0 u is thus a contra- 
variant vector, the “flux of mattei,” which is determined by the 
motion of the mass independently of the co-ordinate system It 
satisfies the equation of continuity 


'V 3 J>o w ) = o 

L. 

l 

The same remarks apply to electricity If it is associated with 
matter so that de is the electric charge of the element of mass dm, 

then the statical density p n — 'jy- is connected to the density p = 

de 
dV 

Po = P s/l - V 2 , 

then 

s l = p 0 W* 


b y 


are the contra-variant components of the electric current (4-vector) , 
this corresponds exactly to the results of § 20 In Maxwell's 
phenomenological theory of electricity, the concealed motions of 
the electrons are not taken into account as motions of matter, con- 
sequently electricity is not supposed attached to matter m his 
theory The only way to explain how it is that a piece of matter 
carries a certain charge is to say this charge is that which is simul- 
taneously in the portion of space that is occupied by the matter 
at the moment undei considei ation Fiom this we see that the 
charge is not, as in the theory of electrons, an invariant determined 
by the portion of matter, but is dependent on the way the world 
has been split up into space and time 


§23. The Electrodynamics of Moving Bodies 

By splitting up the world into space and time we split up all 
tensors We shall first of all investigate purely mathematically 
how this comes about, and shall then apply the results to derive 
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the fundamental equations of electrodynamics for moving bodies. 
Let us take an ra-dimensional metrical space, which we shall call 
“ world,” based on the metrical groundform (xx) Let e be a 
vector m it, for which (ee) = e =f= 0 We split up the world in the 
usual way into space ff e and time in terms of e Let e v e„, 
e„ - 1 be any co-ordinate system in the space /? e , and let e,, e 2 
e n - 1 be the displacements of the world that are orthogonal to 
e = e 0 and that are produced in /?„ by e 1( e,, e n . i In the 
co-ordinate system e t (» = 0, 1, 2, n - 1) “belonging to R e ” 
and representing the world, the scheme of the co-variant com- 
ponents of the metrical ground-tensor has the form 

e 0 0 

0 9n 9 22 (' 1 = 3 ) 

0 9 21 922 

As an example, we shall consider a tensor of the second order and 
suppose it to have components T in this co-ordinate system 
Now, we assert that it splits up, m a manner dependent only on 
6, according to the following scheme 


r«o 

2*01 2 oj 

2% 

^20 

2\i T vi 

Tn 


that is, into a scalar, two vectors and a tensor of the second order 
existing in /?„, which are here characterised by then components in 
the co-ordinate system e l (i = 1, 2, n - 1) 

For if the arbitrary world-displacement x splits up in terms of 
6 thus 

X = i\x 

and if, when we divide x into two factors, one of which is pro- 
portional to e and the other orthogonal to e, we have 

x = £e + x* 

then, if x has components £*, we get 

7i-l n - 1 n - 1 

x ■= J**, £= (°, x* = x = J^e t . 

1=0 t = l 1=1 

Thus, without using a co-ordinate system we may represent the 
splitting up of a tensor in the following manner If x, y are any 
two arbitrary displacements of the world, and if we set 

X = £e + X* y = v e + y* 


(38) 
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so that x* and y* are orthogonal to e, then the bilinear form 
belonging to the tensor of the second order is 

T(x y) = £>/T(ee) + >?T(x*e) + £T(e y*) + T(x*y*) 

Hence, if we interpiet x*, y* as the displacements of the world 
orthogonal to e, which produce the two arbitrary displacements 
x, y of the space, we get 

1 a scalar T(ee) = / = </, 

2 two linear lorms (vectors) in the space Re, defined by 

L (x) = 7’(x*e), /.'(Jr) - T(ex*), 

3 a bilinear form (tensor) in the space Re, defined by 

T(xy) = T(x*y*) 

If X, y are arbitrary world-displacements that produce X, y, 
respectively in Re we must replace x*, y* in this definition by 
x - £e, y - i?e in accordance with (38) , in these, 

t = ^(m). n = ^(ye) 

If we now set 

T(xe) = L(x), T(ex) = L'(x), 

we get 

i(x) = L(x) - ~(xe), L'(x) = L'(x)-~(xt) 

T(xy) = T(xy) - ~(ye)L(x) - ^(xe)L'(y) + p(xe)(ye) 

The linear and bilinear forms (vectors and tensors) of /? e on the left 
may be represented by the world-vectors and world-tensors on the 
right which are derived uniquely from them In the above re- 
presentation by means of components, this amounts to the following 
that, for example, 

rp rp 0 0 0 

T = 11 _ 12 is icpresented by 0 T n T v , . 

J-22 n t T 

It is immediately clear that in all calculations the tensors of space 
may be replaced by the representative world-tensors We shall, 
however, use this device only in the case when, if one space-tensor 
is X times another, the same is true of the representative world- 
tensors 

If we base our calculations of components on an arbitrary 
co-ordinate system, in which 

e = (e°, e 1 , e"' 1 ) 

then the invariant is 



J = Titfi l e k and e — e l e t 
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But the two vectors and the tensor in have as their representatives 

in the world, according to (39), the two vectors and the tensor with 
components 


L 


L 


T 



L = T lk e“, 

L\ = Tk,e k , 


T lk 


e k L, + tJJ-k J 
e + 


In the case of a skew-symmetrical tensor, J becomes = 0 and 
L' — — L , our formula degenerate into 


L L t - r,;** 
r „, , e,L L - a„L, 

I J-ik + 


A linear world-tensor of the second order splits up in space into a 
vector and a linear space- tensor of the second order 

Maxwell’s field-equations for bodies at rest have been set out in 
§ 20 H Hertz was the first to attempt to extend them so that 
they might apply generally for moving bodies Faraday’s Law of 
Induction states that the time-decrement of the flux of induction 
enclosed in a conductor is equal to the induced electromotive force, 
that is 

j E * w 

The surface-integral on the left, if the conductor be in motion, must 
be taken over a surface stretched out inside the conductor and 
moving with it Since Faraday’s Law of Induction has been proved 
for just those cases m which the time-change of the flux of induction 
within the conductor is brought about by the motion of the con- 
ductor, Hertz did not doubt that this law was equally valid for 
the case, too, when the conductor was in motion The equation 
div B = 0 remains unaffected From vector analysis we know that, 
taking this equation mto consideration, the law of induction (40) 
may be expressed in the differential form 


1 -\I> 1 

cuil E = - --jj + - curl |yB] . (41) 

DB 

in which denotes the differential co-efficient of B with respect 

to the time for a fixed point in space, and y denotes the velocity of 

the matter. 

Remarkable inferences may be drawn from (41) As m Wilson’s 
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experiment (vide note 10), we suppose a homogeneous dielectric be- 
tween the two plates of a condenser, and assume that this dielectric 
moves with a constant velocity of magnitude ¥ between these plates, 
which we shall take to be connected by means of a conducting 
wire Suppose, further, that there is a homogeneous magnetic field 
II parallel to the plates and perpendicular to Y We shall imagine 
the dielectric separated from the plates of the condenser by a 
narrow empty space, whose thickness we shall assume -> 0 in the 
limit It then follows from (41) that, in the space between the 

plates, E - ^ [yB] is derivable from a potential, since the latter 

must be zero at the plates which are connected by a conducting 

wire it is easily seen that we must have E = - [yB] Hence a 

homogeneous electric field of intensity E = ^ vH (in which fx de- 
notes permeability) arises which acts perpendicularly to the plates 
Consequently, a statical charge of surface-density ~ vH (e = di- 
electric constant) must be called up on the 
plates If the dielectric is a gas, this effect 
should manifest itself, no matter to what degree 
the gas has been rarefied, since e/x converges, 
not towaids 0, but towards 1, at infinite rare- 
faction This can have only one meaning if 
we aie to retain our belief in the aether, 
namely, that the effect must occur if the 
aether between the plates is moving relatively 
to the plates and to the aether outside them. 
To explain induction we should, however, 
be compelled to assume that the aether is 
dragged along by the connecting wire * 
General observations, Fizeau’s experiment 
dealing with the propagation of light in flowing water, and 
Wilson’s experiment itself, prove that this assumption is incor- 
rect Just as in Fizeau’s experiment the convection-co-efficient 

1 - ^ appears, so in the present experiment we observe only a 
change of magnitude 



* In (41) v signified the velocity o£ the sether, not relative to the matter, 
bat relative to what ? 
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which vanishes when ep = 1 This seems to be an inexplicable 
contradiction to the phenomenon of induction in the moving 
conductor. 

The theory of relativity offers a full explanation of this If, as 
in § 20, we again set ct = x 0 , and if we again build up a field F 
out of E and B, and a skew-symmetrical tensor H of the second 
order out of D and H, we have the field-equations 

— ^ + d-F/t + ~t>F lk _ q a 
7>JC k iT[ 

yg* = [ (42) 

Z Zx L J 

These hold if we regard the F, k ’s as co-variant, the H lk 's as contra- 
variant components, in each case, of a tensor of the second order, 
but the s l ’s as the contra-variant components of a vector in the 
four-dimensional world, since the latter are invariant in any 
arbitrary linear co-ordinate system The laws of matter 
D = cE B = pH s = (xE 

signify, however, that if we split up the world into sppce and time 
in such a way that matter is at rest, and if F splits up into E | B, 
H into D | H, and s into p | 8, then the above relations hold If 
we now use any arbitrary co-ordinate system, and if the world - 
direction of the matter has the components u l m it then, after our 


explanations above, these facts assume the form 

(a) II : = € F: (43) 

m which F* = F lk u k and II* = H lk u k 

(l b ) F^ - (u,Ft - u k Ft) = pl{Hu. - (u t Hk - (44) 

and (c) s, + u x [s k u k ) = a-F* (45) 

This is the invariant form of these laws For purposes of calcu- 
lation it is convenient to replace (44) by the equations 

F k iu t + F u u k + F xk u l = p {Hiuu, + H u u k + H lk u t \ (46) 


which are derived directly from them Our manner of deriving 
them makes it clear that they hold only for matter which is in 
uniform translation We may, however, consider them as being 
valid also for a single body in uniform translation, if it is separated 
by empty space from bodies moving with velocities differing from 
its own * Finally, they may also be considered to hold for matter 

* This is the essential point m most applications By applying Maxwell’s 
statical laws to a region composed, in each case, of a body K and the empty 
space surrounding it and referred to the system of reference in which K Is at 
13 
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moving in any manner whatsoever, provided that its velocity does 
not fluctuate too rapidly After having obtained the invariant form 
in this way, we may now split up the world m terms of any 
arbitrary e Suppose the measuring instruments that are used to 
determine the ponderomotive effects of field to be at rest in R t . 
We shall use a co-ordinate system belonging to R t and thus set 


(# 10 . 


# 30 ) 

= (£,. 

E„ 

fs) 

= E 

(#!,._ 

#31- 

#,l) 


, So. 

fill) 

= B 

(# 10 . 

#io. 

#30) 

= (A,, 

d 2 , 

DJ 

= 1 ) 

(#13. 

#3.- 

#il) 

= (H 2I 

. #31. 

Hn) 

= H 

P. 


, S 2 , 

s 3 ) = 

(S 1 , 8 1 

s ■>) 

= s 

1 

Jl - V 

1 <« 

', u\ 

ft®) = 

(u\ U' 

Jl : 

2 , p 3 ) 

- V 2 

Y 

Jl - V 2 


we hereby again arrive at Maxwell’s field -equations, which are 
thus valid in a totally unchanged form, not only for static, 
but also for moving matter. Does this not, however, conflict 
violently with the observations of induction, which appear to 
require the addition of a teim as in (41)? No, for these 
observations do not really determine the intensity of field E, but 
only the current which flows in the conductor , for moving bodies, 
however, the connection between the two is given by a different 
equation, namely, by (45) 

If we write down those equations of (43), (45), which correspond 
to the components with indices * = 1, 2, 3, and those of (46), which 
correspond to 

(*M) = (230), (310), (120) 

(the others are superfluous), the following results, as is easily seen, 
come about If we set 

E + [vB] = E* D + [vH] = D* 

B - [vE] = B* H - [vD] = H* 

then 

D* = <E* B* = /*H* 

If, m addition, wo resolve s into the “ convection-current ” c and 
the “conduction-current” s*, that is, 

B = C + S* 

C = p*V p* = = P ~ (V8*) 

rest, we find no discrepancies occurring in empty space when we denve results 
from diflerent bodies moving relatively to one another, because the principle 
of relativity holds for empty space. 
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then 

o-E* 

8 = , 

J 1 - ifl 

Everything now becomes clear the current is composed partly of 
a convection-current which is due to the motion of charged matter, 
and partly of a conduction-current, which is detei mined by the 
conductivity & of the substance The conduction-current is cal- 
culated from Ohm’s Law, if the electromotive force is defined 
by the line-integral, not of E, but of E* An equation exactly 
analogous to (41) holds for E*, namely 

curl E* = - --- + curl [yB] (we now always take c = 1) 


or expressed in integrals, as in (40), 

- hH * 


|E*dr 


This explains fully Faraday’s phenomenon of induction in moving 
conductois For Wilson’s experiment, according to the present 
theory, curl E = 0, that is, E will be zero between the plates This 
gives us the constant values of the individual vectors (ot -which the 
electrical ones are perpendicular to the plates, whilst the magnetic 
ones are directed parallel to the plates and perpendicular to the 
velocity) these values are 

E* = vB* - VjxII* = fxv (H + vD) 

D-D* - vH = *E* - vH 


If we substitute the expression for E* m the first equation, we get 
D = v{(e/j. — 1 )H + ffj.v D\ 


D = 


^ 1 l vll 

1 - epir 


This is the value of the superficial density of charge that is called 
up on the condenser plates it agrees with our observations since, 
on account of v being very small, the denominator in our formula 
differs very little ftom unity 

The boundary conditions at the boundary between the matter 
and the aether are obtained from the consideration that the field- 
magnitudes F and H must not suffer any sudden (discontinuous) 
changes in moving along with the matter , but, in general, they will 
undergo a sudden change, at some fixed space-point imagined 
in the aether for the sake of clearness, at the instant at which the 
matter passes over this point If s is the proper-time of an ele- 
mentary particle of matter then 


dF,* 




l 
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must remain finite everywhere. If we set 

d-Fi k ^ _ fisFjd 3J)A 
Tsxi ~ \ ix l iXk ) 

we see that this expression 

_ 3 FJ _ 3F* 

Consequently, E* cannot have a surface-curl (and B cannot have a 
surface -di vergen ce) 

The fundamental equations for moving bodies were deduced by 
Lorentz from the theory of electrons in a form equivalent to the 
above before the discovery of the principle of relativity This is 
not surprising, seeing that Maxwell’s fundamental laws for the 
fflther satisfy the principle of lelativity, and that the theory of 
electrons derives those governing the behaviour of matter by build- 
ing up mean values from these laws Fizeau’s and Wilson’s ex- 
periments and another analogous one, that of Rontgen and Eichwald 
(vide note 11), prove that the electromagnetic behaviour of matter is 
in accoidance with the principle of relativity, the problems of the 
electrodynamics of moving bodies first led Einstein to enunciate it 
We are indebted to Minkowski for recognising clearly that the 
fundamental equations for moving bodies are determined uniquely 
by the principle of relativity if Maxwell’s theory for matter at rest 
is taken for granted He it was, also, who formulated it m its 
final form (vide note 12) 

Our next aim will be to subjugate mechanics, which does not 
obey the principle in its classical form, to the principle of relativity 
of Einstein, and to inquire whether the modifications that the latter 
demands can be made to harmonise with the facts of experiment 

24. Mechanics according to the Principle of Relativity 

On the theory of electrons we found the mechanical effect of the 
electromagnetic field to depend on a vector p whose contra-variant 
components are 

pi = Fik Sk = p 0 F^Uk 

It therefore satisfies the equation 

l> l Ui = (pu) = 0 (47) 

m which u is the world-direction of the matter If we split up p 
and U in any way into space and time thus 

U = h | ho \ 

P = M P f 


( 48 ) 
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we get p as the force-density and, as we see from (47) or from 

- (pu ) } = 0 

that A is the work-density 

We arrive at the fundamental law of the mechanics which 
agrees with Einstein’s Principle of Relativity by the same method 
as that by which we obtain the fundamental equations of electro- 
magnetics We assume that Newton’s Law remains valid in the 
system of reference m which the matter is at rest We fix our 
attention on the point-mass m, which is situated at a definite world- 
point 0 and split up our quantities in terms of its world-direction u 
into space and time m is momentarily at rest in R u Let fi 0 be 
the density in R u of the matter at the point 0 Suppose that, after 
an infinitesimal element of time ds has elapsed, m has the world- 
direction u + du It follows from (uu) = - 1 that (u du) — 0 
Hence, splitting up with respect to U, we get 


It follows from 


du = 0 


U + du = 1 


p = 0 


that du is the relative velocity acquired by m (in R u ) during the 
time ds Thus there can be no doubt that the fundamental law of 
mechanics is 

du 

^ds = P 

Prom this we deuve at once the invanant foim 


^ds = P 


which is quite independent of the mannei of splitting up In it, p 0 
is the statical density, that is, the density of the mass when at 
rest , ds is the proper-time that elapses during the infinitesimal 
displacement of the particle of matter, dining which its world- 
direction increases by du. 

Resolution into terms of u is a partition which would alter 
during the motion of the particle of matter If we now split up 
our quantities, however, into space and time by means of some 
fixed time-like vector e that points into the future and satisfies the 
condition of normality (ee) = — 1, then, by (48), (49) resolves into 


u*( 

' 1 1 

\ 

1 = A 

H ds\ 

, \/l — v l ) 

i 

At 

u \ 


^ dk 

. -Jl - V V 

= P 

j 


( 50 ) 
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If, in this partition or resolution, t denotes the time, dV the volume, 
and dV 0 the static volume of the particle of matter at a definite 
moment, its mass, however, being m = /i 0 dF 0 , and if 

pdv = P, \dV -= L 

denotes the force acting on the particle and its work, respectively, 
then if we multiply our equations by dV and take into account that 

, Tr d , s d d 

*> dV ds - m Jl ~ v Is = m It 


and that the mass m remains constant during the motion, we get 
finally 


d / m \ _ / 
dt\ ~Jl - v y 

d („ mu \ p 

dt\ _ i) 1 / 


(51) 

(52) 


These are the equations for the mechanics of the point-mass The 
equation of momentum (52) differs tiom that of Newton only in 
that the (kinetic) momentum of the point-mass is not mu but 

= j ^ The equation of energy (51) seems strange at first 


v‘ 

if we expand it into powers of v, we get 

mv' 1 

= ™ + ~ 2 ~- 


m 


v/1 - v- 


so that if we neglect higher powers of v and also the constant m 
we find that the expression foi the kinetic energy degenerates into 
the one given by classical mechanics 

This shows that the deviations from the mechanics of Newton 
are, as we suspected, of only the second order of magnitude in the 
velocity of the point-masses as compared with the velocity of light 
Consequently, in the case of the small velocities with which we 
usually deal in mechanics, no difference can be demonstrated ex- 
perimentally It will become perceptible only for velocities that 
approximate to that of light , in such cases the inertial resistance of 
matter against the accelerating force will increase to such an extent 
that the possibility of actually reaching the velocity of light is ex- 
cluded Cathode rays and the /3-radiations emitted by radio- 
active substances have made us familiar with free negative electrons 
whose velocity is comparable to that of light Experiments by 
Kaufmann, Bucherer, Ratnowsky, Hupka, and others, have shown m 
actual faot that the longitudinal acceleration caused in the electrons 
by an electric field or the transverse acceleration caused by a magnetic 
field is just that which is demanded by the theory of relativity. A 
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further confirmation based on the motion of the electrons circulating 
in the atom has been found recently m the fine structure of the 
spectral lines emitted by the atom (vide note 13) Only when we 
have added to the fundamental equations of the electron theory, 
which, in § 20, was brought into an invariant form agreeing with 
the principle of relativity, the equation s l = p 0 u l , namely, the asser- 
tion that electricity is associated with matter, and also the funda- 
mental equations of mechanics, do we get a complete cycle of 
connected laws, in which a statement of the actual unfolding of 
natural phenomena is contained, independent of all conventions of 
notation. Now that this final stage has been carried out, we may 
at last claim to have proved the validity of the principle of relativity 
for a certain region, that of electromagnetic phenomena 

In the electromagnetic field the ponderomotive vector p t is 
derived from a tensor Su, dependent only on the local values ot 
the phase-quantities, by the ioimulae 

W 

** = - ai* 

In accordance with the univeisal meaning ascribed to the conception 
energy in physics, we must assume that this holds not only for the 
electromagnetic field but for eveiy region ol physical phenomena, 
and that it is expedient to regard this tensor instead of the pondero- 
motive force as the primary quantity Our puipose is to discover 
for every legion of phenomena m what manner the eneigy-momen- 
tum-tensor (whose components -S',* must always satisfy the condition 
of symmetry) depends on the chaiacteristic field- oi phase-quantities 
The lett-hand side of the mechanical equations 

dw, 

^ ~ds = Vl 


may be reduced directly to terms of a ‘ kinetic ” enei gy- momentum 
tensor thus 


For 


ffi k — /V'UKll 

+ ^ 3-Zi 

0, on account of the equation of con- 
tinuity for matter , the second = y t) because 


= ur 

0x k 


The first term on the right 



3w, Sr* 
i>Xk 3s 


diii 

ds 


Accordingly, the equations of mechanics assert that the complete 
energy- momentum- tensor 2 1 ,* = I/,* -f 5,* composed of the kmetic 
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tensor U and the potential tensor S satisfies the theorems of con- 
servation 



The Principle of the Conservation of Energy is here expressed in 
its clearest form But, according to the theory of relativity, it is 
indissolubly connected with the principle ot the conservation of 
momentum and the conception momentum (or impulse) must 
claim just as universal a significance as that of energy. 
If we express the kinetic tensor at a world-pomt in terms of a 
normal co-oidinate system such that, relatively to it, the matter itself 
is momentarily at rest, its components assume a particularly simple 
form, namely, U m — /a 0 (or = cVo» if we use the c g s system, in 
which c is not = 1), and all the remaining components vanish 
This suggests the idea that mass is to be regarded as concentrated 
potential energy that moves on through space 


t. 25. Maas and Energy 

To interpret the idea expressed in the preceding sentence we 
shall take up the thread by leturmng to the consideration of the 
motion of the election So fai, we have imagined that we have to 
write tor the foice P in its equation of motion (52) the following 

P = c(E + [yH]) (e = chaige of the electron) 

that is, that P is composed of the impressed electric and magnetic 
fields E and H Actually, however, the electron is subject not 
only to the influence of these external fields dui mg its motion but 
also to the accompanying held which it itself generates. A 
difficulty arises, however, in the circumstance that we do not 
know the constitution of the electron, and that we do not know the 
nature and laws of the cohesive piessure that keepB the electron 
together against the enormous centrifugal torces of the negative 
charge compressed in it In any case the electron at rest and its 
electric field (which we consider as part of it) is a physical system, 
which is in a state of statical equilibrium — and that is the essential 
point Let us choose a normal co-ordmate system in which the 
electron is at rest Suppose its energy-tensor to have components 
fi*. The fact that the electron is at rest is expressed by the vanish- 
ing of the energy-flux of whose components are t m (i = 1, 2, 3) 
The 0 th condition of equilibrium 



( 53 ) 
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then tells us that the energy-density t 00 is independent of the time 
£E 0 On account of symmetry the components t lo (i = 1, 2, 3) of 
the momentum-density each also vanish. If td> is the vector whose 
components are t n , t 12 , t 13 , the condition for equilibrium (53), 
(» = 1), gives 

div = 0 

Hence we have, for example, 

div (a5 2 t (1) ) = £•> div t (1) + t V2 = t 1 , 
and since the integral of a divergence is zero (we may assume that 
the t’s vanish at infinity at least as fai as to the fourth order) we get 

^t u dx l dx i dx i — 0 

In the same way we find that, although the f^’s (for i, k = 1,2, 3) 

do not vanish, then volume integrals do so We may 

regard these circumstances as existing for eveiy system in statical 
equilibrium The result obtained may be expiessed by invanant 
formulae for the case of any aibitraiy co-oidmato system thus 

|< ll: d7 0 = Ethnic ( i , k - 0, 1, 2, 3) (54) 

E u is the energy-content (measuied in the space of reference for 
which the electron is at rest), u, are the co-variant components of 
the world-direction of the electron, and dV ti the statical volume ot 
an element of space (calculated on the supposition that the whole 
of space participates in the motion ot the electron) (54) is 
rigorously true for uniform translation We may also apply the 
formula in the case of non-uniform motion if U does not change 
too suddenly in space or in time The components 

^ 1 )t lk 

of the ponderomotive effect, exerted on the electron by itself, are 
however, then no longer = 0 

If we assume the electron to be entirely without mass, and if 
p l is the “ 4-force ” acting from without, then equilibrium demands 

that 

p‘ + p l = 0 . (55) 

We split up u and p into space and time in terms of a fixed e, getting 
u = h\hu, p = {p ') = X\p 

and we integrate (55) with respect to the volume dV = 
dF 0 J1 - v 2 . Since, if we use a normal co-ordinate system 
corresponding to /?«, we have 
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J p'dV — jp l dx l dx 2 dx & = - t l 0 dx 1 dx 2 dx a 

= ~~Jx u ( £ ° u ° u ‘ J 1 ~' vJ ) = " It (*>*> 

(in which x a = t, the time), we get 

X.&9) - 't-H 

These equations hold if the foiee P acting from without is not too 
E 

great compared with a , a being the radius of the electron, and if 

its density in the neighbourhood of the electron is practically 
constant They agree exactly with the fundamental equations of 
mechanics if the mass m is replaced by E In other words, 
inertia Is a property of energy. In mechanics we ascribe to 
every matenal body an invariable mass m which, in consequence of 
the manner in which it occuis in the fundamental law of mechanics, 
represents the inertia of matter, that is, its lesistance to the 
accelerating foices Mechanics accepts this inertial mass as given 
and as requiting no further explanation We now lecogmse that the 
potential energy contained in material bodies is the cause of this 
inertia, and that the value of the mass coi responding to the energy 
E v expiessed in the c g s system, in which the velocity ot light is 
not unit}', is 

m = E ; (56) 


We have thus attained a new, purely dynamical view of matter * 
Just as the theory of relativity has taught us to reject the belief that 
we can recognise one and the same point in space at different times, 

so now we see that there is no longer a meaning in speaking 
of the same position of matter at different times. The 

electron, which was formerly regarded as a body of foreign 
substance m the non-material electromagnetic field, now no longer 
seems to us a very small region marked off distinctly from the 
field, but to be such that, for it, the field -quantities and the 
electrical densities assume enormously high values An “ energy- 
knot ’’ of this type propagates itself m empty space in a manner no 
different from that m which a water-wave advances over the Burface 


* Even Kant in his Metaphyiiachen Anfangsgriinden de.r Naturivusenschaft, 
teaches the doctrine that matter fills space not by its mere existence but m 
virtue of the repulsive forces of all its parts. 
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of the sea, there is no “one and the same substance” of which the 
electron is composed at all times There is only a potential , and 
no kinetic energy-momentum-tensor becomes added to it The 
resolution into these two, which occurs in mechanics, is only 
the separation of the thinly distributed energy in the field 
from that concentrated in the energy-knots, electrons and 
atoms , the boundary between the two is quite indeterminate 
The theory of fields has to explain why the field is granular in 
structure and why these energy-knots preserve themselves per- 
manently from energy and momentum in then passage to and fro 
(although they do not remain fully unchanged, they retain their 
identity to an extraordinary degree of accuracy) , therein lies the 
problem of matter. The theory of Maxwell and Lorentz is 
incapable of solving it tor the primal y reason that the force of 
cohesion holding the election togethei is wanting in it What is 
commonly called matter is by its very nature atomic; for 
we do not usually call diflusely distributed eneigy matter Atoms 
and electrons are not, of course, ultimate invariable elements, 
which natural forces attack fiom without, pushing them hither and 
thither, but they are themselves distributed continuously and subject 
to minute changes of a fluid charactei in their smallest parts It is 
not the field that requires matter as its carrier in order to be able to 
exist itself, but matter is, on the contiaiy, an offspring of the 
field. The tot muljc that express the components of the energy- 
tensor l\/c m terms of phase-quantities of the field tell us the laws 
according to which the field is associated with energy and momen- 
tum, that is, with matter Since there is no sharp line of demai- 
cation between diffuse field-energy and that of electrons and atoms, 
we must broaden our conception of matter, if it is still to retain an 
exact meaning In future we shall assign the term matter to that 
real thing, which is represented by the energy-momentum-tensor 
In this sense, the optical field, for example, is also associated with 
matter Just as in this way matter is meiged into the field, so 
mechanics is expanded into physics For the law of conservation of 
matter, the fundamental law of mechanics 

y T* 

(57) 

t)Xk 

in which the T^'s are expressed in terms of the field-quantities, 
represents a differential relationship between these quantities, and 
must therefore follow from the field-equations In the wide sense, 
in which we now use the word, matter is that of which we take 
cognisance directly through our senses If I seize hold of a piece 
of ice, I experience the energy-flux flowing between the ice and 
my body as warmth, and the momentum-flux as pressure The 
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energy-flux of light on the surface of the epithelium of my eye 
determines the optical sensations that I experience Hidden behind 
the matter thus revealed directly to our organs of sense there is, 
however, the field. To discover the laws governing the latter 
itself and also the laws by which it determines matter we have a 
first brilliant beginning m Maxwell’s Theory, but this is not our 
final destination in the quest of knowledge * 

To account for the inertia of mattei we must, according to 
formula (56), ascribe a very considerable amount of energy-content 
to it one kilogram of water is to contain 9 10 2S ergs A small por- 
tion of this energy is energy of cohesion, that keeps the molecules 
or atoms associated together in the body Another portion is the 
chemical energy that binds the atoms together in the molecule and 
the sudden libeiation of which we observe m an explosion (in solid 
bodies this chemical energy cannot be distinguished from the energy 
of cohesion) Changes m the chemical constitution of bodies or m 
the grouping of atoms ot elections involve the energies due to the 
electric forces that bind togethei the negatively charged electrons 
and the positive nucleus , all ionisation phenomena are included 
in this category The energy of the composite atomic nucleus, of 
which a part is set free during ladioactive disintegration, far exceeds 
the amounts mentioned above The greater part of this, again, 
consists of the intrinsic energy of the elements of the atomic nucleus 
and of the electrons We know of it only through inertial effects, 
as we have hitherto — owing to a mercilul Providence — not dis- 
covered a means of bunging it to “ explosion ” Inertial mass 
varies with the contained energy. If a body is heated, its 
inertial mass incieases, if it is cooled, it decreases, this effeot is, of 
course, too small to be observed directly 

The foregoing treatment of systems in statical equilibrium, in 
which we have in general followed Laue,+ was applied to the electron, 
with special assumptions concerning its constitution, even before 
Einstein’s discovery of the principle of lelativity The electron was 
assumed to be a sphere with a uniform charge either on its surface 
or d.stributed evenly throughout its volume, and held together by 
a cohesive pressure composed of forces equal in all directions and 


directed towards the centre The resultant “ electromagnetic mass ” 
E 

-y agrees numerically with the results of observation, if one 


ascribes a radius of the order of magnitude 10 ~ 18 cms to the 
electron. There is no cause for surprise at the fact that even before 


* Later we shall once again modify our views of matter, the idea of the 
existence of substance has, however, been finally quashed 
+ Vxde note 14. 
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the advent of the theory of relativity this interpretation of electronic 
inertia was possible, for, in treating jleotrodynamios after the 
manner of Maxwell, one was already un jonsciously treading in the 
steps of the principle of relativity as far as this branch of pheno- 
mena is concerned We are indebted to Einstein and Planck, 
above all, for the enunciation of the me/tia of energy (vide note 15) 
Planck, m his development of dynamics', started from a “ test body ” 
which, contrary to the electron, was fully known although it was 
not in the ordinary sense material, namely, cavity-radiation in 
thermo-dynamical equilibrium, as produced according to Kirchoff's 
law, in every cavity enclosed by Walls at the same uniform 
temperature 

In the phenomenological theories in which the atomic structure 
of matter is disregarded we imagine the energy that is Btored up 
in the electrons, atoms, etc , to be distributed uniformly over the 
bodies We need take it into consideration only by introducing the 
statical density of mass p. as the density of energy m the energy- 
momentum-tensor — refened to a co-ordmato system m which the 


matter is at rest Thus, if in hydio ^dynamics we limit ourselves to 
adiabatic phenomena, we must set j 

7 Mo 1 0 0 0 

I 1 1 0 0 p 0 

0 I 0 Op 

in which p is the homogeneous Pressure , the energy-dux is zero 
in adiabatic phenomena To enable us to write down the com- 
ponents of this tensor in any arbitrary co-ordinate system, we must 
set fi. 0 *= /X* - p, in addition. Wei then get the invariant equations 


T k = + pl\ 

or T lk = h *h,u k + p g,k (58) 

The statical density of mass is / 

T lk wu k =Jp.* - p = p 0 

and hence we must put g 0 , andg.not p*, equal to a constant in the 
case of incompressible fluids I If no forces act on the fluid, the 
hydrodynamical equations be coffee 


Just as is here done for hydro Mynamics so we may find a form for 
the theory of elasticity based Won the principle of relativity ( vide 
note 16) There still remanA the task of making the law of 
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gravitation, which, in Newton's form, is entirely bound to the 
principle of relativity of Newton and Galilei, conform to that of 
Einstein This, however, involves special problems of its own to 
which we shall return in tb e last chapter 


§ 26. Mie’s Theory 

The theory of Maxwell and Lorentz cannot hold for the interior 
of the electron , therefore, from the point of view of the ordinary 
theory of electrons we must treat the electron as something given 
a prion, as a foreign body un the field A more general theory 
of electrodynamics has been proposed by Mie, by which it seems 
possible to derive the mattei from the field (vide note 17) We 
shall sketch its outlines briefly here — as an example of a physical 
theory fully conforming with the new ideas of matter, and one that 
will be of good service later It will give us an opportunity of 
formulating the problem of ma tter a little more clearly 

We shall retain the view that the following phase-quantities 
are of account (1) the four! dimensional cunent-vector s, the 
“electricity", (2) the linear tibnsoi of the second order F, the 
“field” Thcvr propeities are expressed in the equations 


(1) 

( 2 ) 


i 


39 ' 

37 , = °’ 


3-Fh 3 3 F,k _ 

3jt, 3\ i j. 3a: ; 

Equations (2) hold if F is derivable fiom a vector <£, according to 
the formula 

,o\ r. 

^ ^ ,l 3a-* \ 3a;, 

Conversely, it follows from (2) that n vector 4> must exist such that 
equations (3) hold. In the same w.ity (1) is fulfilled if s is derivable 
from a skew-symmetrical tensoi II olf the second order according to 

3 hA 


W 


3a't 


Conversely, it follows ftom (I) that* a tensor II satisfying these 
conditions must exist Lorentz assumed generally, not only for 
the aether, but also for the domain, of electrons, that H *= F 
Following Mie, we shall make the nViore general assumption that 
H is not a mere number of calcuiatio n but has a real significance, 
and that its components are, therefo jre, universal functions of the 
primary phase-quantities s and F /To be logical we must then 
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make the same assumption about <f>. The resultant soheme of 
quantities 

<t> I F 

s | II 

contains the quantities of intensity in the first row , they are con- 
nected with one another by the differential equations (3) In the 
second row we have the quantities of magnitude, for which the 
differential quantities (4) hold If we perform the resolution into 
space and time and use the same terms as in § 20 we arrive at the 
well-known equations 

(!) ~t + dlvs = °’ 

(2) ^ + cuil E =0 (div B = 0), 

(3) d J t + grad <£ = £ (- curl / = B), 

(4) ^ - curl H = - S (div D = p) 


If we know tho universal functions, which express (f> and H in 
terms of s and F, then, excluding the equations in brackets, 
and counting each component separately, wo have ten “ principal 
equations” before us, in which the derivatives of the ten phase- 
quantities with respect to the tune are expressed m relation to 
themselves and their spatial derivatives , that is, wo have physical 
laws m the form that is demanded by the principle of causality. 
The principle of relativity that here appears as an antithesis, in 
a certain sense, to the principle of causality, demands that the 
principal equations be accompanied by the bracketed “ subsidiary 
equations,” in which no time derivatives occur The conflict is 
avoided by noticing that the subsidiary equations are superfluous 
For it follows from the principal equations (2) and (3) that 

Y t {B + curl/) = 0, 


and from (1) and (4) that 

JT = Tt 


(div D) 


It is instructive to compare Mie’s Theory with Lorentz’s funda- 
mental equations of the theory of electrons In the latter, (1), (2), 
and (4) occur, whilst the law by which H is determined from the 
primary phase-quantities is simply expressed by D = E, H = B. 
On the other hand, in Mie’s theory, and f are defined in (3) as 
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the result of a process of calculation, and there is no law that 
determines how these potentials depend on the phase-quantities of 
the field and on the electricity In place of this we find the formula 
giving the density of the mechanical force and the law of mechanics, 
which governs the motion of electrons under the influence of this 
force Since, however, according to the new view which we have put 
forward, the mechanical law must follow fiom the field-equations, 
an addendum becomes necessary ; for this purpose, Mie makes the 
assumption that c£ and f acquire a physical meaning in the sense 
indicated We may, however, enunciate Mie’s equation (3) in a 
form fully analogous to that of the fundamental law of mechanics 
We contrast the ponderomotive force occurring m it with the “ elec- 
trical force” £ in this case In the statical case (3) states that 

£ - grad 4> = 0 (59) 


that is, the electric force £ is counterbalanced m the sether by an 
“electrical pressure ” <j> In general, however, a resulting elec- 
trical force arises which, by (3), now belongs to the magnitude f 
as the “ electrical momentum”. It inspires us with wonder to 
see how, in Mie's Theory, the fundamental equation of electrostatics 
(59) which stands at the commencement of electrical theory, 
suddenly acquires a much more vivid meaning by the appearance 
of potential as an electrical pressure , this is the required cohesive 
pressure that keeps the electron together 

The foregoing presents only an empty scheme that has to be 
filled in by the yet unknown universal functions that connect the 
quantities of magnitude with those of intensity Up to a certain 
degree they may be determined purely speculatively by means of 
the postulate that the theorem of conservation (57) must hold for 
the energy-momentum-tensor T,* (that is, that the principle of 
energy must be valid) For this is certainly a necessary condition, 
if we are to arrive at some relationship with experiment at all. 
The energy-law must be of the form 


iW 
at + 


div S = 0 


in which W is tho density of energy, and 3 the energy-flux We 
get at Maxwell's Theory by multiplying (2) by H and (4) by £, and 
then adding, which gives 

+ div [EH] = - (£s) (60) 

In this relation (60) we have also on the right, the work, whioh is 
used in increasing the kinetic energy of the electrons or, according 
to our present view, in increasing the potential energy of the field 



MIE*S THEORY 


209 


of electrons Hence this term must also be composed of a term 
differentiated with respect to the time and of a divergence If we 
now treat equations (1) and (3) in the same way as we just above 
treated (2) and (4), that is, multiply (1) by <j> and (3) scalarly by s, 
we get 

+ S Yt + dlV m = {£S) (61) 

(60) and (Gl) together give the energy theoiem , accordingly the 
energy-flux must be 

S = [EH] + <£s 

and 

cj>8p + s$f + HSB + £8Z) — SW 

is the total differential of the energy-density It is easy to see why 
a term proportional to s, namely ipS, has to he added to the term 
(EH) which holds in tho aether For when tho election that 
generates the convection-cunent s moves, its enoigy-content flows 
also In the a'ther the term (EH) is overpowered bj S, but in the 
electron the other <j>s easily gams the upper hand The quantities 
p,f,B, D occur in tho ioimula for the total differential of the 
energy-density as independent differentiated phase-quantities For 
the sake of clearness wo shall introduce </> and E as independent 
variables m place of p and D By this means all the quantities of 
intensity ate made to act as independent variables We must 
build up 

L =- W - ED - fi<f> (62) 

and then we get 

S L = (HSB - D8E) + (si f - P $4>) 

If L is known as a function of the quantities of intensity, then 
these equations express the quantities of magnitude as functions of 

the quantities of intensity In place of the ten unknown uni- 
versal functions we have now only one, L , this is accomplished 
by the principle of energy. 

Let us again return to four-dimensional notation, we then have 
SL — i n^SFjc + . (63) 

From this it follows that 8 L, and hence L, the “ Hamiltonian 
Function ” la an invariant The simplest invariants that may be 
formed from a vector having components <f>, and a linear tensor of 
the second order having components are the squaies of the 
following expressions 

the vector <f> 1 , 
the tensor F& 

14 


2 L° = bFitF* 
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the linear tensor of the fourth order with components 2 + F&Fim 
(the summation extends over the 24 permutations of the indioes 
i, k,l,m , the upper sign applies to the even permutations, the lower 
ones to the odd) , and finally of the vector F l i e <t> L 

Just as in three-dimensional geometry the most important 
theorem of congruence is that a vector-pair a, b is fully charac- 
terised in respect to congruence by means of the invariants a 2 , ab, 
b 2 , so it may be shown in four-dimensional geometry that the in- 
variants quoted determine fully in respect to congruence the figure 
composed of a vector 4> and a linear tensor of the second order F. 
Every invariant, m particular the Hamiltonian Function L, must 
therefore be expressible algebraically m terms of the above four 
quantities Mie’s Theory thus resolves the problem of matter into 
a determination of this expression Maxwell’s Theory of the aether 
which, of course, precludes the possibility of electrons, is contained 
in it as the special case L = L u If we also express W and the 
components of S in terms of four-dimensional quantities, we see 
that they aie the negative (0 w j low in the scheme 

T\ = F lr ll ir + *** - L 8? ( 64 ) 

The Tf’s aie thus the mixed components of the energy-momentum- 
tensor, which, according to our calculations, fulfil the theorem of 
conservation (57) for i = 0 and hence also loi % = 1, 2, 3 In the 
next chapter we shall add the proof that its convanant components 
satisfy the condition of symmetiy Tu = T,i 

The laws for the field may be summarised m a very simple 
principle of variation, Hamilton’s Principle For this we regard 
only the potential with components as an independent phase- 
quantity, and define the field by the equation 

p, _ 

lk ~ iXk Da:, 

Hamilton’s invariant function L which depends on the potential 
and the field enters into these laws We define the current-vector 
3 and the skew-symmetrical tensor H by means of (63) If in an 
arbitrary linear co-ordinate system 

d uj ~ (jdxfixfixodx^ 

is the four-dimensional “ volume-element ” of the world ( — g is the 

deteiminant of the metrical groundform) then the integral ^Ldw 

taken over any region of the world is an invariant It is called the 
Action contained in the region in question Hamilton’s Principle 
states that the change in the total Action for each infinitesimal 
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variation of the state of the field, iwhich vanishes outside a' finite 
region, is zero, that is, 

gjido) = Js-Mw = 0 (65) 

This integral is to be taken over the whole world or, what comes to 
the same thing, over a finite region beyond which the variation of 
the phase vanishes. This variation is represented by the infini- 
tesimal increments of the potential-components and the ac 
companying infinitesimal change ol the field 

ixk <5 x t 


in which S<£, are space-time functions that only differ from zero 
within a finite region If we insert foi BL the expression (63), we 
get 


BL = s'Bcbi + H lk 


a (&/.,) 


By the principle of partial integration (vide page 111) wc get 


and, accordingly, 


r r r aiw N 

8JZ/^(o =»j|s l — j 6<f> t d<o 


( 66 ) 


Whereas (3) is given by definition, we see that Hamilton’s Principle 
furnishes the field-equations (4) In point of fact, if, for instance, 


s 


<>•£* 


+ 0 


but is > 0 at a certain point, then we could mark off a small region 
encircling this point, such that, for it, this difference is positive 
throughout If we then choose a non-negative function for that 
vanishes outside the region marked off, and if 8<f> i = S<j> 3 = S</> 4 = 0, 
we arrive at a contradiction to equation (65) — (1) and (2) follow 
from (3) and (4) 

We find, then, that Mie’s Electrodynamics exists in a com- 
pressed form in Hamilton’s Principle (65) — analogously to the 
manner in which the development of mechanics attains its zenith 
in the principle of action Whereas in mechanics, however, a 
definite function L of action coriesponds to every given mechanical 
system and has to be deducted from the constitution of the system, 
we are here concerned with a single system, the world This is 
where the real problem of matter takes its beginning we have to 
determine the “function of action,” the world-function L, belonging to 
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tho world. For the present it leaves ua in perplexity. If we choose 
an arbitrary L, we get a “ possible ’’ world governed by this function 
of action, which will be perfectly intelligible to us — more so than 
the actual world — provided that our mathematical analysis does not 
fail us We are, of course, then concerned in discovering the only 
existing world, the real world foi us Judging from what we know 
of physical laws, we may expect the L which belongs to it to be 
distinguished by having simple mathematical properties Physics, 
this time as a physics of fields, is again pursuing the object of reducing 
the totality of natural phenomena to a single physical law : it 
was believed that this goal was almost within reach once before 
when Newton’s Pnncipia, founded on the physics of mechanical 
point-masses was celebrating its triumphs But the treasures of 
knowledge are not like ripe fruits that may be plucked from a tree 
For the present we do not yet know whether the phase-quantities 
on which Mie’s Theory is founded will suffice to describe matter or 
whether matter is purely “clectncal” m nature Above all, the 
ominous clouds of those phenomena that we are with varying 
success seeking to explain by means of the quantum of action, are 
throwing their shadows ovei the sphere of physical knowledge, 
threatening no one knows what new revolution 
Let us try the following hypothesis foi L 

L = i | F | + w ( V <M>‘) (67) 

(«’ is the symbol for a function of one variable) , it suggests itself 
as being the simplest of those that go beyond Maxwell’s Theory 
We have no grounds for assuming that the world -function has 
actually this form We shall confine ourselves to a consideration 
of statical solutions, for which 

= « = 0, e — f = 0 

we have E = grad <f>, di \ D =* p 

0 = E, p = - w\4>) 

(the accent denoting the derivative) In comparison with the 
ordinary electrostatics of the aether we have here the new circum- 
stance that the density p is a universal function of the potential, the 
electrical pressure We get for Poisson’s equation 

+ »'(*) = 0 . . (68) 
If is not an even function of <f>, this equation no longer bolds 
after the transition from to — tj>, this would account for tile 

difference between the natures of positive and negative 
electricity. Yet it certainly leads to a remarkable difficulty in the 
case of non-statical fields If charges having opposite signs are to 
oocur in the latter, the root in (67) must have different signs at 
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different points of the field. Henoe there must be points m the 
field, for which <£,<£* vanishes In the neighbourhood of such a 
point must be able to assume positive and negative values 
(this does not follow in the statical case, as the minimum of the 
function <£ 0 2 for <£ 0 is zero) The solutions of our field -equations 
must, therefore, become imaginary at regular distances apart It 
would be difficult to interpret a degeneration of the field into 
separate portions in this way, each portion containing only charges 
of one sign, and separated from one another by regions in which 
the field becomes imaginary 

A solution (vanishing at infinity) of equation (G8) represents 
a possible state of electrical equilibrium, or a possible corpuscle 
capable of existing individually m the world that we now proceed 
to construct The equilibrium can be stable, only if the solution 
is radially symmetrical In this case, if ? denotes the radius 
vector, the equation becomes 

££(’•#) + < 69 > 

If (69) is to have a regular solution 

- * = “ + J + (70) 

at r = qo, we find by substituting this power senes for the first term 
of the equation that the series for begins with the power r~ 4 

or one with a still higher negative index, and hence that w(r) must 
be a zero of at least the fifth order for x = 0 On this assumption 
the equations must have a single infinity of regular solutions at 
r = 0 and also a singular infinity of regular solutions at r = oo 
We may (in the “ general ” case) expect these two one-dimensional 
families of solutions (included in the two-dimensional complete 
family of all the solutions) to have a finite or, at any rate, a discrete 
number of solutions These would represent the vanous possible 
corpuscles (Electrons and elements of the atomic nucleus?) One 
electron or one atomic nucleus does not, of course, exist alone in 
the world , but the distances between them are so great in com- 
parison with their own size that they do not bring about an 
appreciable modification of the structure of the field within the 
intenor of an individual electron or atomic nucleus If <f> is a 
solution of (69) that represents such a corpuscle m (70) then its 
total charge 

oo 

= 4-irju)' (<£)r 2 dr = - 4ir | = 4ire 0 , 
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but its mass is calculated as the integral of the energy-density W 
that is given by (62) 

CO 

Mass = 4irj"(-£(grad </>) 2 + w(<f>) - <£«/(<£) }rkir 

0 

05 

= 4jr|jw(</<) - H>w'(cf>))r 2 (b 
0 

These physical laws, then, enable us to calculate the mass and 
charge of the electrons, and the atomic weights and atomic charges 
of the individual existing elements whereas, hitherto, we have always 
accepted these ultimate constituents of matter as things given with 
their numerical properties All this, of course, is merely a suggested 
plan of action as long as the world-function L is not known The 
special hypothesis (67) from which we just now started was 
assumed only to show what a deep and thorough knowledge of 
matter and its constituents as based on laws would be exposed to 
our gaze if we could but discover the action-function For the 
rest, the discussion of such athitiarily chosen hypotheses cannot 
lead to any ptoper progtess , new physical knowledge and principles 
will bo requned to show us the right way to determine the 
Hamiltonian Function 

To make clear, ex conti auo, the nature of puie physics of fields, 
which was made feasible by Mie for the realm of electrodynamics 
as far as its general character furnishes hypotheses, the principle 
of action (65) holding m it will he contrasted with that by which 
the theory of Maxwell and Lorentz is governed, the latter theory 
recognises, besides the electromagnetic field, a substance moving in 
it This substance is a three-dimensional continuum , hence its 
parts may be referred in a continuous manner to the system of 
values of three co-ordinates a, (3, y Let us imagine the substance 
divided up into infinitesimal elements Every element of substance 
has then a definite invariable positive mass dm and an invariable 
electrical charge de As an expression of its history there corre- 
sponds to it then a world-line with a definite direction of traverse 
or, in better words, an infinitely thm “ world-filament ” If we again 
divide this up into small portions, and if 

d s — — — g x i, 

is the proper-time length of such a portion, then we may mtroduoe 
the space-time function g 0 of the statical mass-density by means of 
the invariant equation 


dmds = 


. ( 71 ) 
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We shall oall the integral 

j'/viu) = j'dmds = j dm J J - g^dx t dx k 

* 

taken over a region X of the world the substanoe-aotion of mass. 
In the last integral the inside integration refers to that part of tho 
world-lme of any arbitrary element of substance of mass dm, which 
belongs to the region X, the outer integral signifies summation 
taken for all elements of the substance In purely mathematical 
language this transition fiom substance-piopei-time integrals to 
space-time integrals occurs as follows We first introduce the 
substance-density v of the mass thus 

dm = vdadfldy 

(v behaves as a scalar-density foi arbitrary tiansformations of the 
substance co-ordinates a, /?, y) On each world-line of a substance- 
point a, (3, y we reckon the piopei-time s from a definite initial 
point (which must, of course, vaiy continuously lrom substance- 
point to substance-point') The co-ordinates r, of the world-point 
at which the substance-point a, fi , y, happens to be at the moment 
s of its motion (after the proper-time s has elapsed), are then 
continuous functions of a, /3, y, s, whose functional determinant 

i) 

c)(«./jys) 

we shall suppose to have the absolute value A The equation (71) 
then states that 


i“o 



In an analogous manner we may account for the statical density p 0 
of the electrical charge We shall set down 



as substance-action of electricity; m it the ovtei integration 
is again taken over all the substance-elements, but the mnei one in 
each case over that part of the woild-hne of a substance-element 
carrying the charge de whose path lies in the interior of the world- 
region X We may therefore also write 



<f>u 



if u l = are the components of the world-direction, and s' = p 0 w* 
are the components of the 4-current (a pure convection current). 
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Finally, in addition to the aubstanoe-aotion there is also a field- 
action of electricity, for which Maxwell’s Theory makes the simple 
convention 

if F '‘ Fl ‘ d ~ 

Hamilton’s Principle, which gives a condensed statement of the 
Maxwell -Lorentz Laws, may then be expressed thus 

The total action, that is, the sum of the field-action and substance- 
action of electricity plus the sub stance- action of the mass for any 
arbitrary variation (vanishing foi points beyond a finite region) of 
the field -phase (of the fa's) and fot a similarly conditioned space-lime 
displacement of the world-lines described by the individual sub- 
stance-points undergoes no change 

This principle clearly gives us the equations 


’SF’iJc 

— - = s' 


= P<f«*. 


if we vary the fa’s If, howcvei, wc keep the fa’s constant, and 
perform variations on the world-lines of the substanco-points, we 
get, by interchanging differentiation and variation (as in § 17 in 
determining the shortest lines), and then integrating partially 




(Btbtdx, 

dr, 


8 x,dfa) 


In this the Sx(s are the components of the infinitesimal displace- 
ment, which the individual points of the world-line undergo 
Accordingly, we get 




dedb 





dt» 


If we likewise perform variation on the substance-action of the 
mass (this has already been done m £ 17 for a more general case, 
in which the gfis were variable), we arrive at the mechanical 
equations which are added to the field-equations m Maxwell’s 
Theory , namely 

/ l n C j s = P< P' = P„Fau k = F a s L 


This completes the cycle of laws which were mentioned on page 
199 This theory does not, of course, explain the existence of the 
electron, since the cohesive forces are lacking in it 

A striking feature of the principle of action just formulated, is 
that a field-action does not associate itself with the substance-action 
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of the mass, as happens m the case of eleotncity This gap will 
be filled m the next chapter, in whioh it will be shown that the 
gravitational field is what conesponds to mass m the same way 
as the electromagnetic field corresponds to the electrical oharge. 

The great advance in our knowledge described in this chapter 
consists in recognising that the scene of action of reality is not a 
three-dimensional Euclidean space but rather a four-dimensional 
world, in which space and time are linked together indiB- 
solubly. However deep the chasm may be that separates the 
intuitive nature of space fiom that of time m our experience, 
nothing of this qualitative difference enters into the objective world 
which physics endeavours to ciystallise out of direct experience 
It is a four-dimensional continuum, which is neither “ time ” nor 
“space” Only the consciousness that passes on in one portion 
of this world experiences the detached piece which comes to meet 
it and passes behind it, as history, that is, as a process that is 
going forward in time and takes place in space 

This four-dimensional space is metrical like Euclidean space, 
hut the quadratic form which determines its metrical structure is 
not definitely positive, but has one negative dimension This cir- 
cumstance is oeitamly of no mathematical importance, but has a 
deep significance for reality and the relationship of its action It 
was necessary to grasp the idea of the metrical four-dimensional 
world, which is so simple from the mathematical point of view, not 
only in isolated abstraction but also to pursue the weightiest infer- 
ences that can be drawn from it towaids setting up ihe view of 
physical phenomena, so that we might arnve at a proper under- 
standing of its content and the range of its influence that was 
what we aimed to do m a short account It is remarkable that 
the three-dimensional geometry of the statical world that was put 
into a complete axiomatic system by Euclid has such a translu- 
cent character, whereas we have been able to assume command 
over the four-dimensional geometry only after a prolonged struggle 
and by referring to an extensive sot ol physical phenomena and 
empirical data Only now the theory of relativity has succeeded 
in enabling our knowledge of physical nature to get a full grasp of 
the fact of motion, of change in the world 



CHAPTER IV 

THE GENERAL THEORY OF RELATIVITY 

§ 27. The Relativity of Motion, Metrical Fields, Gravitation * 

H OWEVERsuccessfullythe Pimeiple of Relativity of Einstein 
worked out in the preceding chapter marshals the physical 
laws which aro derived from experience and which define 
the relationship of action in the world, we cannot express ourselves 
as satisfied from the point of view of the theoiy of knowledge 
Let us again revert to the beginning of the foregoing chapter 
There we were introduced to a “ kmeinatical ” principle of relativity , 
x v x 2 , x v t wore the space-time co-ordinates of a world-point 
referred to a definite permanent Cartesian co-ordinate system m 
space , r\, t' p 3 t' were the co-ordinates of the same point relative 
to a second such system, that may be moving aibitranly with re- 
spect to the first , they are connected by the transformation formulae 
(II), page 152 It was made quite clear that two series of physical 
states or phases cannot be distinguished from one another in an 
objective manner, if the phase- quantities of the one are represented 
by the same mathematical functions of x\, x\, x’ 3 , t r as those that 
describe the first series in terms of the arguments x lt x 2 , x 3 , t 
Hence the physical laws must have exactly the same form in the 
one system of independent space-time arguments as in the other 
It must certainly be admitted that the facts of dynamics are 
apparently in direct contradiction to Einstein’s postulate, and it is 
just these facts that, since the time of Newton, have forced us to 
attribute an absolute meaning, not to translation, but to rotation 
Yet our minds have never succeeded in accepting unreservedly 
this torso thrust on them by reality (in spite of all the attempts 
that have been made by philosophers to justify it, as, for example, 
Kant’s Metaphysische Anfangsgrunde der Naturwissenschafteri), 
and the problem of centrifugal force has always been felt to be an 
unsolved enigma (vide note 2 ) 

Where do the centrifugal and other inertial forces take their 
origin? Newton’s answer was m absolute space. The answer 

* Vide note 1 
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given by the special theory of relativity does not differ essentially 
from that of Newton. It recognises as the source of these foroes 
the metrical structure of the world and considers this structure as 
a formal property of the world But that which expresses itself as 
force must itself be real We can, however, recognise the metrical 
structure as something real, if it is itself capable of undergoing 
changes and reacts in response to matter Hence our only way 
out of the dilemma — and this way, too, was opened up by 
Einstein — is to apply Eiemann’s ideas, as set forth in Chapter II, 
to the four-dimensional Emstein-Mmkowski world which was 
treated in Chapter III instead of to three-dimensional Euclidean 
space In doing this we shall not for the present make use of the 
most general conception of the metrical manifold, but shall retain 
Riemann’s view According to this, we must assume the world- 
points to form a four-dimensional manifold, on which a measure- 
determination is impressed by a non-degeneiate quadratic differential 
form Q having one positive and three negative dimensions * In 
any co-ordinate system x, (t = 0, I, 2, 3), in Eiemann’s sense, let 

Q = ^{fikdx l da k ( 1 ) 

ik 

Physical laws will then bo expressed by tensor lelations that are 
invariant for arbitrary continuous transformations of the arguments 
x t In them the co-efficients gjc of the quadratic differential form 
(1) will occur in conjunction with the other physical phase- 
quantities Hence we shall satisfy the postulate of relativity 
enunciated above, without violating the facts of experience, if we 
regard the gli’s, in exactly the same way as we regarded the com- 
ponents of the electromagnetic potential (which are formed by 

the co-efficients of an invariant linear differential form ^<£,da;,),as 

physical phase-quantities, to which there corresponds some- 
thing real, namely, the “metrical field Under these cncum- 
stances invariance exists not only with lespect to the tiansforma- 
tions mentioned (II), which have a fully arbitrary (non-hnear) 
character only for the time-co-ordmate, but for any transformations 
whatsoever This special distinction conferred on the time-co- 
ordinate by (II), is, indeed, incompatible with the knowledge gained 

* We have made a change in the notation, as compared with that of the 
preceding chapter, by placing reversed signs before the metrical groundform. 
The former convention was more convenient for representing the splitting up 
of the world mto space and time, the present one is found more expedient in 
the general theory. 
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from Einstein’s Principle of Relativity. By allowing any arbitrary 
transformations in place of (II), that is, also such as are non-linear 
with respect to the space-co-ordinates, we affirm that Cartesian 
co-ordinate systems are in no wise more favoured than any 
“ curvilinear ” co-ordinate system This seals the doom of the 
idea that a geometry may exist independently of physios in the 
traditional sense, and it is just because we had not emancipated our- 
selves from the dogma that such a geometry existed that we arrived 
by logical considerations at the relativity principle (II), and not at 
once at the principle of invariance for arbitrary transformations of 
the four world-co-ordinates Actually, however, spatial measure- 
ment is based on a physical event the reaction of light-rays and 
rigid measuring rods on our whole physical world We have 
already encountered this view in ^ 21, but we may, above all, take 
up the thread from our discussion m ^ 12, for we have, indeed, here 
arrived at Riemann’s “ dynamical ” view as a necessary consequence 
of the relativity of all motion The behaviour of light-rays and 
measuring rods, besides being determined by their own natures, is 
also conditioned by the “ metrical field,” just aB the behaviour of an 
electric charge depends not only on it, itself, but also on the electric 
field Again, just as the electue field, foi its part, depends on the 
chargeb and is instrumental in pioducmg a mechanical interaction 
between the charges, so we must assume, here that the metrical 
field (or, in mathematical language, the tensor with components 
g,ic) is related to the material content filling the world. 
We again call attention to the principle of action bet forth at the 
conclusion of tho pieceding paragraph, in both of the parts which 
refer to substance, the metrical field takes up the same position 
towards mass as the electrical field does towards the electric charge 
The assumption, which was made in the preceding chapter, con- 
cerning the metrical structure of the world (corresponding to that 
of Euclidean geometry in three-dimensiODal space), namely, that 
there aie specially favoured co-ordinate systems, “ linear ” ones, in 
which the metrical gioundform has constant co-efficients, can no 
longei be maintained in the face of this view 

A simple illustration will suffice to show how geometrical 
conditions are involved when motion takes place Let us set a 
plane disc spinning uniformly I affirm that if we oonsider 
Euclidean geometry valid for the reference-space relative to which 
we speak of uniform rotation, then it is no longer valid for the 
rotating disc itself, if the latter be measured by means of measuring 
rods moving with it For let us consider a circle on the disc 
described with its centre at the centre of rotation. Its radius 



THE RELATIVITY OF MOTION S21 

remains the same no matter whether the measuring rods with 
which I measure it are at rest or not, Bmoe its direction of motion 
is perpendicular to the measuring rod when in the position required 
for measuring the ladius, that is, along its length. On the other 
hand, I get a value greater for the circumference of the circle than 
that obtained when the disc is at lest when I apply the measuring 
rods, owing to the Lorentz-Fitzgerald contraction which the latter 
undergoes The Euclidean theorem which states that the circum- 
ference of the circle = 2 w times the radius thus no longer holds 
on the disc when it rotates 

The falling over of glasses in a dining-car that is passing 
round a sharp curve and the bursting of a fly-wheel in rapid rotation 
are not, according to the view just expressed, effects of “ an absolute 
rotation ” as Newton would state but whose existence we deny , 
they are effects of the “ metrical field ” or rathei of the affine 
relationship associated with it Galilei’s principle of inertia shows 
that there is a soit ot “lorcible guidance ” which compels a body 
that is projected with a definite velocity to move in a definite way 
which can be altered only by external foices This “ guiding field,” 
which is physically real, was called ‘‘affine lolationship ” above 
When a body is diverted by external forces the guidance by forces 
such as centrifugal reaction asserts! itself In so fai as the state of 
the guiding field does not peisist, and the present one has emeiged 
from the past ones under the influence of the masses existing in 
the world, namely, the fixed stars, the phenomena cited above are 
partly an effect of the faxed stars, relative to which tne rotation 
takes place * 

Following Einstein by starting from the special theory of 
relativity described in the preceding chapter, we may arrive at the 
general theory of relativity m two successive stages 

I In conformity with the principle of continuity we take the 
same step in the four-dimensional world that, in Chapter II, 
brought us from Euclidean geometry to Niemann's geometry This 
causes a quadratic differential form (1) to appear There is no 
difficulty in adapting the physical laws to this generalisation. It is 

* We say “partly” because the distribution of matter m the world does 
not define the “guiding field” uniquely, for both are at one moment in- 
dependent of one another and accidental (analogously to charge and electric 
field). Physical laws tell us merely how, when such an initial state is given, 
all other states (past and future) necessarily anse from them At least, this is 
how we must judge, if we are to maintain the standpoint of pure physics of 
fields. The statement that the world in the form we perceive it taken as a 
whole is stationary (i e at rest) can be interpreted, if it is to have a meaning at 
all, as signifying that it is m statistical equilibrium. Cf § 34. 
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expedient to represent the magnitude quantities by tensor-densities 
instead of by tensors as m Chapter III , we can do this by multiply- 
ing throughout by g (in which g is the negative determinant of 
the gik s) Thus, in particular, the mass- and charge-densities p. 
and p, instead of being given by formula (71) of § 26, will be 
given by 

dmds = pdx, deds = pdx {dx = dx^dx^dxt/ix^) 

The proper time dt. along the world-line is detei mined from 


ds* = g&dx,dx)i 
Maxwell's equations will be 


f ^ ‘Wu 
* lk - ix k a*,’ 


SF 

— = a 1 
t>x k ■' 


in which the are the co-efficients of an invariant linear 
differential form <£ t da:„ and F lk denotes Jg F 1 * accoidmg to our 
convention above In Lorentz’s Theory we set 


8 '= pu l 



The mechanical force per unit of volume (a co-variant vector- 
density in the four-dimensional world) is given by * 

p. = - Fj, B k (2) 

and the mechanical equations are in general 

Ka? " {'a = P‘ (3) 

with the condition that p,M l always = 0 We may put them into 
the same form as we found for them earlier by introducing, in 
addition to the p^s, the quantities 

{?} (4) 

(cf § 17, equation (64)) as the density components p, of a 
“ pseudo-force ” (force of reaction of the guiding field) The 
equations then become 

du, 

= P' + p, 


The simplest examples of such “ pseudo-forces ” are centrifugal 
forces and Coriolis forces If we compare formula (4) for the 
“pseudo-force” arising from the metrical field with that for the 
mechanical force of the electromagnetic field, we find them fully 


* The sign is reversed on account oi the reversal of sign m the metrical 
gTOundform 
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analogous For ]ust as the vector-density with the contra-variant 
components s l characterises electricity so, as we shall presently 
see, moving matter is described by the tensor-density which has 
the components T/' = /iu t u k The quantities 



correspond as components of the metrical field to the compon- 
ents Fje of the electric field Just as the field-components F 
are derived by differentiation from the electromagnetic potential <f> tJ 
so also the T’s from the g^’s , these thus constitute the potential of 
the metrical field The foice-density is the product of the electric 
field and electricity on the one hand, and of the metrical field and 
matter on the other, thus 

p. = - Fa s*, p t = 


If we abandon the idea of a substance existing independently of 
physical states, we get instead the general energy-momentum- 
density Ti which is determined by the state of the field According 
to the special theory ot relativity it satisfies the Law ot Conservation 



This equation is now to be replaced, in accoi dance with formula 
(37) § 14, by the general invariant 

— - r%T e = 0 


( 5 ) 


If the left-hand side consisted only of the first member, T would 
now again satisfy the laws of conservation But we have, in this 
oase, a second term The “ real ” total force 


p, = - 


STf 

HXk 


does not vanish but must be counterbalanced by the “pseudo- 
force ” which has its origin m the metrical field, namely 


= rr,T; 


JOba rro-B 
* Zx, X 


( 6 ) 


These formulae were found to be expedient in the special theory 
of relativity when we used curvilinear co-ordinate systems, or such 
as move curvilinearly or with acceleration To make clear the 
simple meaning of these considerations we shall use this method 
to determine the centrifugal force that asserts itself in a rotating 
system of reference If we use a normal co-ordinate system 
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for the world, namely, t, x lt x v x s , but introduce r, s, 6, in place 
of the Cartesian space co-ordinates, we get 

ds 1 = dt‘ l — (dz 1 4 - dr 2 + r 2 d 6 2 ) 

Using <i> to denote a constant angular velocity, we make the 
substitution 

8 = &' + «)<', t = t' 


and, after the substitution, drop the accents We then get 
ds 2 = dt 2 (l — r 2 or) - 2 r 2 ud6dt - (ha 2 + dr 2 + r 2 dd“). 

If we now put 

t = 0 = x x , 2 = £C. 2 , r = x 3 , 

we get for a point-mass which is at rest in the system of reference 
now used 

w 1 ~ u 2 — u s = 0 , and hence (m°)-(1 - rW) = 1 
The components of the centrifugal force satisfy formula (4) 

p. - i J /“ P<«")* 


and since the derivatives with lespect to t 0 , x v x 2 of g 00 , which is 
equal to 1 - rV, vanish and since 

4 - = ^- 4 - = - W 


dx 


dr 


then, if we return to the usual units, in which the velocity of light 
is not unity, and if we use contra- variant components instead of 
co-variant ones, and instead of the indices 0, 1 , 2, 3 the more 
indicative ones t, 6, z, r, we obtain 



Two closely related circumstances characterise the “pseudo- 
forces” of the metrical field Fnstly, the acceleration which they 
impart to a point-mass situated at a definite space-time point (or, 
more exactly, one passing through this point with a definite velocity) 
is independent of its mass, 1 e the force itself is proportional to the 
inertial mass of the pomt-mass at which it acts Secondly, if we 
use an appropriate co-ordinate system, namely, a geodetio one, at 
a definite space-time point, these forces vanish (cf § 14) If the 
special theory of relativity is to be maintained, this vanishing can 
be effected simultaneously for all space-time points by the intro- 
duction of a linear co-ordinate system, but in the general case it is 
possible to make the whole 40 components of the affine relation- 
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ship vanish at least for each individual point by choosing an 
appropriate co-ordinate system at this point * 

Now the two related ciroumstanoes just mentioned are true, as 
we know, of the force of gravitation. The fact that a given 
gravitational field imparts the same acceleration to every mass that 
is brought into the field constitutes the real essence of the problem 
of gravitation In the electrostatio field a slightly charged particle 
is acted on by the force e E, the electric charge e depending only 
on the particle, and E, the electric intensity of field, depending 
only on the field If no other forces are acting, this force imparts 
to thff particle whose inertial mass is m an acceleration which is 
given by the fundamental equation of mechanics mb «=» eE There 
is something fully analogous to this in the gravitational field The 
force that acts on the particle is equal to gG, in which g, the 
“ gravitational charge,” depends only on the particle, whereaa G 
depends only on the field the acceleration is determined here again 
by the equation mb = gG The curious fact now manifests itself 
that the “ gravitational charge ” or the “ gravitational mass ” g 
is equal to the “ inertial mass ” m. Eotvos has comparatively 
recently tested the accuracy of this law by actual experiments of 
the greatest refinement (vide note 3) The centrifugal force im- 
parted to a body at the earth’s surface by the earth’s rotation is 
proportional to its inertial mass but its weight is proportional to its 
gravitational mass The resultant of these two, the apparent weight, 
would have different directions for different bodies if gravitational and 
inertial mass were not proportional throughout The abs nee of this 
difference of direction was demonstrated by Eotvos by means of the 
exceedingly sensitive instrument known as the torsion-balance it 
enableB the inertial mass of a body to be measured to the same 
degree of accuracy as that to which its weight may be determined 
by the most sensitive balance The proportionality between gravita- 
tional and inertial mass holds in cases, too, in which a diminution 
of mass is occasioned not by an escape of substance in the old bense, 
but by an emission of radioactive energy 

The inertial mass of a body has, according to the fundamental 
law of mechanics, a universal significance It is the inertial mass 
that regulates the behaviour of the body under the influence of any 
foroes acting on it, of whatever phvsical nature they may' be , the 
inertial mass of the body is, however, according to the usual view 
associated only with a special physical field of force, namely, that 

* Hence we see that it is in the nature of the metrical field that it cannot be 
desonbed by a field-tensor J“ which is invariant with respect to arbitrary trans- 
formations. 

15 
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of gravitation From this point of view, however, the identity 
between mertial and gravitational mass remains fully incomprehen- 
sible Due account can be taken of it only by a mechanics which 
from the outset takes into consideration gravitational as well as in- 
ertial mass This occurs m the case of the mechanics given by the 
general theory of relativity, in which we assume that gravitation, 
just like centrifugal and Coriolis forces, is included in the 
“ pseudo- force ” which has its origin in the metrical field. 
We shall find actually that the planets pursue the courses mapped 
out for them by the guiding field, and that we need not have re- 
course to a special “ lorce of gravitation,” as did New ton, to account 
for the influence which diverts the planets from their paths &B 
prescribed by Galilei’s Principle (or Newton’s first law of motion) 
The gravitational forces satisfy the second postulate also , that is, 
they may be made to vanish at a space-time point if we introduce 
an appropriate co-ordinate system A closed box, such as a lift, whose 
suspension wire has snapped, and which descends without friction 
in the gravitational field of the earth, is a striking example of such 
a system of reference All bodies that are falling freely will appear 
to be at rest to an observer in the box, and physical events will 
happen in the box in just the same way as if the box were at rest 
and there were no gravitational field, in spite of the fact that the 
gravitational ioice is acting 

II The transition from the special to the general theory of 
relativity, as described in I, is a purely mathematical process By 
introducing the metrical groundform (1), we may formulate physical 
laws so that they lemam invariant foi arbitrary transformations , 
this is a possibility that is purely mathematical in essence and 
denotes no paiticular peculiarity of these laws A new physical 
factor appears only when it is assumed that the metrical structure 
of the world \s not given a priori, but that the above quadratic form 
is related to mattei by generally invariant laws Only this fact 
justifies us m assigning the name “ general theory of relativity ” to 
out reasoning , wt aie not simply giving it to a theory which has 
merely borrowed the mathematical form of relativity The same 
fact is indispensable if we wish to solve the problem of the relativity 
of motion , it also enables us to complete the analogy mentioned m 
I, according to which the metrical field is related to matter m the 
same way as the electric held to electricity Only if we accept 
this iact does the theory briefly quoted at the end of the previous 
section become possible, according to which gravitation is a 
mode of expression of the metrical field ; foi we know by ex- 
perience that the gravitational field is determined (in accordance 
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with Newton’s law of attraction) by the distribution of matter 
This assumption, rather than the postulate of general invariance, 
seems to the author to be the real pivot of the general theory of 
relativity. If we adopt this standpoint we are no longer justified 
in calling the forces that have their origin in the metrical field 
pseudo-forces They then have just as leal a meaning as the 
mechanical forces of the electromagnetic field Coriolis or centri- 
fugal forces aie real force effects, which the gravitational or 
guiding field exerts on mattei Whereas, in I, we weie confronted 
with the easy problem of extending known physical laws (such as 
Maxwell’s equations) from the special case of a constant metrical 
fundamental tensoi to the geneial case, we have, m following the 
ideas set out just above, to discover the invariant law of gravita- 
tion, according to whioh matter determines the components 
T/Si of the gravitational field, and which leplaces the Newtonian 
law of attraction in Einstein’s Theory The well-known laws of the 
field do not furnish a staiting-pomt foi this Nevertheless Einstein 
succeeded in solving this problem in a convincing fashion, and in 
showing that the course of planetary motions may be explained just 
as well by the new law as by the old one of Newton , indeed, that 
the only discrepancy which the planetaiy system discloses towards 
Newton’s Theory, and which has hitherto remained inexplicable, 
namely, the gradual advance of Mercuiy’s perihelion by 43" per 
century, is accounted for accuiately by Einstein’s theory of gravi- 
tation 

Thus this theory, which is one of the greatest examples oi the 
power of speculative thought, presents a solution not only of the 
problem of the relativity of all motion (the only solution which 
satisfies the demands of logic), but also of the problem of gravitation 
( vide note 4) We see how cogent arguments added to those in 
Chapter II bring the ideas of Riemann and Einstein to a successful 
issue It may also be asserted that their point of view is the first 
to give due importance to the circumstance that space and time, 
in contrast with the material content of the world, aie forms of 
phenomena Only physical phase-quantities can be measured, 
that is, read off from the behaviour of matter in motion , but wo 
cannot measure the four world-co-oidinates that we assign a priori 
arbitrarily to the world- points so as to be able to represent the 
phase-quantities extending throughout the world by means of 
mathematical functions (of four independent variables) 

Whereas the potential of the electromagnetic field is built up 
from the co-efficients of an invariant linear differential form of 
the world-co-ordinates if> t dx u the potential of the gravitational field 
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is made up of the co-efficients of an invariant quadratic differential 
form This faot, which is of fundamental importance, constitutes 
the form of Pythagoras’ Theorem to which it has gradually been 
transformed by the stages outlined above It does not actually 
spring from the observation of gravitational phenomena in the true 
sense (Newton accounted for these observations by introducing a 
single gravitational potential), but from geometry, from the observa- 
tions of measurement Einstein’s theory of gravitation is the result 
of the fusion of two realms of knowledge which have hitherto been 
developed fully independently of one another , this synthesis may 
be indicated by the scheme 

Pythagoras Newton 

Einstein 


To derive the values of the quantities gut from directly 
observed phenomena, we use light-signals and point-masses which 
are moving under no forces, as in the special theory of relativity 
Let the world-points be icferred to any co-ordinates x, in some way 
The geodetic lines passing through a world-point O, namely, 


fa dr„ dv js 
db* l t f db ds 
dx t dri 

o*-di dT = C = COn8t 


(8) 

(9) 


split up into two classes , (a) those with a space-like direction, 
(6) those with a time-like dnection (C < 0 or > 0 respectively) 
The latter till a “ double " cone with the common vertex at 0 and 
which, at O, separates into two simple cones, of which one opens 
into the future and the other into the past The first comprises 
all world-points that belong to the “ active future ’’of 0, the second 
all world- points that constitute the “passive past” of O The 
limiting sheet of the cone is foimed by the geodetic null-lines 
(C = 0) , the “future" half of the sheet contains all the world- 
points at which a light-signal emitted from 0 arrives, or, more 
generally, the exact initial points of every effect emanating from 0. 
The metrical groundform thus determines m general what world- 
points ate l elated to one another in effects If dx t are the relative 
co-ordmates of a point O' infinitely near 0, then O' will be tra- 
versed by a light-signal emitted from 0 if, and only if, g&dx(dx t 
= 0 By observing the arrival of light at the points neighbouring 
to 0 we can thus determine the ratios of the values of the ga’s at 
the point 0 , and, as for 0, so for any other point It is impossible, 
however, to derive any further results from the phenomenon of the 
propagation of light, for it follows from a remark on page 127 that 
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the geodetic null-lmes are dependent only on the ratios of the 

g* s 

The optical “ direction ” picture that an observer (“ point-eye ” 
as on p 99) receives, for instance, from the stars in the heavens, 
is to be constructed as follows From the world-point 0 at which 
the observer is stationed those geodetic null-lines (light-lmes) are to 
be drawn on the backward cone which cuts the world-lines of the 
stars The direction of every light-line at O is to be lesolved into 
one component which lies along the direction e of the world-line of 
the observer and another s which is perpendicular to it (the meaning 
of perpendicular is defined by the metrical structure of the woild 
as given on p 121) , s is the spatial dnection of the light-ray 
Within the three-dimensional linear manifold of the line-elements 
at 0 perpendicular to e, - ds 2 is a definitely positive form The 
angles (that arise from it when it is taken as the metucal ground- 
form, and which are to be calculated from formula (15), § 11) 
between the spatial dnections S of the light-rays are those that 
determine the positions of the stars as perceived by the observei 

The factor of proportionality of t,he g, i’s which could not be 
derived from the phenomenon of tne transmission ol light may be 
determined from the motion of point-masses which carry a clock 
with them For if we assume that — at least for unaccelerated 
motion undei no forces — the time read off from such a clock is the 
proper-time 6, equation (9) clearly makes it possible to apply the 
unit of measure along the world-line of the motion (cf Appendix I) 

(i 28 . Einstein's Fundamental Law of Gravitation 

According to the Newtonian Theoiy the condition (or phase) of 
matter is characterised by a scalar, the mass-density p . , and the 
gravitational potential is also a scalar <t> Poisson’s equation holds, 
that is, 

A$> = iirkfj. (10) 

(A = div grad , k = the gravitational constant) This is the law 
according to which matter determines the gravitational field. But 
according to the theory of relativity matter can be described 
rigorously only by a symmetrical tensor of the second order 
Tut , or better still by the corresponding mixed tensor-density 
Tj , in harmony with this the potential of the gravitational field 
consists of the components of a symmetrical tensor p,* Therefore, 
m Einstein's Theory we expect equation (10) to be replaced by a 
system of equations of which the left side consists of differential 
expressions of the second order m the gut'a, and the right side of 
components of the energy-density , this system has to be invariant 
with respect to arbitrary transformations of the co-ordinates. To 
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find the law of gravitation we shall do best by taking up the thread 
from Hamilton’s Principle formulated at the close of § 26. The 
Action there consisted of three parts the substance-action of 
electricity, the field-action of electricity, and the substance-action of 
mass or gravitation In it there is lacking a fourth term, the field- 
action of gravitation, which we have now to find Before doing 
this, however, we shall calculate the change in the sum of the first 
three terms alieady known, when we leave the potentials <f>, of the 
electromagnetic field and the world-lmes of the substance-elements 
unchanged but subject the g lk s, the potentials of the metrical 
field, to an infinitesimal virtual variation S This is possible 
only fiom the point of view of the general theory of relativity 

This causes no change in the substance-action of electricity, but 
the change in the integrands that occur in the field-action, namely 

= {F lk F' k 

is 

if jJb(F*F*) + (FjtF' k )h Jg\ 

The fiist summand in the curved bracket heie = and hence, 

since 

F n = g ri g' k F ik 

we immediately get the value 

2 JgF„F' k l>g' k 

The second summand, by (58') §17, 

= - Sg.jtV* 

Thus, finally, we find the variation in the field-action to be 

= (cf (59), §17) 

if 

Sf = iSS? = F„ F*' (11) 

are the components of the energy -density of the electromagnetic 
field * It suddenly becomes clear to us now (and only now that we 
have succeeded in calculating the variation of the world's metrical 
field) what is the origin of the complicated expressions (11) for the 
energ> -momentum density of the electromagnetic field 

We get a corresponding result for the substance-action of the 
mass , for we have 

S i dx - d ^^ - i dsu'u l &g tk , 

* The signs are the reverse of those used in Chav ter III on aooonnt of the 
change m the sign cf the metrical groundiorm. 
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and hence 


a Jg, ( dx l dxkj = ^iiunii&gjcdx 


Hence the total change in the Action so far known to us is, for 
a variation of the metrical field, 


1 


iT ,k hgjdx 


( 12 ) 


in which T) denotes the tensor-density of the total energy 

The absent fourth term of the Action, namely, the fleld- 

aotion of gravitation, must be an invariant integial, of 

which the integrand G is composed of the potentials p,* and of the 

field-components |^| of the gravitational field, built up from the 

gilt's and their first derivatives It would seem to us that only under 
such circumstances do we obtain differential equations of order 
not higher than the second for our gia\ National laws If tho total 
differential ot this function is 


SG = iQMg* + 4G’ fr - 'Bg, Kr (G te = G l * and G l ‘.« - (13) 

we get, for an infinitesimal variation Sj/u which disappears for 
regions beyond a finite limit, by partial integration, that 


SjGda- = (14) 

in which the “ Lagrange derivatives” [Gj'L which are symmetrical 
in i and k, aie to be calculated according to the formula 


[G] = - 


DG'*’ r 

tSX r 


The gravitational equations will then actually assume the form 
which was predicted, namely 

[G]f = - Tf (15) 

There is no longer any cause for surprise that it happens to be the 
energy-momentum components that appear as co-efficients when 
we vary the g t k s in the first three factors of the Action in accordance 
with (12) Unfortunately a scalar-density G, of the type we wish, 

does not exist at all , for we can make all the j.’s vanish at any 

given point by choosing the appropriate co-ordinate system. Yet 
the scalar B, the curvature defined by Eiemann, has made us 
familiar with an invariant which involves the second derivatives 
of the git's only linearly: it may even be shown that it is the 
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only invariant of this kind ( vide Appendix II, in which the proof is 
given) In consequence of this Imeanty we may use the invariant 


integral Ji-B Jgdx to get the derivatives of the second order by 
partial integration We then get 


J^I? Jgdx = 


+ a divergence integral, that is, an integral whose integrand is of 

the form G here depends only on the r/jt’s and their first 

t>x, 

derivatives Hence, for variations Sg^, that vanish outside a finite 
region, we get 


Jgdx = sjGitfa; 


since, according to the principle of partial integration, 


PJW dx . o 

J l3X t 

Not jGrfa: itself is an invariant, but the variation fijGWa;, and this is 
the essential feature of Hamilton's Principle We need not, there- 
fore, have fears about introducing jGdx as the Action of the gravita- 
tional field , and tins hypothesis is found to he the only possible one 
We are thus led under compulsion, as it were, to the unique 
gravitational equations (15) It follows fiom them that every kind 
of energy exerts a gravitational effect: this is true not only 
of the energy concentrated in the electrons and atoms, that is of 
matter in the restricted sense, but also of diffuse field-energy (for 
the T*'s are the components of the total energy) 

Before we carry out the calculations that are necessary if we 
wish to be able to write down the gravitational equations explicitly, 
we must first test whether we get analogous results in the case of 

Hie's Theory. The Action, ^hdx, which occurs in it is an invariant 

not only for linear, but also tor arbitrary transformations For L 
is composed algebraically (not as a result of tensor analysis) of tbe 
components </>, ot a co-variant vector (namely, of the electromagnetic 
potential), of the components Fat of a linear tensor of tbe second 
order (namely, of the electromagnetic field), and of the components 
gat ot the fundamental metrical tensor We set the total differential 
£L of this function 
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equal to -JT^Sprj. + S 0 L, in which 8 0 L - 

(T to = T**, H*' - - H**) (16) 

We then call the tensor-density T* the energy or matter By doing 
this, we affirm once again that the metrical field (with the potentials 
< 7 ti) is related to matter (T li ) m the same way as the electromagnetic 
field (with the potentials <£,) is related to the electric cunent B l 
We are now obliged to prove that the present explanation leads 
accurately to the expressions given in (64), § 26, for energy and 
momentum This will furnish the proof, which was omitted above, 
of the symmetry of the energy-tensor To do this we cannot use 
the method of direct calculation as above in the particular case of 
Maxwell's Theory, but we must apply the following elegant con- 
siderations, the nucleus of which is to be found in Lagrange, but 
which were discussed with due regard to formal perfection by F. Klein 
(vide note 5) 

We subject the world-continuum to an infinitesimal deformation, 
as a result of which in general the point (x,) becomes transformed 
into the point (x t ) 

= x, *t* e ^(XqXjX^Xj) (1 7) 

(in which < is the constant infinitesimal parametei, all of whose 
higher powers are to be struck out) We imagine the phase- 
quantities to follow the deformation so that at its conclusion the 
new (we call them <£,) are functions of the co-oidinates of 
such a kind that, in consequence of (17), the equations 

= <f> l (x)dx l (18) 

hold , and in the same sense the symmetrical and skew-symmetrioal 
bilinear differential form with the co-efficients gr,*, F,*, respectively, 
remains unchanged The changes 4> t {x) - which the quantities 
<£i undergo at a fixed world-point (x t ) as a result of the deformation 
will be denoted by 8<£, , and S F* have a coi responding meaning 

If we replace the old quantities <j>i in the function L by the </> 4 
arising from the deformation, we shall suppose the function L = 
L + 8L to result, the 8L in it is given by (16) Furthermore, let 
3E be an arbitrary region of the world which, owing to the defor- 
mation, becomes 3E, The deformation causes the Action J" L dx to 

x 

undergo a change 8'J L dx which is equal to the difference between 

x 
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the integral L taken over it and the integral L taken over S. The 
invariance of the Action is expressed by the equation 

8' | Ldx = 0 . (19) 

x 


We make a natural division of this difference into two parts (1) 
the difference between the integrals of L and L over X (2) the 
difference between the integral of L ovei X and X. Since X differs 
from X only by an infinitesimal amount, we may set 


1 \ hds - 1 


8Ldx 


for the first part 


On page 111 we found the second part to be 

<mu x 

J 3aii 


To be able to complete the argument we must next calculate the 
variations 8<f h, 8gjt, 8F,i If we set 4>i(x) - 4>-,(x) = 8'<fn for a 
moment, then, owing to (18), we get 

6 c/j i dxi -f- €<j> T d£ r — 0 

and hence 

S'<#a = - € <j>r 4 

Moreover, since 

8<t>, = 8’<t> x - {<p,(x) - = 8'<t>, - c 

OX t 

we get, suppressing the self-evident factor c, 


OX, Dx r 


• (20) 

In the same way, we get 





(20') 

- SF„ - F„? f ’ + F„ ‘f + £■ 

OXk OX t 0X r 


(20") 

And, on account of 



F* = pi - 4* we have 8 F* = 3 (?-^ - 

OXk OX, 

3(8^>i) 

3xi 

• (21) 


fo. since the former is an invariant relation, we get from it 

J?*(S) = - 40 , ana also f\*(x) = **£) - 40 

oxt 0x t QXjc 3*1 
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Substitution gives us 

- 8L = (T? + H *f„ + s**,) ^ + (iT** ^ + +)? 

If we remove the derivatives of £’ by partial integration, and use 
the abbreviation 

Yf = Tf + F lr H kT + <M fc - 8?L 

we get a formula of the following form 

— S' J hdx = = 0 (22) 

XX X 


It follows from this that, as we know, by choosing the £’’s appro- 
priately, namely, so that they vanish outside a definite region, 
which we here take to be X, we must have, at every point, 

t = 0 . (23) 

Accordingly, the first summand of (22) is also equal to zero The 
identity which comes about in this way is valid for arbitrary 
quantities and for any finite region of integration X Hence, 
since the integral of a continuous function taken over any and 
every region can vanish only if the function itself = 0, we must 
have 

»(*;*) = v* = o 

ii k 1 Dxj, 

Now, £* and may assume any values at one and the same 

Zx/, 

point Consequently, 

v! -° (&’°) 

This gives us the desired result 

Tf = LSf - F tr H kr - 


These considerations simultaneously give us the theorems of con- 
servation of energy and of momentum, which we found by calculation 
in § 26 , they are contained in equations (23) The change in the 
Action of the whole world for an infinitesimal deformation which 
vanishes outside a finite region of the world is found to be 


J SLdx = ji T*&g*dx + js„Ldx = 0 (24) 


In oonsequence of the equations (21) and of Hamilton’s Principle, 
namely 


I 


S 0 Ldx = 0 


(25) 
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which is here valid, the second part (in Maxwell's equations) dis- 
appears. But the first part, as we have already calculated, is 



Thus, as a result of the laws of the electromagnetic field, we 
get the mechanical equations 

= 0 (26) 

i) 

(On account of the presence of the additional term due to gravi- 
tation these equations can no longer in the general theory of 
relativity be fitly termed theorems of conservation The question 
whether proper theorems of conservation may actually be set up 
will be discussed in § 33 ) 

The Hamiltonian Principle which has been supplemented by 
the Action of the gravitational field, namely 

S |(L + G) dx = 0 (27) 

and in which the electromagnetic and the gravitational condition 
(phase) of the field may be subjected independently of one another 
to virtual infinitesimal variations gives rise to the gravitational 
equations (15) in addition to the electromagnetic laws If we 
apply the prooess above, which ended m (26), to G instead of to 
L — here, too, we have, for the variation 8 caused by a deformation 
of the world-continuum which vanishes outside a finite region, that 

8 Jodx — 8 Jgdx = 0 — we arrive at mathematical iden- 
tities analogous to (26), namely 


w 



[G]*» 


0 


The fact that G contains the derivatives of the g&a as well as the 
gac's themselves is of no account Accordingly, the mechanical 
equations (26) are just as much a consequence of the gravitational 
equations (15) as of the elect-) omagnetic laws of the field. 

The wonderful relationships, which here reveal themselves, 
may be formulated in the following way independently of the 
question whether Mie’s theory of electrodynamics is valid or not 
The phase (or condition) of a physical system is desonbed relatively to 
a oo-ordinate system by means of certain variable space-time phase- 
quantities (these were our <£,’s above) Besides these, we have 
also to take aocount of the metrical field in which the system is 
embedded and which is characterised by its potentials ga The 
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uniformity underlying the phenomena ooournng in the system is 
expressed by an invariant integral in it, the scalar-density 

L is a function of the <f>’s and of their derivatives of the first and 
if need be, of the second order, and also a function of the g^’s, 
but the latter quantities alone and not their derivatives occur m L 
We form the total differential of the function L by writing down 
explicitly only that part which contains the differentials Sif 1 , namely, 
SL = + 8 0 L. 

Tf is then the tensor -density of the energy (identical with matter) 
associated with the physical state or phase of the system The 
determination of its components is thus reduced once and for all 
to a determination of Hamilton's Function L The general theory 
of relativity alone , which allows the process of van lation to he. applied 
to the metrical structure of the world, leads to a true definition of 
energy The phase-laws emerge from the “partial” principle of 
action in which only the phase-quantities <f> are to be subjected to 
variation , just as many equations arise irom it as there are 
quantities The additional ten gravitational equations (15) for 
the ten potentials ga result if we enlarge the partial principle of 
aotion to the total one (27), in which the tj, x's are also to be sub- 
jected to variation The mechanical equations (26) are a con- 
sequence of the phase-laws as well as of the gravitational laws , 
they may, indeed, be termed the elimmant of the latter Hence, 
m the system of phase and gravitational laws, there are four 
superfluous equations The general solution must, in tact, contain 
four arbitrary functions, since the equations, in virtue of their 
invariant character, leave the co-ordinate system of the x,s in- 
determinate , hence, arbitrary continuous transformations of these 
co-ordinates derived from one solution of the equations always 
give rise to new solutions m their turn (These solutions, how- 
ever, represent the same objective course of the world ) The old 
subdivision into geometry, mechanics, and physics must be re- 
placed in Einstein’s Theory by the separation into physical phases 
and metrical or gravitational fields 

For the sake of completeness we shall once again revert to the 
Hamiltonian Principle used in the theory of Lorentz and Maxwell 
Variation applied to the 'it’s gives the electromagnetic laws, but 
applied to the g^’s the gravitational laws Since the Action is an 
invariant, the infinitesimal change which an infinitesimal deforma- 
tion of the world-continuum calls up in it = 0 , this deformation is 
to affect the electromagnetic and the gravitational field as well as 
the world-lines of the substance-elements This change consists of 
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three summands, namely, of the changes which are caused in turn 
by the variation of the electromagnetic field, of the gravitational 
field, and of the substance-paths The first two parts are zero as 
a consequence of the electromagnetic and the gravitational laws , 
henoe the third part also vanishes and we see that the mechanical 
equations are a result of the two groups of laws mentioned just 
above Recapitulating our former calculations we may derive 
this result by taking the following steps From the gravitational 
laws there follow (26), 1 e 

vU, + u,M = - ( 28 ) 

in which 8 * is the tensor -density of the electiomagnetie energy of 
field, namely, of 

n du, . 

<7, = - A ~ — u a u& 

as 5.r, 

and M is the left-hand member of the equation of continuity for 
matter, namely 

M = 

As a result of -Maxwell's equations the right-hand member of (28) 

= p = - s* (s* = f>w) 

If we then multiply (28) by w and sum up with respect to i, we 
get M — 0 , in this way we have arrived at the equation of contin- 
uity for matter and also at the mechanical equations in their usual 
form 

After having gained a full survey of how the gravitational laws 
of Einstein are to be arranged into the scheme of the remaining 
physical laws, we ai e still faced with the task of working out the 
explicit expression for the [Gjf’s (ride note 6) The virtual change 

sr: k = = r lk 

of the components of the affine relationship is, as we know (page 
114), a tensor If we use a geodetic co-ordinate system at a certain 
point, then we get directly from the formula for R u ((60), § 17) that 



g^hlliic = 





3x r 


and 

If we set 


9*7* - - w ' 
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we get 

g**B* = 

OX, 

or, for any arbitrary co-ordinate system, 

m = R lk 8g* + a iV-!El) 

Jg aj v 

The divergence disappeais in the integiation and hence, since by 
definition we are to have 

8 j^R Jydr = ^[G] ,Jr Sf/i*d-r = - j [G],i-8g ,i dx 

and since the I?,*’ s are symmetrical in Riemann’s Bpace, we get 

[G],t — JgdgikR - Rik) = igiiR - R.i 
[G]f = tffR - k; 

Therefore the gravitational laws are 



Heie, of course (exactly as was done for the unit of charge in 
electromagnetic equations), the unit of mass has been suitably 
chosen If we retain the units of the cgs sjstcm, a universal 
constant 871 -* will have to be added as a factor to the right-hand side 
It might still appear doubtful now at the outset whether k is posi- 
tive or negative, and whether the right-hand side of equation (29) 
should not be of opposite sign We shall find, however, in the 
next paragraph that, in virtue of the fact that masses attract one 
another and do not repel, k is actually positive 

It is of mathematical importance to notice that the exact 
gravitational laws are not linear ; although they are linear in 

the derivatives of the field-components j-, they are not linear m 
the field-components themselves If wo contract equations (29), 
that is, set k = i, and sum with respect to i, we get — R — T =■ T* < 
hence, m place (29) we may also write 

Rf = Tf - iSjT (30) 

In the first paper in which -Einstein set up the gravitational 
equations without following on from Hamilton’s Principle, the 
term - ij-SfT was missing on the right-hand side , he recognised 
only later that it is required as a result of the energy-momentum- 
theorem (vide note 7) The whole series of relations here described 
and which is subject to Hamilton’s Principle, has become mani- 
fest m further works by H A Lorentz, Hilbert, Einstein, Klein, 
and the author ( vide note 8). 
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In the sequel we shall find it desirable to know the value of G. 
To convert 


ji? Jgdx into 2jWx 


by means of partial integration (that is, by detaohmg a divergence), 
we must set 




Thus we get 

*• - * ((;‘}{:}-{X})^ 

By (57'), (57") of 17, however, the fiist two terms on the right, if 
we omit the factor J<j, 


- - {?){> - * (XV - 
=(-{';){?} +<}{■} - 
-**({:}{?}- {?}{?}) 



Hence we finally arnve at 

>-*4T ! H?){»1) (3l) 

This completes our development of the foundations of Einstein’s 
Theory of Gravitation We must now inquire whether observation 
confirms this theory which has been built up on purely speculative 
grounds, and above all, whethei the motions of the planets can be 
explained just as well (or better) by it as by Newton’s law of at- 
traction ^ 29-32 treat of the solution of the gravitational equations 
The discussion of the geneial theory will not be resumed till § 33 


^29. The Stationery Gravitational Field— Comparison with 

Experiment 

To establish the relationship of Einstein’s laws with the results 
of observations of the planetary system, we shall first specialise 
them for the case of a stationary gravitational field (vtde note 9). 
The latter is characterised by the oircumstance that, i if we use 
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appropriate co-ordmates, the world resolves into space and time, bo 
that for the metrical form 


we get 


ds 2 - f-dt 1 - do-’, da" = *dxidx k 

1,L~\ 

Om = f" • du. = 17.0 = 0 . '7,1 = - yu (*. A = 1. 2, 3) 


and also that the co-eflioients / and y»r occurring in it depend only 
on the spaoe-co-ordmates x v x 2 , x v and not on the time t = x a 
da? is a positive definite quadiatic dilTeiential foim which deter- 
mines the metrical nature of the space having co-ordinates x t , x 2 , x s , 
f is obviously the velocity of light The meabiue l of time is fully 
determined (when the unit ol time has been chosen) by the postulates 
that have been set up, whereas the space co-ordinates x v x,,, ay are 
fixed only to the extent of an arbitrary continuous transformation of 
these co-ordinates among themselves In the statical case, therefore, 
the metrics of the woild gives, besides the measure-determination of 
the space, also a scalar field / in space 

If we denote the Ghiistoffel 3-indices symbol, 1 eluting to tho 
ternary form da\ by an appended *, and if the index letters i, k, l 
assume only the values 1, 2, 3 m turn, then it easily follows from 
definition that 


In the above, /, 


f</A fdrl* 

t '/ 


1 1 A 

10 


‘}-o. (“/)-»■ {?| 

{ 0 j ” y 


-= 0 


a/ 

= are co- variant components of the three-dimen- 


sional gradient, and /’ = y 8 */* are the corresponding contra-variant 
components, whereas Jyf‘ = (' are the components oi a contra- 
vanant vector-density in space For the determinant y of the y.^’s, 
we have sjg => f J y If we further set 



lk\*r = a-/ 

r J r 7>xd>xt 


Ui\*H 
\ r ) Zx r 


(the summation letter r also assumes only the three values 1, 2, 3), 
and if we also set 


*/■ 


H< 4 /- ^/3 


we arrive by an easy calculation at the following relations between 
the components By, and P<t of the curvature tensor of the second 


16 
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order which belongs to the quadratic groundform d* 2 for da 2 , 
respectively 

Rik = Pi* - 
-Rio ~ -Roi = 0 

=/ y 

■Jy 


For statical matter which is non -coherent (1 e of which the parts 
do not act on one another by means of stresses), T(J = ft is the only 
component of the energy-density tensor that is not zero , hence 
T = /t Matter at rest produces a statical gravitational field. 
Among the gravitational equations (30) the only one that is of 
/0\ th 

interest to us is the ( A ) it gives us 

A/ = i/x (32) 


or, if we insert the constant factor of proportionality Sir*, we get 

A f = irtKjx (32') 


If we assume that, for an appropriate choice of the space-co- 
ordifiates r 1( x 2 , x 3 , ds 2 differs only by an infinitesimal amount from 


c i dt i - (dxj + dxj + dx*) 


(33) 


— the masses producing the gravitational field must be infinitely 
small if this is to be true — we get, by setting 


that 


/= c + 


<1> 


A . D 2 <I> , (S'<P , D-4> . 

" VccJ + SiJ + 55| = 


(34) 

( 10 ) 


and p. is c-times the mass-density in the ordinary units We find 
that actually, according to all our geometric observations, this 
assumption is very approximately true for the planetary system 
Since the masses of the planets are very small compared with 
the mass of the sun which produces the field and is to be considered 
at rest, we may treat the former as “test-bodies” that are embedded 
in the gravitational field of the sun The motion of each of them 
is then given by a geodetic world-line in this statical gravitational 
field, if we neglect the disturbances due to the influence of the 
planets on one another The motion thus satisfies the principle of 
variation 
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the ends of the portion of world-line remaining fixed 
of rest, this gives us 



0 


in which 


do - Y V dx x dxic 
~dt) ~ 2? lk dt dt 


<. *=i 


For the case 


is the square of the velocity This is a principle of variation of the 
same form as that of classical mechanics , the “ Lagrange Function ” 
in this case is 

L = \/f* — i > 2 

If we make the same appioximation as just above and notice that 
in an infinitely weak gravitational field the velocities that occur will 
also be infinitely small (in comparison with c), we get 


J f 1 - v 2 = Jc 1 4- 2<I> - ir = c + J(<I> - ^v-) 
and since we may now set 

1 = 1 X 

we arrive at 


- *} 


dt = 0 


that is, the planet of mass m moves according to the laws of 
classical mechanics, if we assume that a force with the potential 
acts in it In this way we have linked up the theory with 
that of Newton: <1> is the Newtonian potential that satisfies 
Poisson’s equation (10), and k = c 2 « is the gravitational constant of 
Newton From the well-known numencal value ot the Newtonian 
constant k, we get for Sttk the numerical value 

8?rk 

8 ttk = = I, 87 10 ' 27 cm gr^ 1 


The deviation of the metrical groundform from that of Euclid (33) 
is thus considerable enough to make the geodetic world-lines differ 
from rectilinear uniform motion by the amount actually shown by 
planetary motion — although the geometry which is valid m space 
and ib founded on da 2 differs only very little from Euclidean 
geometry as faT as the dimensions of the planetary system are con- 
cerned (The sum of the angles in a geodetic triangle of these 
dimensions differs very very slightly from 180° ) The chief cause 
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of this is that the radius of the earth’s orbit amounts to about eight 
light-minutes whereas the time of revolution of the world in its 
orbit is a whole year 1 

We shall pursue the exact theory of the motion of a point-mass 
and of light-rays in a statical gravitational field a little further (vide 
note 10) According to 5* 17 the geodetic world-lines may be 
characterised by the two principles of variation 

sj J Qds = 0 or S j Qds = 0, m which Q => gjr^ (35) 

The second of those takes for gi anted that the parameter s has 
been chosen suitably The second alone is of account for the 
“ null-lines ” which satisfy the condition Q =» 0 and depict the 
progress of a light-signal The variation must be performed in 
such a way that the ends of the piece of woild-hne under con- 
sideration remain unchanged If we subject only x 0 = t to 
variation, we get in the statical case 

«je* - - *\i(r- a?)*** m 

Thus we find that 

= const holds 


If, for the piesent, we keep oui attention fixed on the case of the 
light-ray, we can, by choosing the unit of measure of the parameter 
s appropriately (a is standardised by the principle of variation itself 
except for an arbitrary unit of measure), make the constant which 
oocurs on the light equal to unity II we now carry out the 
variation more generally by varying the spatial path of the ray 
whilst keeping the ends fixed but dropping the subsidiary condition 
imposed by time, namely, that 8oi 0 «= 0 foi the ends, then, as is 
evident from (36), the principle becomes 


s|<3ds = 2[Sf] = 2sjdf 


If the path after variation is, in particular, traversed with the 
velocity of light just as the original path, then for the varied world - 
lme, too, we have 


and we get 


Q = 0, d<r = fdt 
sjdt = sjy = 0 


(37) 


This equation fixes only the spatial position of the light-ray , it is 

nothing other than Fermat’s principle of the shortest path. In 
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the last formulation time has been eliminated entirely ; it is valid 
for any arbitrary portion of the path of the light-ray if the latter 
alters its position by an infinitely small amount, its ends being kept 
fixed 

If, for a statical field of gravitation, we UBe any space-co- 
ordinates x v x 2 , x 3 , we may construct a graphical representation of 
a Euclidean space by representing the point whose co-ordinates are 
x v x 2 , x 3 by means of a point whose Cartesian co-ordinates are 
x v x v x s If we mark the position of two stars <S,, S., which are at 
rest and also an observer B, who is at rest, in this pictui e-space, 
then the angle at which the stars appear to the observer is not 
equal to the angle between the straight lines J56’,, BS, connecting 
the stars with the obseivei , we must connect li with Sj S 2 by 
means oi the curved lines of shortest path resulting from (37) and 
then, by means of an auxiliary construction, transform the angle 
which these two lines make with one anothei at B from Euclidean 
measure to that of Riemann determined by the metrical ground- 
form da-' 2 (ct formula (15), §11) The angles which have been 
calculated in this way are those which doternnno the actually 
observed position oi the stars to one another, and which are read 
off on the divided cuclo of the observing instrument Whereas 
B, S j, S 2 retain their positions in space, this angle S^S.j may 
change, if great masses happen to get into proximity ol the path of 
the rays It is m this sense that we may talk of light-rays being 
curved as a result of the gravitational field. But the rays are 
not, as we assumed in ^ 12 to get at general lesults, geoietie lines 
in space with the metrical groundforrn dcr 2 , they do not make the 


integral jda but assume a limiting value The bending of 

light-rays occur, in particular, in the gravitational field of the sun 
If for our graphical representation we use co-oidinates x v x 2 , x )t 
for which the Euclidean formula dcr - = dx[ 4- dx" 2 4- dx\ holds 
at infinity, then numerical calculation for the case of a light-ray 
passing by close to the sun shows that it must be diverted from its 
path to the extent of 1 74 seconds (vide § 31) Tins entails a dis- 
placement of the positions of the stars in the apparent immediate 
neighbourhood of the bud, which should certainly be measurable 
These positions of the stars can be observed, of course, only during 
a total eclipse of the sun. The stars which come into consideration 
must be sufficiently bright, as numerous as possible, and sufficiently 
close to the sun to lead to a measurable effect, and yet sufficiently 
far removed to avoid being masked by the brilliance of the corona 
The most favourable day for suoh an observation is the 29th May, 
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and it was a piece of great good fortune that a total eclipse 
of the sun occurred on the 29th May, 1919 Two English 
expeditions were dispatched to the zone in which the total 
eclipse was observable, one to Sobral in North Brazil, the 
other to the Island of Principe m the Gulf of Guinea, for the 
express purpose of ascertaining the presence or absence of the 
Einstein displacement The effect was found to be present to the 
amount predicted , the final results of the measurements were 
1 98" ± 0 12" for Sobral, 1 61" + 0 30" for Principe (vide note 11) 
Another optical effect which should present itself, according to 
Einstein’s theory of gravitation, in the statical field and which, 
under favourable conditions, may just be observable, arises from 
the relationship 

ds = fdt 

holding between the cosmic time dt and the proper-time ds at a 
fixed point in space If two sodium atoms at rest are objectively 
fully alike, then the events that give rise to the light-waves of the 
75-line in each must have the same frequency, as measured m 
proper-time. Hence, if / has the values f lt / 2 , respectively at the 
points at which the atoms are situated, then between f v f 2 and the 
frequencies v,, v 2 in cosmic time, there will exist the relationship 

D _ v ji 

fi fi 

But the light-waves emitted by an atom will have, of course, the 
same frequency, measured in cosmio time, at all points in space 
(for, in a static metrical field, Maxwell’s equations have a solution 
in which time is represented by the factor e lvt , v being an arbi- 
trary constant frequency) Consequently, it we compare the 
sodium 75-1 me produced in a spectroscope by the light sent from a 
star of great mass with the same line sent by an earth-source into 
the same spectroscope, there should be a slight displacement of the 
former line towards the red as compared with the latter, since / 
has a slightly smaller value in the neighbourhood of great masses 
than at a great distance from them The ratio in which the 
frequency is reduced, has accoiding to our approximate formula 

(34) the value 1 — K ^~ at the distance r from a mass At 

the surfaoe of the sun this amounts to a displacement of 008 
Angstroms for a line in the blue corresponding to the wave-length 

o 

4000 A. This effect lies just within the limits of observability. 
Superimposed on this, there are the disturbances due to the Doppler 
effect, the uncertainty of the means used for comparison on the 
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earth, oertain irregular fluctuations in the sun’s lines the causes of 
which have been explained only partly, and finally, the mutual 
disturbances of the densely packed lines of the sun owing to the 
overlapping of their intensities (which, under certain circumstances, 
causes two lines to merge into one with a single maximum of in- 
tensity) If all these factors are taken into consideration, the 
observations that have so far been made, seem to confiim the dis- 
placement towards the red to the amount stated (vide note 12) 
This question cannot, howevei, yet be considered as having been 
definitely answered 

A third possibility of controlling the theory by means of ex- 
periment is this According to Einstein, Newton’s theory of the 
planets is only a first approximation The question suggests itself 
whether the divergence between Einstein’s Theory and the latter 
are sufficiently great to be detected by the means at our disposal 
It is clear that the chances for this are most favourable for the 
planet Mercury which is neaiest the sun In actual fact, after 
Einstein had earned the approximation a step further, and after 
Schwarzschild (vide note 13) had determined accurately the radially 
symmetrical field of gravitation produced by a mass at rest and 
also the path of a point-mass of infinitesimal mass, both found that 
the elliptical orbit of Mercury should undergo a slow rotation 
in the same direction as the orbit is traversed (over and above 
the disturbances produced by the remaining planets), amounting 
to 43" per century. Since the time of Leverrier an effect of this 
magnitude has been known among the secular disturbances of 
Mercury’s perihelion, which could not be accounted for by the 
usual causes of disturbance Manifold hypotheses have been pro- 
posed to remove this discrepancy between theory and observation 
(vide note 14) We shall revert to the rigorous solution given by 
Schwarzschild in § 31 

Thus we see that, however great is the revolution produced m 
our ideas of space and time by Einstein’s theory of gravitation, the 
actual deviations from the old theory are exceedingly small in our 
field of observation Those which are measurable have been con- 
firmed up to now The chief support of the theory is to be found 
less m that lent by observation hitherto than m its inherent logical 
consistency, in which it far transcends that of classical mechanics, 
and also in the fact that it solves the perplexing problem of gravi- 
tation and of the relativity of motion at one stroke in a manner 
highly satisfying to our reason 

Using the same method as for the light-ray, we may set up 
for the motion cf a point-mass in a statical gravitational field a 
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“minimum" principle affecting only the path m space, corre- 
sponding to Fermat's principle of the shortest path If s is the 
parameter of proper-time, then, 

(g=I, and/ 2 -? = const = ~ . (38) 

is the eneTgy-integral We new apply the first of the two principles 
of variation (35) and generalise it as above by varying the spatial 
path quite arbitrarily while keeping the ends, r 0 = i, fixed We get 

= (39) 

To eliminate the proper-time we divide the first of the equations 
(38) by the square of the second , the result is 

r\ fl ~ (s)*} = Ei dir =/ 2 m 

m which 

U = - E 2 

(40) is the law of velocity according to which the point-mass 
traverses its path If we peifotm the variation so that the varied 
path is traversed according to the same law with the same constant 
E, it follows fiom (39), that 


8 j® = ^ ~ {mj dt = h \ E P di 1 e h \f ZUdi = 0 


or, finally, by expressing dt in terms of the spatial element of arc 
d<r, and thus eliminating the time entirely, we get 



= 0 


The path of the point-mass having been determined in this way, 
we get as a relation giving the time of the motion in this path, 
from (40), that 


dt = 


d<r 


pju 

For E =■ 0, we again get the laws for the light-ray 


§ 30. Gravitational Waves 

By assuming that the generating energy-field Tf is infinitely 
weak, Einstein has succeeded in integrating the gravitational 
equations generally (v%de note 15) The g^'s will, under these 
circumstances, if the co-ordinates are suitably chosen, differ from 
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the g&’a by only infinitesimal amountB y,*. We then regard the 
world as “Euclidean,” having the metrical groundform 

<]ik dx, dx k (41) 

and the y,t’s as the components of a symmetrical tensor-field of 
the second order in this world The operations that are to be per- 
formed in the sequel will always be based on the metrical ground- 
form (41) For the present we are again dealing with the special 
theory of relativity We shall consider the co-ordinate system 

which is chosen to be a “ normal ’’ one, bo that <l,k = 0 for i =j= k and 

ooo 

gm — 1, 9u = 9 - a = (fsi = — 1 

x 0 is the time, x v x 2 , x 2 are Cartesian space-co-ordinates , the velocity 
of light is taken equal to unity 
We introduce the quantities 

= (y = H) 

and we next assert that we may without loss of generality set 

= 0 (42) 

OXk 

For, if this is not so initially, we may, by an infinitesimal change, 
alter the co-ordinate system so that (42) holds The transfor- 
mation formulas that lead to a new co-ordinate system x, namely, 

x, = x t + £*(x l) x l x 2 rj 

contain the unknown functions which are of the same order of 
infinitesimals as the y's We get new co-efficients y lk for which, 
according to earlier formulae, we must have 

**(*) “ <MX) " t + (jLT lx, + 

so that, here, we have 

**<*>- + & 

and we finally get 

hi _ *1? _ pr , + DH ( _ Dy = as 

7)xje Dx k ' Da:,’ TiXi Say dx t 


in which £7 denotes, for an arbitrary function, the differential 

operator 
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The desired condition will therefore be fulfilled in the new 
co-ordinate system if the £*’ s are determined from the equations 

OXlc 

which may be solved by means of retarded potentials (cf. Chapter 
III, page 165) If the linear Lorentz transformations are discarded, 
the co-ordinate system is defined not only to the first order of 
small quantities but also to the second It is very remarkable 
that such an invariant normalisation is possible 

We now calculate the components of curvature As the 

field-quantities are infinitesimal, we get, by confining our- 
selves to terms of the first order 
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=3 

f ik 
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Taking into account equations (42) oi 

= Dy 
Dx* Dr, 

we get 

P z y 


_D 

Dr 




Wy* 


In the same way we obtain 


D_ 

Dr* 


M- 


ay 


The result is 

R<k = - y^ 

Consequently, R — - Vy and 

u\ - isfii = -wti 

The gravitational equations are, however, 

and may be directly integrated with the help of retarded potentials 
(of. page 165) Using the same notation, we get 

- r) Avr 


(43) 
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Accordingly, every change in the distribution of matter produces a 
gravitational effect which is propagated tn space with the velocity of 
light Oscillating masses produce gravitational waves Nowhere in 
the Nature accessible to us do mass-oscillations of sufficient power 
occur to allow the resulting gravitational waves to be observed 
Equations (43) correspond fully to the electromagnetic equa- 
tions 

1 7<f> 1 = s' 


and, just as the potentials t£ l of the electric field had to satisfy 
the secondary condition 

o 

bXi 

because the current s' fulfils the condition 


3s l 


= 0 


so we had here to introduce the secondary conditions (42) for the 
system of gravitational potentials i p k t , because they hold foi the 
matter-tensor 


arf 

bx/t 


= 0 


Plane gravitational waves may exist they are propagated 
in space free from matter we get them by making tho same 
supposition as in optics, i e by setting 

^ = a f . c<°o x o + °i x i + “I 1 * + 

The aj’s and the a t ’s are constants , the latter satisfy the condition 
a,,a l = 0 Moreover, a 0 = v is the frequency of the vibration and 
+ a i x i + a.jXj = const are the planes of constant phase The 
differential equations = 0 are satisfied identically The 
secondary conditions (42) require that 

a* at = 0 (44) 

If the Xj - axis is the direction of propagation of the wave, wc have 
a 2 ~ a S ~ R — a 2 = a 0 = v 

and equations (44) state that 

a° = a) or — -an (45) 


Accordingly, it is sufficient to specify the space part of the constant 
symmetrical tensor a, namely, 

a n °i2 a u 
a 21 °22 a 23 
®S1 a 82 a 33 
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since the o's with the index 0 are determined from these by (46) , 
the space part, however, is subject to no limitation In its turn it 
splits up into the three summands in the direction of propagation 
of the waves 


a n 0 0 


0 a u Oj S 


0 0 0 

0 0 0 

+ 

a 21 0 0 

+ 

0 U 22 & 2 s 

0 0 0 


a 21 0 0 


0 #32 #33 


The tensor-vibration may hence be resolved into three independent 
components a longitudinal-longitudinal, a longitudinal-transverse, 
and a transverse-transverse wave 

H Thirring has made two interesting applications ot in- 
tegration based on the method of approximation used here for the 
gravitational equations (vide note 16) With its help he has in- 
vestigated the influence of the rotation of a large, heavy, hollow 
sphere on the motion of point-masses situated near the centre of 
the sphere He discovered, as was to be expected, a force effect 
of the same kind as centrifugal force In addition to this a second 
force appears which seeks to drag the body into the aequatonal 
plane according to the same law as that according to which centri- 
fugal force seeks to drive it away from the axis Secondly (m 
conjunction with J Lense), he has studied the influence of the 
rotation of a central body on its planets or moons, respectively In 
the case of the fifth moon of Jupiter, the disturbance caused attains 
an amount that may make it possible to compare theory with 
observation 

Now that we have considered m §§ 29, 30 the approximate 
integration of the gravitational equations that occur if only linear 
terms are taken into account, we shall next endeavour to arrive at 
rigorous solutions our attention will, however, be oonfined to 
statical gravitation. 

§84. Rigorous Solution of the Problem of One Body* 

For a statical gravitational field we have 
di s 2 = fdx 0 * - da* 

in which da 2 is a definitely positive quadratic form in the three- 
space variables x v x, 2 , x 3 , the velooity of light / is likewise de- 
pendent only on these The field is radially symmetrical if, foi 
a proper ohoice of the space-co-ordinates, / and da 2 are invariant 
with respect to linear orthogonal transformations of these oo- 


Vtde note (17). 
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ordinates. If this is to be the case, / must be a function of the 
distance 

r = Jx\ l + + x a 2 , 

from the centre, but do-' 1 must have the form 

A (dxj? + dx 2 2 + dx%) + l(x l dx 1 + x. 2 dx 2 + x 3 dx a )' 2 (46) 

m which A and l are likewise functions of r alone Without dis- 
turbing this normal form we may subject the space-co-ordinates to 
a further transformation which consists in replacing x v x,,, by 
rx v tx 2 , rx a , the factor of proportionality t being an arbitrary 
function of the distance r By choosing A appropriately we may 
clearly succeed in getting A = 1 , let us suppose this to have been 
done Then, using the notation of § 29, we have 

yjc = - gtk = Sf + l x t x k ( i , k = 1,2, 3) 

We shall next define this radially symmetrical field so that 
it satisfies the homogeneous gravitational equations which hold 
wherever there is no matter, that is, wherever the energy-density 
TJ vaniahes These equations are all included in the principle of 
variation 

3 - 0 


The gravitational field, which we are seeking, is that which is 
produced by statical masses which are distributed about 
the centre with radial symmetry. If the accent signify differ- 
entiation with respect to r, we get 


= r Xa x,x L + + six,) 


7>x, 


and hence 


[*] = i X fl'x,x k + fSfr* (i, k, a - 1, 2, 3) 


Since it follows from 


that 


flfa — ’/aB ^ 8 

0=1 


x a =-p# 0 L and h 2 = 1 + Ir 1 , 


as may be verified by direct substitution, we must have 

x a l’x,x k + 2M5f 
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It is sufficient to carry out the calculation of G for the point 
x 1 — r, x 2 «• 0, x a = 0 At this point, we get for the three-indices 
symbols just calculated 

fin K . f22'| fSS't lr 

\l} = fc and \lj = \lj - 7t 3 
whereas the remaining ones are equal to zero Of the three- 
indices symbols containing 0, we find by § 29 that 



whereas all the others = 0 Of the g^'a all those situated in the 
main diagonal (i = k) are equal, respectively, to 
1 \ - - 1,-1 

whereas the lateral ones all vanish Hence definition (31) of G 
gives us 

" = 

{“}({o°} - {”}) - {o}{o°} - {VJiV} 

- 

- {Tip + n) 

The terms in the first and second row taken togethei lead to 

The second factor m this product, however, is equal to zero 
Since, by (57) § 17 

\ {V } = 1 = ¥) 

1=0 

the sum of the terms in the third and fourth row is equal to 

2 lr A' 

~ W A 

If we wish to take the world-integral G over a fixed interval with 
respect to the time x 0 , and over a shell enclosed by two spherical 
surfaces with respect to spaoe, then, since the element of integra- 
tion is 

dx = dx 0 . dO . r^dr (dl2 = solid angle), 
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the equation of variation that is to be solved is 


Hence, if we set 


■J' 


8 I Qr 2 dr = 0 


lr z Ir 3 / IN 

/? = itth = V 1 _ 7/ 


in 


we get 

5 jwA'ifr = 0 

in which A and w may be regarded as the two functions that may 
be varied arbitrarily 
By varying w, we get 

A' =■ 0, A = const 

and hence, if we choose the unit of time suitably 


A = hf = 1 

Partial integration gives 

jaiA'dr = [»A] - Ja w'dr 

Hence, if we vary A, we arrive at 

w' = 0, w = const = 2 m 
Finally, from the definition of w and A = 1, we get 


_ 2to 

ll 

P = 1 , 

J r 

1=7 

II 


This completes the solution of the problem. The unit of time has 
been chosen so that the velocity of light at infinity = 1 For 
distances r, which are great compared with to, the Newtonian 
value of the potential holds in the sense that the quantity to 0 , 
introduced by the equation m => kvi 0 occurs as the field -producing 
mass in it, we call m the gravitational radius of the matter 
causing the disturbance of the field Since kirm is the flux of the 
spatial vector-density f 1 through an arbitrary sphere enclosing the 
masses, we get, from (32'), for discrete or non-coherent mass 

m 0 = 

Since p cannot become negative, it is clear from this that, if we use 
the oo-ordinates here introduced for the region of space devoid of 
matter, r must be > 2 to Further light is shed on this by the 
special case of a sphere of liquid which is to be discussed in § 32, 
and for which the gravitational field tnside the mass, too, will be 
determined. We may apply the solution found to the gravitational 
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field of the sum external to itself if we neglect the effect due to the 
planets and the distant stars. The gravitational radius is about 
1 47 kilometres for the sun’s mass, and only 5 millimetres for the 
earth. 

The motion of a planet (supposed infinitesimal m comparison 
with the sun’s mass) is represented by a geodetic world-line. Of 
its four equations 

d?x, f a/31 dx a dxf „ 
ds* + \ i / ds ds ~ 

the one corresponding to the index i = 0 gives, for the statical 
gravitational field, the energy-integral 

/*^£- = const 
as we saw above , or, since, 

(£)’- >+(£)' 

we get 

/ f 1 + (£)1 = C0Dat 

In the case of a radially symmetrical field the equations corre- 
sponding to the indices i = 1, 2, 3 give the proportion 
d l x, d 2 x,, d 2 r, 
ds T d¥ ds* = Xl ** Xs 

(this is readily seen lrom the three-indices symbols that are written 
down) And from them, there results, in the ordinary way, the 
three equations which express the Law of Areas 

dx 2 dx, 

’ ' ** d7 = con8t 

This theorem differs from the Bimilar one derived in Newton’s 
Theory, in that the differentiations are made, not according to 
cosmic time, but according to the proper-time s of the planet On 
account of the Law of Areas the motion takes place in a plane 
that we may choose as our co-ordinate plane x 2 = 0. If we 
introduce polar co-ordinates into it, namely 

x 1 = r cos <f), x 2 = r sin <£ 
the integral of the area is 

r2 <37 = con8t = k • (47) 

The energy-integral, however, since 

dx] + dx § = dr* + r*dd>*, x 1 dx 1 + x 2 dx s — rdr 
da 3 = (dr* + r 3 d<f> 3 ) + l(rdr ) 3 = h 3 dr * + r*d^» 
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becomes 

+ h 8 (sO* + Kar) } " oonat - 

since fh «= 1, we get, by substituting for/ 3 its value, that 

- + (ts ) + r < r ~ 2wi > (af) “ “ E = oonBt ( 48 ) 

Compared with tho energy-equation of Newton’s Theory this 
equation differs from it only in having r - 2 m in plaoe of r in the 
last term of the left-hand side 

The succeeding steps are the same as those of Newton’s Theory 
We substitute ^ from (47) into (48), getting 

/dry 2 m b 2 (r - 2m) 

\ds) r r i ' 

or, using the reciprocal distance p = - in place ol r, 

(p 2 ds) = 2mp ~ E - 6 V *( 1 ~ 2 m P) 

To arrive at the oibit of the planet we eliminate the pioper-time 
by dividing this equation by the square of (47), thus 
/df>\- 2m E „ 0 , 

W) ~ TF p - b*-P + 2mp 

In Newton's Theory the last term on tho right is absent Taking 
into account the numerical conditions that are presented in the case 
of planets, we lind that the polynomial of the third degree in p on 
the right has three positive roots p 0 )> Pi > P 2 and hence 

= 2 m( Pl) - p) ( Pl - p) (p - p 2 ) 

p assumes values ranging between Pl and p 2 The root Po is very 
great in comparison with the remaining two. As in Newton’s 
Theory, we set 

= a(l - e) - =* o(l + e) 

Pl P'2 

and call a the semi-major axis and e tho eccentricity We then 
get 

2 

Pi + Pi ~ a\l_ e 2 ) l 

If we compare the co-efficients of p l with one another, we find that 

1 

Po + Pi + Pa = 

<f> is expressed m terms of p by an elliptio integral of the first kind 
and hence, conversely, p is an elliptic function of <j> The motion 
17 
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is of precisely the same type as that executed by the spherio&l 
pendulum To arrive at simple formulae of approximation, we 
make the same substitution as that used to determine the Kepler 
orbit m the Newtonian Theory, namely 


Pi + Pi , Pi_ 

n » 


P2 


cos 6 


Then 



(49) 


The perihelion is characterised by the values 0 = 0, 2rr The 

increase of the azimuth <f> after a full revolution from perihelion to 
perihelion is furnished by the above integral, taken between the 
limits 0 and 2 -rr With easily sufficient accuracy this increase may 
be set 

2tt 


- H 6 ) 


We find, however, that 

Po ~ Pl -"2 Pl = (p o + Pi + Pi) ~ l(Pi + Pi) 
Consequently the above increase (of azimuth) 

2?r 


2m 


o'(l - e*) ' 




L 6 m 

V 0(1 - e*) 


and the advance of the perihelion per revolntion 

= o(l - e 8 ) 

In addition, m, the gravitational radius of the sun may be expressed 
according to Kepler’s third law, in terms of the time of revolution 
T of the planet and the semi-major axis a, thus 


m = 


ifa ■,» 

(?T 2 


Using the most delicate means at their disposal, astronomers have 
hitherto been able to establish the existence of this advanoe of the 
perihelion only in the case of Mercury, the planet nearest the sun 
(vide note 18) 

Formula (49) also gives the deflection a of the path of a ray of light. 
If «.-* + .» the angle 6 for which p — 0, then the value of the 

2 l 
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integral, taken between - 6 0 and + 6 0 , - tt + a Now in the 
present case 

2m( Po - P )i Pl - p)(p - p 2 ) = i - p 2 + 2w/> 3 . 

The values of p fluctuate between 0 and p . Moreover, - - = r is the 

Pi 

nearest distance to which the light-ray approaches the centre of 
mass 0, whilst b is the distance of the two asymptotes of the light- 
ray from O (for in the case of any curve, this distance is given by 

the value of ~ for p = 0) Now, 
dp 

2m(p 0 + p 3 + p 2 ) = 1 

is accurately true If J is a small fraction, we get to a first 
degree of approximation that 


2 (Pi + Pi) 


„ m m , . , /mV »i 

m pi — — m Pi = -g- r o>i + Pa)-(j) t= 6 

+ #0 i 

= |(1 + ™ cos 0)d0 - 7r = 2c + and hence l a = 


If we calculate the path of the light-ray according to Newton’s 
Theory, taking into account the gravitation of light, that is, considering 
it as the path of a body that has the velocity c at infinity, then if we 
set 


h + p ~ p ' = (Pi ~ p)(p ~ Pi) 


in which p, > 0, p 2 < 0 and set 


i6L - - PdJ-.Pi. 


we get 


Pi ~ Pi 


w + a — 2 On 


Thus Newton’s law of attraction leads to a deflection which is only 
half as great as that predicted by Einstein The observations 
made at Sobral and Principe decide the question definitely in 
favour of Einstein (vide note 19) 

§ 32. Additional Rigorous Solutions of the Statical Problem 
of Gravitation 


In a Euclidean space with Cartesian co-ordinates x lt a:,, the 
equation of a surface of revolution having as its axis of rotation the 
a;, -axis is 

x 3 - F(r), r - -Jxl - 1 - x\. 
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On it, the square of the distance da between two infinitely near 
points is 

do- 2 = (dx\ + dx !) + (F* (r)) 2 dr s 

= (dx r ( + dx?.) + J (x 1 dx 1 + x 2 dx 2 ) 8 

In a radially symmetrical statical gravitational field we have for a 
plane ( x a =*= 0) passing through the centre 

da- = (dx\ + dx%) 4- l(x 1 dx l + x. l dx 1 f 

in which 

^ _ K- - 1 _ 2m 

r 2 r 2 (r-2m) 

The two formulas are identical if we set 

" Vr“?3m F{r) = V8w(r - 2m) 

The geometry which holds on this plane is therefore the same as that 
which holds m Euclidean space on the surface of revolution of a 
parabola 

z — s/8m(r - 2m) 

(vide note 20) 

A charged sphere, besides calling up a radially symmetrical 
gravitational field, calls up a similar electrostatic field Since both 
fields influence one another mutually, they may be determined only 
conjointly and simultaneously (vide note 21) If we use the ordinary 
units of the c g s system (and not those of Heaviside which dispose 
of the factor in in another way and which we have generally used 
in the foregoing) for electricity as well as for the other quantities, 
then m the region devoid of masses and charges the integral becomes 

j{ wA ' - K *P;dr 

It assumes a stationary value for the condition of equilibrium. The 
notation is the same as above, 4> denoting the electrostatic potential 
The square of the numerical value of the field is used as a basis for 
the function of Action of the electric field, in accordance with the 
classical theory Variation of w gives, just as in the case of no 
charges, 

A' = 0 A = const = c 
But variation of <1> leads to 

~ = 0 and henoe = e ^- 

dr\ A / r 
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For the electrostatic potential we therefore get the same formula as 
when gravitation is disregarded The constant e 0 ib the electric 
charge which excites the field If, finally, A be varied, we get 


— K = (J 

A - 2 


and hence 


w = 2 m — — - 

1 


1 

h‘ 


= (tj = i - + JL 1 


1 _ z=2 + 
r o* 


in which m 0 denotes the mass which produces the gravitational 
field. In / 2 there occurs, as we see, in addition to the term 
depending on the mass, an electrical term which decreases 
more rapidly as r increases We call m — m 0 the gravitational 

radius of the mass m Q , and e 0 = e the gravitational radius of 

c 

the charge e 0 Our formula leads to a Yiew of the structure of 
the electron which diverges essentially from the one oommonly 
accepted. A finite radius has been attributed to the electron , this 
has been found to be necessary, if one is to avoid coming to the 
conclusion that the electrostatic field it produces has infinite total 
energy, and hence an infinitely great inertial mass If the inertial 
mass of the electron is derived from its field-eneigy alone, then its 
radius is of the order of magnitude 


a = 


nine* 


But in our formula a finite mass m 0 (producing the gi avitational 
field) occuis quite independently of the smallness of the value of r 
for which the formula is regarded as valid , how are these results 
to be reconciled? According to Faraday’s view the charge enclosed 
by a surface O is nothing more than the flux of the electrical field 
through n. Analogously to this it will be found in the next para- 
graph that the true meaning of the conception of mass, both as field- 
producing mass and as inertial or gravitational mass, is expressed 
by a field-flux If we are to regard the statical solution here given 
as valid for all space, the flux of the electrical field through any 
sphere is 4,-rre^ at the centre On the other hand the mass which is 
enclosed by a sphere of radius r, assumes the value 


™<> - i 


p 2 

c a r 


which is dependent on the value of r The mass is consequently 
distributed continuously The density of mass coincides, of course, 
with the density of energy The “ initial level” at the centre, from 
which the mass is to be calculated, is not equal to 0 but to - os. 
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Therefore the mass m 0 of the electron cannot be determined from 
this level at all, but signifies the “ ultimate level " at an infinitely 
great distance a now signifies the radius of the sphere whioh 
encloses the mass zero. Contrary to Mie’s view matter now 
appears as & real singularity of the field. In the general 
theory of relativity, however, space is no longer assumed to be 
Euclidean, and hence we are not compelled to ascribe to it the 
relationships of Euclidean space It is quite possible that it has 
other limits besides infinity, and, m particular, that its relationships 
are like those of a Euclidean space which contains punctures 
(cf § 34) We may, therefore, claim for the ideas here developed — 
according to which there is no connection between the total 
mass of the electron and the potential of the field it produces, and 
in which there is no longer a meaning in talking of a cohesive 
pressure holding the electron together — equal rights as for those 
of Mie An unsatisfactory feature of the present theory is that the 
field is to be entirely free of charge, whereas the mass (= energy) is 
to permeate the whole of the field with a density that diminishes 
continuously. 

It is to be noted that a e = e m or, that e = Jam In the case 
of the electron the quotient is a number of the order of magnitude 

10 20 , — of the ordei 10 40 , that is, the electric repulsion which two 
vi 

electrons (sepaiated by a great distance) exert upon one another is 
10 40 times as great as that which they exeit in virtue of gravitation 
The cncumstance that in an electron an integral number of this 
kind occurs which is of an older of magnitude varying greatly from 
unity makes the thesis contained in Mie’s Theory, namely, that all 
pure figures determined from the measures of the electron must 
be denvable as mathematical constants from the exact physical 
laws, rather doubttul on the other hand, we regard with equal 
scepticism the belief that the structure of the world is founded on 
certain pure figures of accidental numerical value 

The gravitational field that is present m the interior of massive 
bodies IS, according to Einstein’s Theory, determined only when the 
dynamical constitution of the bodies are fully known , since the 
mechanical conditions are included in the gravitational equations, 
the conditions of equilibrium are given for the statical case The 
simplest conditions that offer themselves for consideration are given 
when we deal with bodies that are composed of a homogeneous 
incompressible fluid. The energy-tensor of a fluid on which no 
volume forces are acting is given according to § 25, by 
Tik = f **«'«* - pg* 
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m which the Wt’s are co-vanant components of the world-direction 
of the matter, the scalar p denotes the pressure, and p* is deter- 
mined from the constant density p 0 by means of the equation p* = 
fio + p. We introduce the quantities 

H*U t = v x 

as independent variables, and set 

L = ~ H ~ Jv,v‘ 


Then, if we vary only the g %k ' s, not the v t 's, 

d\j = — -J-TtiSp 'ik 

Consequently, by referring these equations to this kind of variation, 
we may epitomise them m the formula 


sJ(L + G )dx = 0 


It must carefully be noted, however, that, if the vie are varied 
as independent variables in this principle, it does not lead to the 

v l 

correct hydro-dynamical equations (instead, we should get — j===^=0, 

which leads to nowhere) But these conservation theorems of energy 
and momentum, are already included in the gravitational equations 
In the statical case, Vj = v, = v s = 0, and all quantities are in- 
dependent of the time We set v 0 = v and apply the symbol of 
variation 8 just as in § 28 to denote a change that is produced by an 
infinitesimal deformation (in this case a pure spatial deformation). 
Then 


SL = - hSv (h = j'j 

in which Bv denotes nothing more than the difference of v at two 
points in space that are generated from one another as a result of 
the displacement By now arguing backwards from the conclusion 
which gave us the energy-momentum theorem in § 28, we infer from 
this theorem, namely 

|T ^Sg^dx = 0 

and from the equation 

JsLdx = 0, 

which expresses the invariant character of the world-integral of L, 
that Sv = 0 This signifies that, in a connected spaoe filled with 
fluid, Y has a constant value. The theorem of energy is true 
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identically, and the law of momentum is expressed most simply by 
this fact A single mass of fluid in equilibrium will be radially 
symmetrical in respejt of the distribution of its mass and its field. 
In this special case we must make the same assumption for ds' J , 
involving the three unknown functions A., I, /, as at the beginning 
of § 31. If we start by setting X = 1, we lose the equation which 
is derived by varying X A full substitute for it is clearly given by 
the equation that asserts the invariance of the Action during an 
infinitesimal spatial displacement in radial dnections, that is, the 
theorem of momentum v = const The problem of variation that 
has now to be solved is given by 

sJjA'in + r 2 /i 0 A - r 2 vh}dr = 0 
in which A and h are to undergo variation, whereas 



Let us begin by varying A , we get 


w 


H-o r 


2 = 0 and w = ^~r 3 


that is 


— = 1 _ ^A r 4 
h 2 3 


Let the spherical mass of fluid have a radius r = r 0 
that r 0 must remain 

3 


-(50) 
It is obvious 


<« = J- 3 

y m-o 


The energy and the mass are expressed in the rational units given 
by the theory of gravitation For a sphere of water, for example, 
this upper limit of the radius works out to 

IT 


/_* 

8itk 


- 4 10 8 km = 22 light-minutes 


Outside the sphere our earlier formulas are valid, in particular 

A = 1. 


1 _ , _ 2?w 

P~ ~7’ 


The boundary conditions require that h and j have continuous 
values in passing over the spherical surface, and that the pressure 
p vanish at the surface From the continuity of h we get for the 
gravitational radius m of the sphere of fluid 

b 
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The inequality, which holds between r # and /a. q , shows that the 
radius r 0 must be greater than 2 m. Hence, if we start from in- 
finity, then, before we get to the singular sphere i = 2 m mentioned 
above, we reach the fluid, within which other laws hold If we 
now adopt the gramme as our unit, we must replace by 8mc/r 0 , 
whereas m = kto u , if mo denotes the gravitating mass We then 
find that 

m o = Mo — * 


M*^ 

« = mY=V 

18 a constant, and assumes the value at the surface of the sphere, 

ho 

in which h a denotes the value of h there as given by (50), we see 
that in the whole interior 


(mo + P)f = J o ° 


Variation of h leads to 


+ rv — 0 


Since it follows from (50) that 


we get immediately 


h* = 3 r 


3v 7 . 

A = - — li 4- const 

■“Mu 


Further, if we use the value of the constant v given by (51), 
and calculate the value of the integration constant that occurs, by 
using the boundary condition A = 1 at the surface of the sphere, 
then 

3 k — k/Q 

A ■“ ~2h^~ ’ r~ 2 hh 0 

Finally, we get from (51) 


These results determine the metrical groundform of space 

. . (x.dx, + x 0 di r„ + x s dxA 2 

do* - (dx f t dx\ + dxl) + L *— *--- ^ *5 ( 62 ) 

the gravitational potential or the velocity of light /, and the 
pressure-field p. 
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If we introduce a superfluous co-ordinate 

= Ja* - r* 

into space, then 

*1 + • (53) 

and hence 

x-pix^ + x 2 dx i + x 3 dx 3 + x i dx 4 = 0 
(52) then becomes 

d<H = dx\ + dx\ + dx § + dx\ 

In the whole interior of the fluid sphere spatial spherical geometry 
is valid, namely, that which is true on the “ sphere. ” (53) m four- 
dimensional Euclidean space with Cartesian co-ordinates x t . The 
fluid covers a cap-shaped portion of the sphere The pressure m 
it is a linear fractional function of the “ vertical height,” z — x i on 
the sphere 

L = 2 ~ £o_ 

P-o 3z 0 — z 

Further, it is shown by this formula that, since the pressure may 
not pass, on a sphere of latitude, z = const , from positive to negative 
values through infinity, 3z 0 must be > a, and the upper limit a 
found above for the radius of the fluid sphere must be correspond- 
ingly reduced to 

These results for a sphere of fluid were first obtained by 
Schwarzschild [vide note 22) After the most important cases of 
radially symmetrical statical gravitational fields had been solved, 
the author succeeded in solving the moie general problem of the 

oylindrioally symmetrical statical field (vide note 23) We 
shall here just mention briefly the simplest results of this investiga- 
tion Let us consider first uncharged masses and a gravitational 
field m space free from matter It then follows from the gravita- 
tional equations, if certain space-co-ordmates r, 6, z (so-called 
canonical cylindrical co-ordinates) are used, that 

ds 2 = pdf - dcr 2 dcr 2 = h(dr 2 + dz 2 ) + r —^- 

6 is an angle whose modulus is 2tt , that is, corresponding to values 
of 6 that differ by integral multiples of 2 w there is only one 
point On the axis of rotation r = o Also, h and / are functions 
of r and z We shall plot real space in terms of a Euclidean space, 
in which r, 0, z are cylindrical co-ordinates. The canonical co- 
ordinate system is uniquely defined except for a displacement in 
the direction of the axis of rotation z' = z + const When 
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h = / = 1, da 2 is identical with the metrical groundform of the 
Euclidean picture-space (used for the plotting). The gravitational 
problem may be solved just as easily on this theory as on that of 
Newton, if the distribution of the matter is known in terms of 
canonical co-ordinates. For if we transfer these masses into our 
picture-space, that is, if we make the mass contained m a portion 
of each space equal to the mass contained in the corresponding 
portion of the picture-space, and if t jr is then the Newtonian 
potential of this mass-distribution in the Euclidean picture-space, 
the simple formula 

/ = e+M (54) 

holds The second stdl unknown function h may also be deter- 
mined by the solution of an ordinary Poisson equation (referring to 
the meridian plane 6 = 0) In the case of charged bodies, too, 
the canonical co-ordinate system exists If we assume that the 
masses are negligible m comparison with the charges, that is, that 
for an arbitrary portion of space the gravitational radius of the 
electric chaiges contained in it is much greater than the gravita- 
tional radius of the masses contained in it, and if denotes the 
electrostatic potential (calculated according to the classical theory) 
of the transposed charges in the canonical picture-space, then / and 
the electrostatic potential $ in real space are given by the formul® 



It is not quite easy to subordinate the radially symmetucal case to 
this more general theory it becomes necessaiy to carry out a rather 
complicated transformation of the space-co-ordinates, into which 
we shall not enter here 

Just as the laws of Mie’s electrodynamics are non-linear, so 
also Einstein’s laws of gravitation. This non-linearity is not 
perceptible in those measurements that are accessible to direct 
observation, because, in them, the non-linear terms are quite 
negligible m comparison with the linear ones It is as a result of 
this that the principle of superposition is found to be confirmed 
by the interplay of forces in the visible world Only, perhaps, for 
the unusual occurrences withm the atom, of which we have as yet 
no clear picture, does this non-hneaxity come into consideration. 
Non-lmear differential equations involve, in comparison with linear 
equations, particularly as regards singularities, extremely intricate, 
unexpected, and, at the present, quite uncontrollable conditions 
The suggestion immediately arises that these two circumstances, 
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the remarkable behaviour of non-linear differential equations and 
the peculiarities of intra-atomic occurrences, are to be related to 
one another Equations (54) and (54') offer a beautiful and simple 
example of how the principle of superposition becomes modified in 
the strict theory of gravitation the field-potentials / and <J> depend 
in the one case on the exponential function of the quantity ijr, and 
in the other on a trigonometrical function of the quantity <f>, these 
quantities being those which satisfy the principle 'of superposition. 
At the same time, however, these equations demonstrate clearly 
that the non-lineanty of the gravitational equations will be of no 
assistance whatever for explaining the occurrences within the 
atom or the constitution of the electron For the differences 


between <f> and <l> become appreciable only when ~—<f> assumes 

values that are comparable with 1 But even in the interior of the 
electron this case arises only for spheres whose radius corresponds 
to the order of gravitational radius 


e = 



■io - 33 


cms 


for the charge e 0 of the electron 

It is obvious that the statical differential equations of gravita- 
tion cannot uniquely determine the solutions, but that boundary 
conditions at infinity, or conditions of symmetry such as the 
postulate of radial symmetry must be added The solutions which 
we found were those for which the metrical gioundform converges, 
at spatial infinity, to 

dx$ - ( dx\ + dx\ + dx §) 

the expression which is a characteristic of the special theory of 
relativity 

A further series of elegant investigations into problems of 
statical gravitation have been initiated by Levi-Civita (vide note 
24) The Italian mathematicians have studied, besides the statical 
case, also the “ stationary ” one, which is characterised by the 
circumstance that all the f/jc’s are independent of the time-co- 
ordinate x 0 , whereas the “ lateral ” co-efficients g 01 , g oi , g a3 need not 
vanish (vide note 25) an example of this is given by the field that 
surrounds a body which is in stationary rotation 


§ 83. Gravitational Energy. The Theorems of Conservation 

An isolated Bystem sweeps out m the course of its history a 
“ world-canal ” , we assume that outside this canal the stream-density 
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8 ‘ vanishes (if not entirely, at least to suoh a degree that the 
following argument retains its validity). It follows from the 
equation of continuity 


3s l 


= 0 


( 55 ) 


that the flux of the vector-density s' has the same value e through 
every three-dimensional “ plane ” across the canal To fix the sign 
of e, we shall agree to take for its direction that leading from the 
past into the future. The invariant e is the charge of our system. 
If the co-ordinate system fulfils the conditions that every “ plane " 
x 0 =» const intersects the canal in a finite region and that these 
planes, arranged according to increasing values of x a , follow one 
another in the order, past — ► future, then we may calculate e by 
means of the equation 

j"s ^dx^dxtdx^ = c 

in which the integration is taken over any arbitrary plane of the 
family x Q = const This intogial e = e(x„) is accordingly in- 
dependent of the “ time ” ,r n , as is i eadily seen, too, from (55) if we 
integrate it with respect to the “ space-co-ordinates " x v ar 2 , x s What 
has been stated above is valid in virtue of the equation of con- 
tinuity alone , the idea of substance and the convention to which it 
leads m Lorentz's Theory, namely, s l = pu\ do not come into 
question in this case 

Does a similar theorem of conservation hold true for energy 
and momentum ? This can certainly not be decided from the 
equation (26) of § 28, since the latter contains the additional term 
which is a characteristic of the theory of gravitation It Is 
possible, however, to write this addition term, too, in the form of a 
divergence We choose a definite co-ordinate system and subject 
the world-continuum to an infinitesimal deformation m the true 
sense, that is, we choose constants for the deformation components 
in § 28 Then, ol course, for any finite region i 

S'pdx = 0 

* 

(this is true for every function of the and their derivatives it 
has nothing to do with properties of invariance , S' denotes, as in 
§ 28, the variation effected by the displacement). Hence, the dis- 
placement gives us 


+ jsGdx = 0 
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If, as earlier, we set 

8G = 

then partial integration gives 

2jsGda; «■ f (Q ix? a ldx + 

XX X 

Now, in this case, since the £'s are constants, 

Sin — — Ai 

° 9afl = lx t fe 

If we intioduce the quantities 

GS * - < 

then, by the preceding relation, we get the equation 
ffdt'f . . 


Ks-![°^K - 0 


Since this holds for any arbitrary region X, the integrand must be 
equal to zero In it the £ l ’s denote arbitrary constant numbers , 
hence we get four identities 

" si 

The left-hand side, by the gravitational equations, 

- - H£? 

and, accordingly, the mechanical equations (26) become 

■viri 

-SJ = 0, where Uf = Tf + t* . (56) 


It is thus shown that if we regard the t*’s, which are dependent 
only on the potentials and the field-components of gravitation, as 
the components of the energy-density of the gravitational field, 
we get pure divergence equations for all energy associated with 
“ physical state or phase ” and “ gravitation ” ( vide note 26) 

And yet, physically, it seems devoid of sense to introduce the 
tf’s as energy-components of the gravitational field, for these 
quantities neither form a tensor nor are they symmetrical. 
In actual fact, if we choose an appropriate co-ordinate system, we 
may make all the tf’s at one point vanish , it is only neoessary to 
choose a geodetic oo-ordmate system And, on the other hand, if 
we use a curvilinear co-ordinate system in a “ Euclidean ” world 
totally devoid of gravitation, we get tl’s that are all different from 
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zero, although the existence of gravitational energy in this case 
can hardly oome into question, Hence, although the differential 
relations (56) have no real physical meaning, we can derive from 
them, by integrating over an isolated system, an invariant 

theorem of conservation (vide note 27) 

During motion an isolated system with its accompanying gravi- 
tational field sweeps out a canal m the "world” Beyond the 
canal, m the empty surroundings of the system, we shall assume 
that the tensor-density T, and the gravitational field vanish We 
may then use co-oidinates x u ( = t), x 1 , x. 2 , r 3 , such that the 
metrical groundform assumes constant co-efficients outside the 
canal, and in particular assumes the form 

dt 1 - ( dx'\ + dx‘j + dx^) 

Hence, outside the canal, the co-ordinates are faxed except for a 
linear (Lorentz) transformation, and the tf’s vanish there We 
assume that each of the “ planes t = const has only a finite 
portion of section in common with the canal If we integrate the 
equations (56) with respect to x v x 2 , x 3 over such a plane, we find 
that the quantities 

<7, = Jufdxjdxjdxj 

dJ 

are independent of the time , that is =• 0 We call J a the 

energy, and J v J 2 , the momentum co-ordinates of the 

system 

These quantities have a significance which is inuependent of 
the co-ordinate system We affirm, firstly, that they retain their 
value if the co-ordinate system is changed anywhere within the 
canal. Let x l be the new co-ordmatos, identical with the old ones 
for the region outside the canal. We mark out two “ surfaces ” 

x u — const. = a and x 0 = const = a (a =(= a) 
which do not intersect in the canal (for this it suffices to 
choose a and a sufficiently different irom one another) We can 
then construct a third co-ordinate system x£ which is identical 
with the Xi’s m the neighbourhood of the first surface, identical 
with the x t in that of the second system, and is identical with both 
outside the canal If we give expression to the fact that the 
energy- momentum components J\ in this system assume the same 
values for xl = a and xl = a, then we get the result which we 
enunciated, namely, /»=•/, 
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Consequently, the behaviour of the Ji’s need be investigated 
only in the ease of linear transformations of the oo-ordinates. 
With respect to such, however, the conception of a tensor with 
components that are constant (that is, independent of position) is 
invariant We make use of an arbitrary vector of this type, and 
form 0* = Ofp 1 , and deduce from (56) that 

= 0. 

By applying the same reasoning as was used above m the case of 
the electric current, it follows from this that 

‘ ^\J°dx l dx i dx s = J<p 

is an invariant with respect to linear transformations Accord- 
ingly, the J,’s are the components of a constant co-variant 
vector in the “ Euclidean ” surroundings of the system ; this 

energy-momentum vector is uniquely determined by the phase (or 
state) of the physical system The direction of this vector deter- 
mines generally the direction in which the canal traverses the 
surrounding world (a puiely descriptive datum that can be ex- 
pressed in an exact form accessible to mathematical analysis only 
with great difficulty) The invariant 

JJi — — Ji 

is the mass of the system 

In the statical case J x =» J 2 = J 3 = 0, whereas J 0 is equal to 
the space- integral of Rjj - (^R - G) According to ^ 29 and § 28 
(p 240), respectively, 

3fi 

R!{ *= — , and in general, 
dec i 

and hence, in the notation of § 29 and § 31, the mass J 0 is equal to 
the flux of the (spurious) spatial vector-density 

no. =■ UJg } - -r {“/}) (*<*/? = 1, 2, 3) (57) 

whioh has yet to be multiplied by ~ if we use the ordinary 

07TK 

units. Since at a great distance from the system the solution of 
the field laws, which was found m § 31, is always valid, and for 
which m' is a radial current of intensity 

1 - P _ 
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we get that the energy, </ 0 , or the inertial mass of the system, ts 
equal to the mass m 9 , which ts characteristic of the gravitational 
field generated by the system ( vide note 28). On the other hand it 
is to be remarked parenthetically that the physics based on the 
notion of substance lead9 to the space-integral of /x/f for the value 
of the mass, whereas, in reality, for incoherent matter J !t <=> m Sj =• 
the space-integral of p , this is a definite indication of how radi- 
cally erroneous is the whole idea of substance 

§34. Concerning the Inter-connection of the World 
as a Whole 

The general theory of relativity leaves it quite undecided whether 
the world-points may be represented by the values of four co- 
ordinates x , in a singly reversible continuous manner or not It 
merely assumes that the neighbourhood of every world-point admits 
of a singly reversible continuous representation in a region of the 
four-dimensional “ number-space ” (whereby “ point of the four- 
dimensional number-space ” is to signify any number-quadruple) , 
it makes no assumptions at the outset about the inter-connection 
of the world When, in the theory of surfaces, we start with a 
parametric representation of the surface to be investigated, we are 
referring only to a piece of the surface, not to the whole surface, 
which in general can by no means be represented uniquely and 
continuously on the Euclidean plane or by a plane region Those 
properties of surfaces that persist during all one-to-one continuous 
transformations form the subject-matter of analysis situs (the 
analysis of position) , connectivity, for example, is a property 
of analysis situs Every surface that is generated from the 
sphere by continuous deformation does not, from the point of view 
of analysis situs, differ from the sphere, but does differ from ap 
anchor-ring, for instance For on the anchor- ring there exist closed 
lines, which do not divide it into several regions, whereas such lines 
are not to be found on the sphere From the geometry which 
is valid on a sphere, we derived “spherical geometry” (which, 
following Eiemann, we set up in contrast with the geometry of 
Bolyai- Lobatschef sky) by identifying two diametrically opposite 
points of the sphere The resulting surface F is from the point of 
view of analysis situs likewise different from the sphere, in virtue 
of which property it is called one-sided If we imagine on a sur- 
face a small wheel in continual rotation m the one direction to 
be moved along this surfaoe during the rotation, the centre of the 
wheel describing a closed curve, then we should expect that when 
the wheel has returned to its initial position it would rotate in the 
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same direction as at the commencement of its motion. If this is the 
case, then whatever curve the centre of the wheel may have de- 
scribed on the surface, the latter is called two-sided; m the reverse 
case, it is called one-sided. The existence of one-sided surfaces 
was first pointed out by Mobius The surface F mentioned above 
is two-sided, whereas the sphere is, of course, one-sided ThiB is 
obvious if the centre of the wheel be made to describe a great 
circle, on the sphere the whole circle must be traversed if this 
path is to be closed, whereas on F only the half need be covered 
Quite analogously to the case of two-dimensional manifolds, four- 
dimensional ones may be endowed with diverse properties with 
regard to analysis situs But m every four-dimensional manifold 
the neighbourhood of a point may, of course, be represented in a 
continuous manner by four co-ordinates in such a way that different 
co-ordinate quadruples always correspond to different points of this 
neighbourhood The use of the four world-co-ordinates is to be 
interpreted in just this way 

Every world-point is the origin of the double-cone of the active 
future and the passive past Whereas in the special theory of 
relativity these two portions are sepaiated by an intervening region, 
it is certainly possible in the present case for the cone of the active 
future to overlap with that of the passive past , so that, in principle, 
it is possible to experience events now that will in part be an effect 
of my future resolves and actions Moreover, it is not impossible 
for a world-line (in particular, that of my body), although it has a 
tune-like direction at every point, to return to the neighbourhood 
of a point which it has already once passed thiough The result 
would be a spectral image of the world more fearful than anything 
the weird fantasy of E T A Hoffmann has ever conjured up In 
actual fact the very considerable fluctuations of the go ! 8 that would 
be necessary to produce this effect do not occur in tbe region of 
world in which we live Nevertheless there is a certain amount of 
interest in speculating on these possibilities inasmuch as they shed 
light on the philosophical problem of oosmic and phenomenal time. 
Although paradoxes of this kind appear, nowhere do we find any real 
contradiction to the facts directly presented to us m experience 

We saw in § 26 that, apart from the consideration of gravitation, 
the fundamental electrodynamic laws (of Mie) have a form such 
as is demanded by the principle of causality. The time-deriva- 
tives of the phase-quantities are expressed m terms of these 
quantities themselves and their spatial differential co-efficienta. 
These facta persist when we introduce gravitation and thereby 
increase the table of phase-quantities <^, F*, by the ga’$ and the 
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ik) i 

j-'s. But on account of the general in variance of physioal 

laws we must formulate our statements so that, from the values of 
the phase-quantities for one moment, all those assertions con- 
cerning them, which have an invariant character, follow as a 
consequence of physical laws , moreover, it must be noted that this 
statement does not refer to the woild as a whole but only to a 
portion which can he represented by four co-ordinates Following 
Hilbert (v%de note 29) we proceed thus In the neighbourhood of 
the world-point 0 we introduce 4 co-ordinates x„ such that, at O 
itself, 

ds i = di — (dxj + dx'i + < 1 x 5 ) 

In the three-dimensional space x 0 «=■ 0 surrounding O we may 
mark off a region R, such that, in it, - ds 2 remains definitely 
positive Through every point of this region we draw the geodetic 
world-line which is orthogonal to that region, and whioh has a 
time-like direction These lines will cover singly a certain four- 
dunensional neighbourhood of 0 We now introduce new 
co-ordinates which will coincide with the previous ones in the 
three-dimensional space R, for we shall now assign the co-ordinates 
x 0 , x v T.J, x s to the point P at which wc arrive, if wo go fiorn 
the point P () = (j 1 ,, T;, a j) m R along the orthogonal geodetic 
line passing through it, so far that the proper-time of the arc 
traversed, P 0 P, is equal to x v This system of co-ordinates was 
introduced into the theory of surfaces by Gauss Since ds~ *=* dx'f, 
on each of the geodetic lines, we must get identically for all four 
co-ordinates in this co-ordmate system 

<Joo = 1 (58) 

Since the lines are orthogonal to the three-dimensional apace 
x 0 =■ 0 , we get for x g = 0 

9« 1 ~ 9oi = 9 ds — 0 ( 59 ) 

Moreover, since the lines that are obtained when x v x v x i are kept 
oonstant and x 0 is varied are geodetic, it follows (from the equation 
of geodetic lines) that 

{°? } = 0 (i = 0,l, 2, 3) 

and hence also that 

rrj- 

Taking (58) into consideration, we get from the latter 


= 0 


(t - 1. 2, 3) 
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and, on account of (59), we have consequently not only for a; 0 =* 0 
but also identically for the four co-ordinates that 

g 0l =0 (t = 1, 2, 3) (60) 

The following picture presents itself to us a family of geodetic 
lines with time-like direction which covers a certain world-region 
singly and completely (without gaps) , also, a similar um-para- 
metric family of three-dimensional spaces x 0 = const According 
to (60) these two families are everywhere orthogonal to one another, 
and all portions of arc cut off from the geodetic lines by two of 
the “ parallel ” spaces x 0 = const have the same proper-time If 
we use this particular co-ordinate system, then 

-- 2 {o} 

and the gravitational equations enable us to express the derivatives 

»|-{o} ‘ 3 > 

not only in terms of the <jn'a and their derivatives, but also in terms 
of the g^'a, their derivatives (of the first and second order) with 


respect to x v x.,, x it and the 



s themselves 


Hence, by regarding the twelve quantities, 

9*. {o } (*. * = 1. 2, 3) 


together with the electromagnetic quantities, as the unknowns, we 
arrive at the required result (x 0 playing the part of time). The 
cone of the passive past starting from the point O' with a positive 
x 0 co-ordmate will cut a certain portion R' out of R, which, with 
the sheet of the cone, will mark off a finite region of the world G 
(namely, a conical cap with its vertex at O'). If our assertion that 
the geodetic null-lmes denote the initial points of all action is 
rigorously true, then the values of the above twelve quantities as well 
as the electromagnetic potentials d>, and the field-quantities F^ in 
the three-dimensional region of space R' determine fully the values 
of the two latter quantities in the world-region G. This has 
hitherto not been proved In any case, we see that the differential 
equations of the field contain the physical laws of nature in thevr 
complete form, and that there oannot be a further limitation due 
to boundary conditions at spatial infinity, for example. 

Einstein, arguing from cosmological considerations of the inter- 
connection of the world as a whole (vide note 30) came to the con- 
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elusion that the world is finite m space Just as in the Newtonian 
theory of gravitation the law of contiguous action expressed in 
Poisson’s equation entails the Newtonian law of attraction only if 
the condition that the gravitational potential vanishes at infinity is 
superimposed, so Einstein in his theory seeks to supplement the 
differential equations by introducing boundary conditions at spatial 
infinity To overcome the difficulty of formulating conditions of a 
general invariant character, which are in agreement with astrono- 
mical facts, he finds himself constrained to assume that the world 
is closed with respect to space , for in this caBe the boundary con- 
ditions are absent In consequence ot the above remarks the 
author cannot admit the cogency of this deduction, since the differ- 
ential equations in themselves, without boundary conditions, contain 
the physical laws of nature in an unabbreviated form excluding 
every ambiguity So much more weight is accordingly to be 
attached to another consideration which arises from the question 
How does it come about that our stellar system with the relative 
velocities of the stars, which are extraordinarily small in compari- 
son with that of light, persists and maintains itself and has not, 
even ages ago, dispersed itself into infinite space? This system 
presents exactly the same view as that which a molecule in a gas 
in equilibrium offers to an observer of correspondingly small dimen- 
sions In a gas, too, the individual molecules are not at rest but 
the small velocities, according to Maxwell’s law of distribution, 
occur much more often than the large oneB, and the distribution of 
the molecules over the volume of the gas is, on the average, uniform, 
so that perceptible differences of density occur very seldom. If 
this analogy is legitimate, we could interpret the state of the stellar 
system and its gravitational field according to the same statistical 
principles that tell us that an isolated volume of gas is almost 
always in equilibrium This would, however, be possible only if 
the uniform distribution of stars at rest in a static gravita- 
tional field, as an ideal state of equilibrium, is reconcilable 
with the laws of gravitation In a statical field of gravitation the 
world-line of a point-mass at rest, that is, a line on which x v x v x 3 
remain constant and x 0 alone varies, is a geodetic line if 



and hence 

dgoo = Q 
dx% 

Therefore, a distribution of mass at rest is possible only if 
Ji ho - /- const = 1. 
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The equation 

A/ = (fj. = density of mass) . . (32) 

then shows, however, that the ideal state of equilibrium under con- 
sideration is incompatible With the laws of gravitation, as hitherto 
assumed. 

In deriving the gravitational equations in § 28, however, we 
committed a sm of omission B is not the only invariant dependent 
on the gut's and their first and second differential co-efficients, 
and which is linear in the latter , for the most general invariant of 
this description has the form aB + /?, in which a and J3 are 
numerical constants Consequently we may generalise the laws of 
gravitation by replacing B by B + A. (and G by G + ^X Jg), in 
which X denotes a universal constant. If it is not equal to 0, as 
we have hitherto assumed, we may take it equal to 1 , by this 
means not only has the unit of time been reduced by the principle 
of relativity, to the unit of length, and the unit of mass by the law 
of gravitation to the same unit, but the unit of length itself is fixed 
absolutely With these modifications the gravitational equations 
for statical non-coherent matter (T|] = /jl = no Jo, all other com- 
ponents of the tensor-density T being equal to zero) give, if we use 
the equation / = 1 and the notation of § 29 

X = yu 0 [in place ot (32)] 

and 

Pjc - Xy * = 0 (t, k = 1, 2, 3) (61) 

Hence this ideal state of equilibrium is possible under these cir- 
cumstances if the mass is distributed with the density X The 
space must then be homogeneous metrically , and indeed the equa- 
tions (61) are then actually satisfied for a spherical space of radius 
a = /2/A Thus, m space, we may introduce four co-ordinates, 
connected by 

+ x\ -i- x\ + x\ = a 2 , . (62) 

for which we get 

do- 2 = dx\ + dx\ + dx\ + dxl 

From this we oonclude that space is closed and henoe finite. 

If this were not the case, it would scarcely be possible to imagine 
how a state of statistical equilibrium could come about. If the 
world is closed, spatially, it becomes possible for an observer to see 
several pictures of one and the same star These depiot the star at 
epochs separated by enormous intervals of time (during which light 
travels once entirely round the world) We have yet to inquire 
whether the points of space correspond singly and reversibly to the 
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value-quadruples x x which satisfy the condition (62), or whether 
two value-systems 

(®i, Xo i x 3t and ( — x 3 , x 3 , — x^) 

correspond to the same point. From the point of view of analysis 
situs these two possibilities are different even if both spaces are 
two-sided According as the one or the other holds, the total maBB 
of the world in grammes would be 

ttCI ttCL . , 

2 - or -j--, respectively 


Thus our interpretation demands that the total mass that happens 
to be present in the world bear a definite relation to the universal 


constant A 


2 

a 1 


which occurs in the law of action , this obviously 


makes great demands on our credulity 

The radially symmetrical solutions of the modified homogeneous 
equations of gravitation that would correspond to a world empty of 
mass are derivable by means of the principle of variation ( vide § 31 
for the notation) 

sJ(2i«A' 4- AA r 2 )dr = 0 

The variation of w gives, as earlier, A*= 1 On the other hand, 
variation of A gives 

w' = (63) 


If we demand regularity at r = 0, it follows from (63) that 

X 3 

w = 6 r 

and =f i = ! - ~r* (64) 


The space may be represented congruently on a “sphere” 

x\ + xl + + x\ — 3a 2 . (65) 

of radius aj 3 in four-dimensional Euclidean space (whereby one 
of the two po2es on the sphere, whose first three co-ordinates, x v x v 
x 3 each = 0, corresponds to the centre in our case) The world is a 
cylinder erected on this sphere m the direction of a fifth co-ordinate 
axis t. But since on the “ greatest sphere ” x i = 0, which may be 
designated as the equator or the space-horizon for that oentre, 
/ becomes zero, and hence the metrical groundform of the world 
becomes singular, we see that the possibility of a stationary empty 
world is contrary to the ^physical laws that are here regarded as 
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valid There must at least be masses at the horizon. The calcu- 
lation may be performed most readily if (merely to orient ourselves 
on the question) we assume an incompressible fluid to be present 
there According to § 32 the problem of variation that is to be 
solved is (if we use the same notation and add the X term) 

sj"|A'w + (ji. a + -^r 2 A - r 2 vh^dr = 0. 

In comparison with the earlier expression we note that the only 
change consists in the constant /r 0 being replaced by //,„ + -g As 
earlier, it follows that 

w' - i 0 + ^jr 2 = 0, iv — - 2 M + r s , 

i , t _ X r> . (66) 

h? ~ 1 + r 6 V ’ 


If the fluid is situated between the two meridians x 4 = const., 
which have a radius r 0 (< a J 3), then continuity of argument with 
(64) demands that the constant 



To the first order p becomes equal to zero for a value r =* b be- 
tween r 0 and a */3 Hence the space may still be represented 
on the sphere (65), but this representation is no longer con- 
gruent for the zone occupied by fluid The equation for A 
(p. 265) now yields a value of / that does not vanish at the 
equator. The boundary condition of vanishing pressure gives a 
transcendental relation between p 0 and r 0 , from which it follows 
that, if the mass-horizon is to be taken arbitrarily small, then the 
fluid that comes into question must have a correspondingly great 
density, namely, such that the total mass does not become less than 
a certain positive limit (vide note 31) 

The general solution of (63) is 



(to => const) 


It corresponds to the case in which a spherical mass is situated 
at the centre. The world can be empty of mass only in a zone 
r 0 <^ r r v m which this / 2 is positive , a mass-horizon is again 
necessary. Similarly, if the central mass is charged electrically ; 

for in this oase, too, A = 1 In the expression for p — f the 
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eleotrical term + has to be added, and the electrostatic potential 

t 

“ r 

Perhaps in pursuing the above reflections we have yielded too 
readily to the allurement of an imaginary flight into the region of 
masslessness Yet these considerations help to make clear what 
the new views of space and time bring within the realm of possi- 
bility. The assumption on which they are based is at any rate 
the simplest on which it becomes explicable that, in the world as 
actually presented to us, statical conditions obtain as a whole, so 
far as the electromagnetic and the gravitational field is concerned, 
and that just those solutions of the statical equations are valid 
which vanish at infinity or, respectively, converge towards 
Euolidean metrics For on the sphere these equations will have 
a unique solution (boundary conditions do not enter mto the 
question as they are replaced by the postulate of regularity over 
the whole of the closed configuration) If we make the constant 
A arbitrarily small, the spherical solution converges to that which 
satisfies at infinity the boundary conditions mentioned for the in- 
finite world which results when we pass to the limit 

A metrically homogeneous world is obtained most simply if, 
in a five-dimensional space with the metrical groundform ds 2 = 
- Q(dx), (- O denotes a non-degenerate quadratic form with con- 
stant co-efficients), we examine the four-dimensional “conic-section” 

6 

defined by the equation O(a-) = - Thus this basis gives us a 

A, 

solution of the Einstein equations of gravitation, modified by the 
A term, for the case of no mass If, as must be the case, the re- 
sulting metrical groundform of the world is to have one positive 
and three negative dimensions, we must take for SI a form with 
four positive dimensions and one negative, thus 

Sl(x) = x 2 + x\ + xl + x\ - x% 

By means of a simple substitution this solution may easily be trans- 
formed into the one found above for the statical case. For if we set 

x i = z cosh t, x 5 = z sinh t 

we get 

xl + ir| + x% + z 2 = -, - ds 1 = (dxl + dx\ + dx% + dz 2 ) - z 2 dt 2 . 

A 

These “new” z, t co-ordinates, however, enable only the “wedge- 
shaped ’’ section x\ - aig>0 to be represented At the “ edge” of 
the wedge (at which x i — 0 simultaneously with x 5 — 0), t becomes 
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indeterminate. This edge, which appears as a two-dimensional 
configuration m the original co-ordinates is, therefore, three-dimen- 
sional in the new co-ordinates, it is the cylinder erected in the 
direction of the f-axis over the equator z — 0 of the sphere (65). 
The question arises whether it is the first or the second co-ordinate 
system that serves to represent the whole world in a regular 
manner. In the former case the world would not be static as a 
whole, and the absence of matter in it would be in agreement with 
physical laws , de Sitter argues from this assumption (vide note 32). 
In the latter case we have a static world that cannot exist with- 
out a mass-horizon , this assumption, which we have treated more 
fully, is favoured by Einstein 

§35. The Metrical Structure of the World as the Origin of 
Electromagnetic Phenomena * 

We now aim at a final synthesis To be able to characterise 
the physical state of the world at a certain point of it by means of 
numbers we must not only refer the neighbourhood of this point 
to a co-ordinate system but we must also fix on certain umtB of 
measure We wish to achieve just as fundamental a point of view 
with regard to this second circumstance as is secured for the first 
one, namely, the arbitrariness of the co-ordinate system, by the 
Einstein Theory that was described in the preceding paragraph 
This idea, when applied to geometry and the conception of distance 
(in Chapter II) after the step from Euclidean to Riemann geometry 
had been taken, effected the final entrance into the realm of infini- 
tesimal geometry Removing every vestige of ideas of “ action at 
a distance,” let us assume that world- geometry is of this kind , we 
then find that the metrical structure of the world, besides being 
dependent on the quadratic form (1), is also dependent on a linear 
differential form <j> t dx t . 

J ust as the step which led from the special to the general theory 
of relativity, so this extension affects immediately only the world- 
geometrical foundation of physics Newtonian mechanics, as also 
the special theory of relativity, assumed that uniform translation is 
a unique state of motion of a set of vector axes, and hence that the 
position of the axes at one moment determines their position in 
all other moments But this is incompatible with the intuitive 
principle of the relatiYity of motion. This principle could be 
satisfied, if facts are not to be violated drastically, only by main- 
taming the conception of infinitesimal parallel displacement of a 
vector set of axes , hut we found ourselves obliged to regard the 

* Vide note 88. 



METRICAL STRUCTURE OF THE WORLD 288 


affine relationship, which determines this displacement, as some- 
thing physically real that depends physically on the states of 
matter (“ guiding field ”). The properties of gravitation known 
from experience, particularly the equality of inertial and gravita- 
tional mass, teach us, finally, that gravitation is already contained 
in the guiding field besides inertia. And thus the general theory of 
relativity gained a significance which extended beyond its original 
important bearing on world-geometry to a significance which is 
specifically physical. The same certainty that characterises the 
relativity of motion accompanies the principle of the relativity of 
magnitude. We must not let our courage fail in maintaining this 
principle, according to which the size of a body at one moment does 
not determine its size at another, in spite of the existence of rigid 
bodies * But, unless we are to come into violent conflict with 
fundamental facts, this principle cannot be maintained without 
retaining the conception of infinitesimal congruent transformation , 
that is, we shall have to assign to the world besides its measure- 
determination at every point also a metrical relationship Now 
this is not to be regarded as revealing a “ geometrical ” property 
which belongs to the world as a form of phenomena, but as being a 
phase-field having physical reality Hence, as the fact of the 
propagation of action and of the existence of rigid bodies leads us 
to found the affine relationship on the metrical character of the 
world which lies a grade lower, it immediately suggests itself to us, 
not only to identify the co-efficients of the quadratic groundform 
g^xfixk with the potentials of the gravitational field, but also to 
identify the co-effleients of the linear groundform <£,dx, with 
the electromagnetic potentials. The electromagnetic field and 
the electromagnetic forces arc then derived from the metrical 
structure of the world or the metrics, as we may call it No other 
truly essential actions of forces are, however, known to us besides 
those of gravitation and electromagnetic actions , for all the others 
statistical physics presents some reasonable argument which traces 
them back to the above two by the method of mean values "We 
thus arrive at the inference The world is a (3 + 1)- dimensional 
metrical manifold; all physical field-phenomena are ex- 
pressions Of the metrios of the world. (Whereas the old view 
was that the four-dimenszonal metrical continuum is the scene of 

* It must be recalled in this connection that the spatial direction-picture 
which a pomt-eye with a given world-line receives at every moment from a 
given region of the world, depends only on the ratios of the ^’s, inasmuoh as 
this is true of the geodetic null-lines whioh are the determining factors in the 
propagation of light. 
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physical phenomena , the physical essentialities themselves are, 
however, things that exist “ in ” this world, and we must accept 
them in type and number in the form m which expenenqe gives us 
cognition of them nothing further is to be “ comprehended ” of 
them) We shall use the phrase “state of the world-aether” as 
synonymous with the word "metrical structure,” m order to call 
attention to the character of reality appertaining to metrical struct- 
ure , but we must beware of letting this expression tempt us to 
form misleading pictures In this terminology the fundamental 
theorem of infinitesimal geometry states that the guiding field, 
and hence also gravitation, is determined by the state of the 
asther The antithesis of “physical state” and “gravitation” 
which was enunciated in § 28 and was expressed in very clear 
terms by the division of Hamilton’s Function into two parts, is 
overcome in the new view, which is uniform and logical in itself 
Descartes’ dream of a purely geometrical physics seems to be 
attaining fulfilment in a manner of which he could certainly have 
had no presentiment The quantities of intensity are sharply 
distinguished from those of magnitude 

The linear groundform A>,Ax L is determined except for an additive 
total differential, but the tensor of distance-curvature 

f = Mi _ Wk 
lsx k dz, 

which is derived from it, is free of arbitrariness According to 
Maxwell's Theory the same result obtains for the electromagnetic 
potential The electromagnetic field-tensor, which we denoted 
earlier by F v t, is now to be identified with the distance-curvature 
fit If our view of the nature of electricity is true, then the first 
system of Maxwell’s equations 

v* + . Vt _ o 

is an intrinsic law, the validity of which is wholly independent of 
whatever physical laws govern the series of values that the physical 
phase-quantities actually run through In a four-dimensional 
metrical manifold the simplest integral invariant that exists at all is 

jl<fa - f lk mx (68) 

and it is just this one, in the form of Actwn, on which Maxwell’s 
Theory is founded I We have accordingly a good right to olaim that 
the whole fund of experience which is crystallised in Maxwell’s 
Theory weighs m favour of the world-metrical nature of electricity. 
And since it is impossible to construct an integral invariant at all 
of such a simple structure in manifolds of more or less than four 
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dimensions the new point of view does not only lead to a deeper 
understanding of Maxwell’s Theory but the fact that the world is 
four-dimensional, which has hitherto always been accepted as merely 
“ accidental,” becomes intelligible through it In the linear ground- 
form 4‘ L dx l there is an arbitrary factor in the form of an additive 
total differential, but there is not a factor of proportionality , the 
quantity Action is a pure number But this is only as it should be, 
if the theory is to be m agreement with that atomistic structure of 
the world which, according to the most recent results (Quantum 
Theory), carries the greatest weight 

The statical case occurs when the co-ordinate system and 
the calibration may be chosen so that the linear groundform 
becomes equal to <f>dx 0 and the quadratic groundform becomes 
equal to 

Pdx% - 

whereby <f> and / are not dependent on the time x 0 , but only on the 
space-co-ordinates x v x 2 , x 3 , whilst dx 2 is a definitely positive quad- 
ratic differential form m the three space- vanables This particular 
form of the groundform (if we disregard quite particular cases) re- 
mains unaffected by a transformation ot co-ordmates and a re-calibra- 
tion only if x 0 undergoes a linear transformation of its own, and if the 
space-co-ordinates are likewise transformed only among themselves, 
whilst the calibration ratio must be a constant Hence, in the 
statical case, we have a three-dimensional Riemann space with 
the groundform do 2 and two scalar fields in it the electrostatic 
potential <f>, and the gravitational potential or the velocity of light /. 
The length-umt and the time-unit (centimetre, second) aie to be 
chosen as arbitrary units , dcr 2 has dimensions cm 2 , / has dimensions 
cm . sec -1 , and <f> has sec -1 Thus, as far as one may speak of a 
space at all m the general theory of relativity (namely, m the statical 
case), it appears as a Riemann space, and not as one of the more 
general type, m which the transference of distances is found to be 
non-integrable. 

We have the case of the special theory of relativity again, if the 
co-ordinates and the calibration may be chosen so that 
ds 2 = dx% - ( dx\ + dx 2 + dx |) 

If x lt x x denote two co-ordinate systems for which this normal form 
for ds 2 may be obtained, then the transition from x % to x, is a con- 
formal transformation, that is, we find 

dx I - {dx\ + dx | + dx\) 
exoept for a factor of proportionality, is equal to 
dx% - (dx\ + dx | + dx\). 
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The conformal transformations of the four-dimensional Minkowski 
world coincide with spherical transformations (vide note 34), that 
is, with those transformations which convert every “ sphere ” of the 
world again into a sphere A sphere is represented by a linear 
homogeneous equation between the homogeneous “ hexaspherical ” 
oo-ordinates 

(xx) + 1 (xx) - 1 

U 0 Uy u 2 U 3 M 4 u b = X„ Xy Xy T s 1 ^ '— £• 

where (xx) = x% - (x| + x\ + xj) 

They are bound by the condition 

u o ~ u i ~ U 2 u j — w 4 + Mg = 0 
The spherical transformations therefore express themselves as those 
linear homogeneous transformations of the u % ' s which leave this 
condition, as expressed in the equation, invariant Maxwell’s 
equations of the aether, m the form m which they hold in the 
special theory of relativity, are therefore invariant not only with 
respect to the 10-parameter group of the linear Lorentz transfor- 
mations but also indeed with respect to the more comprehensive 
15-parameter group of spherical transformations ( vide note 35) 

To test whether the new hypothesis about the nature of the 
electromagnetic field is able to account for phenomena, we must 
work out its implications We choose as our initial physical law a 
Hamilton principle which states that the change in the Actum 

jwdx for every infinitely small variation of the metrical structure 

of the world that vanishes outside a finite region is zero The 
Action is an invariant, and hence W is a scalar-density (in the true 
sense) which is derived from the metrical structure Mie, Hilbert, 
and Einstein assumed the Action to be an invariant with respect to 
transformations of the co-ordinates "We have here to add the 
further limitation that it must also be invariant with respect to the 
process of re-calibration, in which <£„ g# are replaced by 

<t>i - ^ — afl d A g#, respectively, (69) 

A ox, 

m which A is an arbitrary positive funotion of position. We assume 
that W is an expression of the second order, that is, built up, on the 
one hand, of the s and their derivatives of the first and second 
order, on the other hand, of the <£,’s and their derivatives of the first 
order The simplest example is given by Maxwell’s density of action 1. 
But we shall here carry out a general investigation without binding 
ourselves to any particular form of W at the beginning. According 
to Klein’s method, used in § 28 (and which will only now be applied 
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with fall effect), we shall here deduce oertarn mathematical identi- 
ties, which are valid for every scalar-density W which has its origin 
in the metrical structure. 

I If we assign to the quantities <f>„ g-jc< which describe the 
metrical structure relative to a system of reference, infinitely small 
increments 8</>„ &g&, and if X denote a finite region of the world, 
then the effect of partial integration is to separate the integral of 
the corresponding change SW in W over the region X into two 
parts (a) a divergence integral and ( b ) an integral whose integrand 
is only a linear combination of and Sy,*, thus 

JfiWda; = Pfjp rf - r +|( w< ^ + iW*&g lk )dx . (70) 

XX X 

whereby W ; ‘ = W' 1 

The W l 's are components of a contra-variant vector-density, but 
the W*/s are the components of a mixed tensor-density of the second 
order (in the true sense) The 8y r s are linear combinations of 

8<£„, 8g^ and Sg a P ,i jVs.t = 

We indicate this by the formula 

Sy* = (ka )8<j> a + (kafi')hy^ -f {kla/3)8g^ t , 

The Sy*’s are defined uniquely by equation (70) only if the 
normalising condition that the co-efficients (k^a) 3) be symmetrical 
in the indices k and t is added In the normalisation the Sy^’a are 
components of a vector-density (in the true sense), if the 8d>,’s are 
regarded as the components of a co-variant veotor of weight zero 
and the & 7 u’s as the components of a tensor of weight unity 
(There is, of oourse, no objection to applying another normalisation 
in place of this one, provided that it is invariant in the same sense ) 

First of all, we express that Jwd* is a calibration invariant, 

x 

that is, that it does not alter when the calibration of the world is 
altered infinitesimally If the calibration ratio between the altered 
and the original calibration is X = 1 + it, ir is an infinitesimal scalar- 
field which characterises the event and which may be assigned 
arbitrarily. As a result of this process, the fundamental quantities 
assume, according to (69), the following increments 


=* nguc, 8<£ t »= - — 


• ( 71 ) 
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If we substitute these values in Sy k , let the following expressions 
result • 




(72) 


They are the components of a vector-density which depends on the 
scalar-field n in a lmear-differential manner It further follows 

from this, that, since the 's are the components of a co-variant 

0X a 


vector-field which is derived from the scalar-field, 8* is a vector- 
density, and h 4a is a contra-variant tensor-density of the second 
order. The variation (70) of the integral of Action must vanish on 
account of its calibration invariance , that is, we have 


\i£r dx+ \(- W ’S, + ^ W >)^ - 0 

X X 

If we transform the first term of the second integral by means of 
partial integration, we may write, instead of the preceding equation, 




This immediately gives the identity 


aw 1 


+ *w. - 0 


(74) 


in the manner familiar in the calculus of variations. If the 
function of position on the left were different from 0 at a point x u 
say positive, then it would be possible to mark off a neighbourhood 
X of this point so small that this function would be positive at every 
point within X If we choose this region for X in (73), but choose 
for 7 r a function which vanishes for points outside X but is > 0 
throughout X, then the first integral vanishes, but the second is 
found to be positive — which contradicts equation (73) Now that 
this has been ascertained, we see that (73) gives 




For a given scalar-field w it holds for every finite region X, and 
consequently we must have 


D(b*(7t) - 7TW*) ^ 
2 ®* “ 


(75) 


If we substitute (72) in this, and observe that, for a particular 
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point, arbitrary values may be assigned to t, — , - - y - , then this 
single formula resolves into the identities 


as* aw* 

ixic ~ ~iXk ’ 


2h“ l 

B' + j^ =»’- h^ + h^-0 (75 x , 2 , 3 ) 


According to the third identity, h' k is a linear tensor-density of the 
second order In view of the skew-symmetry of h the first is a 
result of the second, since 

b 2 h»P _ 

cl *r a x p 


II We subject the world-eon tinuum to an infinitesimal defor- 
mation, in which each point undergoes a displacement whose 
components are , let the metrical structure accompany the 
deformation without being changed Let 8 signify the change 
occasioned by the deformation in a quantity, if we remain at the 
same space-time point, 8' the change in the same quantity if we 
share in the displacement of the space-time point Then, by (20), 
(21'), (71) 


** = (*-*£ 
fyik = (s’”^ + <7 hr 


- + 

iS 1 ') ~ ™ 


in which tr denotes an infinitesimal scalar-field that has still been 
left arbitrary by our conventions The invariance of the Action 
with respect to transformation of co-ordinates and change of 
calibration is expiessed in the formula which relates to this 
variation 


S' f W dx = f P(Wj* ) + gw \ dx = 0 
J J (. 3% 


(77) 


If we wish to express the invariance with respect to the co- 
ordinates alone we must make 7r = 0 , but the resulting formulas 
of variation (76) have not then an invariant character. This con- 
vention, m fact, signifies that the deformation is to make the two 
groundforms vary in such a way that the measure Z of a line- 
element remains unchanged, that is, S'Z = 0 This equation does 
not, however, express the process of congruent transference of a 
distance, but indicates that 

S'l = - l(fa8'x t ) — - l(4>ii 1 )- 


Accordingly, in (76) we must choose ir not equal to zero but equal 
to - (<£»£ l ) if we are to arrive at invariant formulae, namely, 

19 
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- ] 

- Sg tk = (gJJL + flfa. gj + (|g + J ' (?8) 

The change in the two groundforms which it represents is one 
that makes the metrical structure appear carried along unchanged 
hy the deformation and every line-element to be transferred con- 
gruently The invariant character is easily recognised analytically, 
too, particularly m the case of the second equation (78), if we 
introduce the mixed tensor 


Tsfr 

4 + ru r - & 

The equation then becomes 

~ ^Otk — ilk + iki 


Now that the calibration invariance has been applied in I, we may 
in the case of (76) restrict ourselves to the choice of ir, which 
was discussed just above, and which we found to be alone possible 
from the point of view of invarianee 
For the variation (78) let 

W4* + «»*• - S*(£) 

8 *(£) is a vector-density which depends m a linear differential 
manner on the arbitrary vector-field £’ We write in an explicit 
form 

S*(f) = S?f» + 

(the last co-efficient is, of course, symmetrical in the indices a, /3) 
The fact that 8 k (£) is a vectoi-density dependent on the vector- 
field ( l expresses most simply and most fully the character of in- 
variance possessed by the co-efficients which occur in the expression 
for S*(£) , m particular, it follows from this that the Sf’s are not 
components of a mixed tensor-density of the second order we call 
them the components of a “ pseudo-tensor-density ” If we insert 
in (77) the expressions (70) and (78), we get an integral, whose 
integrand is 



On account of 

+ 9*e4>‘ ~ pi + f” P, at 

0% l 

and of the symmetry of W‘ s we find 

+ 9 «*') Wafi - r “'^ w “ 3 - 
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If we apply partial integration to the last member of the integrand, 
we get 

0>(S*tf) ~ wfe) dx + f[ . ]&dx = 0 

J dx* J 

X X 

According to the method of inference used above we get from this 
the identities 

[ . ]„ that is, ( - r;w?) + A*®* = o (79) 


and 


a(S*(fl - Wfc ) _ 0 

^x k 


(80) 


The latter resolves into the following foui identities 

DSt _ DWf 


dx a 


= Wf 


(80 j, 2 , 3 , t ) 


dx k dxk 

(nf + Hf") + = o , + H? va + Hr p =o 

~i)Xy 

If from ( 4 ) we replace in ( 3 ) 

HF 3 by - Hf y - Hf“ r 

we get that 

H“t> _ _ Wo)5 

— r — > 

OXy 

is skew-symmetrical m the indices a, (3 If we introduce H, f5 in 

place of Ht 1 * we see that ( 3 ) and (J are merely statements regarding 
symmetry, but ( 2 ) becomes 


s * + 3Hf + = W k 

dx a dx a dx p 


■ (81) 


(j) follows from this because, on account of the conditions of 
symmetry 

= 0, we get d 8 HT* y = o 
dx a dXf) dx a dx p dx y 

Example — In the case of Maxwell’s Action-density we have, as 
is immediately obvious 

St* = P*S<^ 

Consequently 

s l — 0, h** = f* , 8f = IS? - and the quantities H = 0, 
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Hence our identities lead to 


w = 


dX a 


0, 


w: 


Sw l 

(JiTl 

Wf = Sf - i ^ S»* ) + ~ = 0. 

3a; » / 3a* 


V2)a:jfc 


31P* 

3a!|8 


We arrived at the last two formul® by calculation earlier, the 
former on page 230, the latter on page 167 , the latter was found 
to express the desired connection between Maxwell’s tensor- 
density Sf of the field-energy and the ponderomotive force. 

Field Lavs and Theorems of Conservation. — If, m (70), we 
take for 8 an arbitrary variation which vanishes outside a finite 
region, and for X we take the whole world or a region such that, 
outside it, S = 0, we get 

jsWfe - + iW <*8 guc )dx 

If Jwdx is the Action, we see from this that the following in- 
variant laws are contained in Hamilton’s Principle 

w* - 0 Wf - 0 

Of these, we have to call the former the electromagnetic laws, 
the latter the gravitational laws Between the left-hand sides of 
these equations there are five identities, which have been stated 
in (74) and (79) Thus there are among the field-equations five 
superfluous ones corresponding to the transition (dependent on 
five arbitrary functions) from one system of reference to another 
According to (75 2 ) the electromagnetic laws have the following 
form 

Dh 1 * 


_ _ [an d (67)] 


(82) 


in full agreement with Maxwell’s Theory , g* is the density of the 
4-current, and the linear tensor-density of the second order h* 
is the electromagnetic density of field. Without specialising 
the Action at all we can read off the whole structure of 
Maxwell's Theory from the calibration invariance alone. The 
particular form of Hamilton's function W affects only the formul® 
which state that current and field-density are determined by the 
phase- quantities <f>„ g& of the asther. In the case of Maxwell’s 
Theory in the restricted sense (W = 1), which is valid only in 
empty space, we get h 1 * = f®, g l -» 0, which is as it should be. 

Just as the s’'s constitute the density of the 4-current, so the 
scheme of Sf’s is to be interpreted as the pseudo-tensor-density of 
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the energy. In the simplest case, W = 1, this explanation becomes 
identical with that of Maxwell According to (75j) and (80^ the 

theorems of conservation 




are generally valid ; and, indeed, they follow in two ways from 
the field laws For ^ is not only identically equal to ^ , but also 

ds* aw* 

to - and — - is not only identically equal to -r — -, but also 

oXjc vXjc 

to r jw; - The form of the gravitational equations is given 

by (81) The field laws and their accompanying laws of conserva- 
tion may, by (75) and (80), be summarised conveniently in the two 
equations 

ssLW = o, ^ _ o 

1)21, dXi 


Attention has already been directed above to the intimate con- 
nection between the laws of conservation of the energy-momentum 
and the co-ordinate-invanance To these four laws there is to be 
added the law of conservation of electricity, and, corresponding to 
it, there must, logically, be a property of invariance which will intro- 
duce a fifth arbitrary function , the calibiation-mvanance here 
appears as such Earlier we derived the law of conservation of 
energy-momentum from the co-ordmate-invanance only owing to 
the fact that Hamilton’s function consists of two parts, the action- 
function of the gravitational field and that of the “ physical phase ” , 
each part had to be treated differently, and the component results had 
to be combined appropriately (i 33) If those quantities, which are 
derived from + 6y k by taking the variation of the fundamental 
quantities from (76) for the case v — 0, instead of from (78), are 
distinguished by a prefixed asterisk, then, in consequence of the 


co-ordinate-invanance, the “ theorems of conservation ’ 


~bx k 


= o 


are generally valid But the *8fs are not the energy-momentum 
components of the two-fold action-function which have been used 
as a basis since § 28 For the gravitational component (W = G) 
we defined the energy by means of (g 33), but for the electro- 
magnetic component (W = L, § 28) we introduced Wf as the 
energy components. This second component L contains only the 
g& s themselves, not their derivatives , for a quantity of this kind we 
have, by (80 2 ), Wf = B* Hence (if se use the transformations 
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vhioh the fundamental quantities undergo daring an in- 
finitesimal alteration of the calibration), we can adapt the 

two different definitions of energy to one another although we- 
cannot reconcile them entirely These discrepancies are removed 
only here since it is the new theory which first furnishes us with 
an explanation of the current s 1 , of the electromagnetic density of 
field h li , and of the energy 8*, which is no longer bound by the 
assumption that the Action is composed of two parts, of which the 
one does not contain the <£,’s and their derivatives, and the other 
does not contain the derivatives of the p 4 *’ s The virtual de- 
formation of the world-continuum which leads to the definition of 
Sf must, accordingly, carry along the metrical structure and the 
line-elements “ unchanged ” in our sense and not in that of 
Einstein. The laws of conservation of the s 4 ’s and the S t ’s are 
then likewise not bound by an assumption concerning the composi- 
tion of the Action Thus, after the total energy had been intro- 
duced in Sj 33, we have once again passed beyond the stand taken 
in § 28 to a point of view which gives a more compact survey 
of the whole What is done by Einstein’s theory of gravitation 
with respect to the equality of inertial and gravitational matter, 
namely, that it recognises their identity as necessary but not as a 
cousequence of an undiscovered law of physical nature, is accom- 
plished by the present theory with respect to the facts that find 
expression m the structure of Maxwell’s equations and the laws of 
conservation Just as is the case in § 33 m which we integrate over 
the cross-section ot a canal of the system, so we find here that, as 
a result of the laws of conservation, if the g*’a and Sf's vanish 
outside the canal, the system has a constant charge e and a con- 
stant energy-momentum J Both may be represented, by Max- 
well’s equations (82) and the gravitational equations (81), as the 
flux of a certain spatial field through a surface f2 that encloses the 
system If we regard this representation as a definition, the in- 
tegral theorems of conservation hold, even if the field has a real 
singularity within the canal of the system To prove this, let us 
replace this field within the canal in any arbitrary way (preserving, 
of course, a continuous connection with the region outside it) by a 
regular field, and let us define the 8*’s and the S,’s by the equations 
(82), (81) (in which the right-hand sides are to be replaced by 
zero) in terms of the quantities h and H belonging to the altered 
field The integrals of these fictitious quantities 8° and S?, which 
are to be taken over the cross-section of the canal (the interior of 
H), are constant , on the other hand, they coincide with the fluxes 
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mentioned above over the snrfaoe O, smoe on 0 the imagined field 
coincides with the real one 

§ 36. Application of the Simplest Principle of Action. The 
Fundamental Equations of Mechanics 

We have now to show that if we uphold our new theory it is 
possible to make an assumption about W which, as far as the 
results that have been confirmed in experience are concerned, 
agrees with Einstein’s Theory, The simplest assumption * tor 
purposes of calculation (I do not insist that it is realised in 
nature) is 

W = — \F* Jg + al . (83) 

The quantity Action is thus to be composed of the volume, measured 
in terms of the radius of curvature of the world as unit of length 
(cf. (62), § 17) and of Maxwell’s action of the electromagnetic field ; 
the positive constant a is a pure number It follows that 

8W = - \FZ{Fjq) + {F * 8 Jq + oSl 
We assume that - F is positive , the calibration may then be uniquely 
determined by the postulate F — - 1 , thus 

8W = the variation of \F Jg + + al. 

If we use the formula (61), § 17 for F, and omit the divergence 

(3 J q<f>') 

° 3x t 

which vanishes when we integrate over the world, and if, by means 
of partial integration, we convert the world-integral of 8(J.R *Jg) 
into the integral of 8G 28), then our principle of action takes the 
form 

sjYdx = 0, and we get Y = G + til + j V(?|l - 3 (<M>')} (84) 

This normalisation denotes that we are measuring with cosmic 
measuring rods If, in addition, we choose the co-ordinates Xi so 
that points of the world whose co-ordinates differ by amounts of 
the order of magnitude 1, are separated by cosmic distances, then 
we may assume that the q^’b and the <6 t ’s are of the order of magni- 
tude 1 (It is, of course, a fact that the potentials vary perceptibly 
by amounts that are extraordinarily small in comparison with cosmic 
distances ) By means of the substitution x % = *x\ we introduce 
co-ordinates of the order of magnitude in general use (that is having 
dimensions comparable with those of the human body) , « is a very 
small constant The s do not change during this transformation, 

* Vide note 36. 
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if we simultaneously perform the re-oalibration which multiplies 

ds 2 by In the new system of reference we then have 

g'ik = gik, <j>\ = t<f>< , F' = — t 2 

- is accordingly, m our ordinary measures, the radius of curvature 

of the world. If g^, fa retain their old significance, but if we take 
x t to represent the co-ordinates previously denoted by x\, and if 
are the components of the affine relationship corresponding to 
these co-ordinates, then 

Y= (fl + ol) + ~Jg{l - 3 $4>)\, 

ri = { r } + + F k fa - gnt/f> r ) 

Thus, by neglecting the exceedingly small cosmological terms, we 
arrive exactly at the classical Maxwell- Emstem theory of electricity 
and gravitation. To make the expression correspond exactly with 

that of § 34 we must set g = A. Hence our theory necessarily 

gives us Einstein's cosmological term ^A *Jg The uniform dis- 
tribution of eleetncally neutral matter at rest over the whole of 
(sphencal) space is thus a state of equilibrium which is compatible 
with our law Hut, whereas m Einstein’s Theory (cf § 34) there 
must be a pre-established harmony between the universal physical 
constant A that occurs m it, and the total mass of the earth (because 
each of these quantities m themselves already determine the cur- 
vature of the world), here (where A denotes merely the curvature), 
we have that the mass present in the world determines the 
curvature It seems to the author that just this is what makes 
Einstein’s cosmology physically possible In the case in which a 
physical field is present, Einstein’s cosmological term must be 

3 

supplemented by the further term - gA -fg(fafa) , and m the com- 
ponents H* of the gravitational field, too, a cosmological term that 
is dependent on the electromagnetic potentials occurs Our theory 
is founded on a definite unit of electricity , let it be e m ordinary 

2k 

electrostatic units Since, in (84), if we use these units, occurs 
in place of a, we have 

2 e 2 K _ a e *Jk 1 la 
~c*~ = ’ ~c~ = 7 \ 2 
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our unit is that quantity of electricity whose gravitational radius is 

■\J g times the radius of curvature of the world It is, therefore, 

like the quantum of action 1, of cosmic dimensions. The cos- 
mological factor which Einstein added to his theory later is part of 
ours from the very beginning 

Variation of the <f>iB gives us Maxwell’s equations. 

2,fik 

lx k " s * 

and, in this case, we have simply 

3A 

8 ‘ - - — & v g 

Just as according to Maxwell the aether is the seat of energy and 
mass so we obtain here an electric chaige (plus current) diffused 
thinly throughout the world Vanatio of the s gives the gravi- 
tational equations 

Rf - = aTf (85) 

where Tf = {1 + i(<M r )} Sf - f,rt kr - <£,S* 

The conservation of electricity is expressed in the divergence 
equation 


= 0 


(86) 


This follows, on the one hand, from Maxwell’s equations, but must, 
on the other hand, be derivable from the gravitational equations 
according to our general results We actually find, by contracting 
the latter equations with respect to ik, that 

B + 2\ = f(<M>') 

and this in conjunction with - F = 2A again gives (86) We get 
for the pseudo-tensor-density of the energy-momentum, as is to 
be expected 

8? - at 4 |<J + iWgS,* - 

From the equation S'^Yda: = 0 for a variation S' which is produced 

by the displacement m the true sense [from formula (76) with £’ — 
const , it = 0], we get 


M*Sfc) 
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where 


*8f = Y8f - i^rQ*** + 


a — 


To obtain the conservation theorems, we must, according to our 
earlier remarks, write Maxwell's equations in the form 






= 0 


then set jr = — (<^,£*), ar >d, after multiplying the resulting equation 
by a, add it to (87). We then get, in fact, 

M&U') . 

5iT “° 


The following terms occui in Sf the Maxwell energy-density 
the electromagnetic held 

1 

the giavitational energy 




of 


and the supplementary cosmological torms 

$(A Jy + </,,s')Sf - <f>, & 

The statical woild is hy its own nature calibiated The question 
arises whether F = const for this calibration The answer is in the 
affirmative For if we re-cahbrate the statical world in accordance 
with the postulate F =* - 1 and distinguish the resulting quantities 
by a horizontal bar, we get 




4>, = - - where we set F, 
r 


DF 


(t = 1, 2, 3) 


g,L = - Fga., that is, g* = - 9 - p , Jg = F l Jg 


and equation (86) gives 


Ss = 0 ( fi - 


From this, however, it follows that F = const. 

From the fact that a further electrical term becomes added to 
Einstein’s cosmological term, the existence of a material particle 
becomes possible without a mass horizon becoming necessary. The 
particle is necessarily oharged electrically If, in order to deter- 
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399 


mine the radially symmetrical solutions for the statical case, we 
again use the old terms of § 31, and take <j> to mean the electro- 
static potential, then the integral whose variation must vanish, is 

\ Yr2dr = J{ wA ' - + ¥( a ~ 

(the accent denotes differentiation with respect to r) Variation of 
w, A, and <f>, respectively, leads to the equations 

A A' = ~ h*<l> 2 ? 

4 


w 





J A“ ) 

3 h*r 2 (f> 
2a A 


a r' 2 4>' 2 
2 A- 


As a result of the normalisations that have been performed, the 
spatial co-ordinate system is fixed except for a Euclidean rotation, 
and hence h 2 is uniquely determined In / and $, as a result of the 
free choice of the unit of time, a common constant factor remains 
arbitrary (a circumstance that may be used to reduce the order of 
the problem by 1) If the equator of the space is reached when 
r = r 0 , then the quantities that occur as functions of z = Jr 2 — r 2 
must exhibit the following behaviour for z = 0 / and cf> are regular, 
and / 4= 0 , h 2 is infinite to the second order, A to the first order 
The differential equations themselves show that the development of 
h 2 z 2 according to powers of z begins with the term li'f,, where 


llT* 


2r,-, 




— this proves, incidentally, that A must be positive (the curvature F 
2 

negative) and that r% > - — whereas for the initial values of / 0 , <f>, 

A 

of / and cf> we have 


If diametral points are to be identified, <fc must be an even function 
of z, and the solution is uniquely determined by the initial values 
for z = 0, which satisfy the given conditions (vide note 37) It 
cannot remain regular m the whole region 0 ^ r <r 0 , but must, if 
we let r decrease from r 0 , have a singularity at least ultimately 
when r = 0 For otherwise it would follow, by multiplying the 
differential equation of cf> by <f>, and integrating from 0 to r 0 , that 
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Matter is accordingly a true singularity of the field. The fact 
that the phase-quantities vary appreciably in regions -whose 

linear dimensions are very small in comparison with may 

wl 

be explained, perhaps, by the circumstance that a value must be 

taken for r% which is enormously great in comparison with ^ The 

A 


fact that all elementary partioles of matter have the same charge 
and the same mass seems to be due to the circumstance that 
they are all embedded m the same world (of the same radius r 0 ) ; 
this agrees with the idea developed m § 32, according to which the 
charge and the mass are determined from infinity 

In conclusion, we shall set up the mechanical equations that 
govern the motion of a material particle In actual fact we have 
not yet derived these equations in a form which is admissible from 
the point of view of the general theory of relativity , we shall now 
endeavour to make good this omission We shall also take this 
opportunity of carrying out the intention stated m § 32, that is, to show 
that in general the inertial mass is the flux of the gravitational field 
through a surface which encloses the particle, even when the 
matter has to be regarded as a singularity which limits the field 
and lies, so to spoak, outside it In doing this we are, of course, 
debarred from using a substance which is in motion , the hypotheses 
corresponding to the latter idea, namely (§ 27) 
dmds = fidx, T* = 


are quite impossible here, as they contradict the postulated properties 
of invariance For, according to the former equation, /x is a scalar- 
density of weight and, according to the latter, one of weight 0, 
since T* is a tensor-density in the true sense And we see that 
these initial conditions are impossible in the new theory for the 
same reason as m Einstein's Theory, namely, because they lead to a 
false value for the mass, as was mentioned at the end of § 33. This 
is obviously intimately connected with the circumstance that the 

integral jdwids has now no meaning at all, and hence cannot be 

introduced as “ substance-action of gravitation ” We took the first 
step towards giving a real proof of the mechanical equations in § 33. 
There we considered the special case m which the body is completely 
isolated, and no external forces act on it. 

From this we see at onoe that we must start from the laws of 
conservation 


= 0 . 


as? 

7)xt 


• (89) 
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which hold for the total energy. Let a volume 12, whose dimen- 
sions are great compared with the actual essential nucleus of the 
particle, but small compared with those dimensions of the external 
field which alter appreciably, be marked off around the material 
partiole. In the course of the motion Q describes a canal in the 
world, in the interior of which the current filament of the material 
particle flows along Let the co-ordinate system consisting of the 
“ time-co-ordinate ” x 0 = t and the “space-co-ordinates” x v x v x 3 , 
be such that the spaces a; # = const intersect the canal (the cross- 
section is the volume Cl mentioned above) The integrals 

^BPjdx^XzdXz = 3\ 

a 


which are to be taken m a space x 0 = const over 12, and which 
are functions of the time alone, represent the energy (i = 0) and 
the momentum {i — 1, 2, 3) of the material particle If we inte- 
grate the equation (89) in the space a; 0 = const over 12, the first 

dj 

member ( k = 0) gives the time-derivative ~ , the integral sum 

do 


over the three last terms, however, beeomes transformed by Gauss’ 
Theorem into an integral K, which is to be taken over the surface 
of 11 In this way we arrive at the mechanical equations 



(90) 


On the left side we have the components of the “inertial force,” 
and on the right the components of the external “ field-force ” 
Not only the field-force but also the four-dimensional momentum 
J % may be represented, in accordance with a remark at the end of 
§ 35, as a flux through the surface of O. If the interior of the canal 
encloses a real singularity of the field the momentum must, indeed, 
be defined in the above manner, and then the device of the 
“ fiotitious field,” used at the end of § 35, leads to the mechanical 
equations proved above It is of fundamental importance to notice 
that m them only such quantities are brought into relationship with 
one another as are determined by the course of the field outside the 
particle (on the surface of 12), and have nothing to do with the 
singular states or phases m its interior The antithesis of kinetic 
and potential which receives expression in the fundamental law of 
mechanics does not, indeed, depend actually on the separation of 
energy-momentum into one part belonging to the external field 
and another belonging to the partiole (as we pictured it in § 25), but 
rather on this juxtaposition, conditioned by the resolution into space 
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and time, of the first and the three last members of the divergence 
equations which make up the laws of conservation, that is, on the 
circumstance that the singularity canals of the material particles 
have an infinite extension m only one dimension, but are very 
limited in three other dimensions This stand was taken most 
definitely by Mie in the third part of his epoch-making Founda- 
tions of a Theory of Matter, which deals with “ Force and Inertia” 
(vide note 38) Our next object is to work out the full consequences 
of this view for the principle of action adopted in this chapter. 

To do this, it is necessary to ascertain exactly the meaning of 
the electromagnetic and the gravitational equations If we discuss 
Maxwell’s equations first, we may disregard gravitation entirely 
and take the point of view presented by the special theory of rela- 
tivity We should be reverting to the notion of substance if we 
were to interpret the Maxwell-Lorentz equation 



so literally as to apply it to the volume-elements of an electron 
Its true meaning is rather this Outside the 12-canal, the homo- 


geneous equations 


Zx h 


= 0 hold 


(91) 


The only statical radially symmetrical solution f,k of (91) is that 
derived from the potential - , it gives the flux e (and not 0, as it 

would be in the case of a solution of (91) which is free from singu- 
larities) of the electric field through an envelope fi enclosing the 
particle On account of the linearity of equations (91), these pro- 
perties are not lost when an arbitrary solution /,* of equations (91), 
free from singularities, is added to fa , such a one is given by fa = 
const The field which surrounds the moving electron must 
be of the type : f,k + fa> if we introduce at the moment under 
consideration a co-ordinate system in which the electron is at rest 
This assumption concerning the constitution of the field outside £2 
is, of couise, justified only when we are dealing with quast- 
stationary motion, that is, when the world-line of the partiole 
deviates by a sufficiently small amount from a straight line The 
term pu l in Lorentz’s equation is to express the general effect of the 


charge -singularities for a region that contains many electrons. 
But it is clear that this assumption comes into question only for 
quasi- stationary motion. Nothing at all oan be asserted about ■ 
what happens during rapid acceleration. The opinion which is so 
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generally current among physicists nowadays, that, according to 
classical electrodynamics, a greatly accelerated particle emits radia- 
tion, seems to the author quite unfounded It is justified only if 
Lorentz’s equations are interpreted in the too literal fashion re- 
pudiated above, and if, also, it is assumed that the constitution of 
the electron is not modified by the acceleration Bohr’s Theory 
of the Atom has led to the idea that there are individual stationary 
orbits for the electrons circulating in the atom, and that they may 
move permanently in these orbits without emitting radiations , only 
when an electron jumps from one stationary orbit to another is the 
energy that is lost by the atom emitted as electromagnetic energy of 
vibration (vide note 39) If matter is to be regarded as a boundary- 
singularity of the field, our field-equations make assertions only 
about the possible states of the field, and not about the con- 
ditioning of the states of the field by the matter. This gap is 
filled by the Quantum Theory in a manner of which the under- 
lying principle is not yet fully grasped The above assumption 
about the singular component / of the field surrounding the particle 
is, in our opinion, true for a quasi-stationary electron We may, 
of course, work out other assumptions If, for example, the particle 
is a radiating atom, the f lk '% will have to bo represented as the field 
of an oscillating Hertzian dipole (This is a possible state of the 
field which is caused by matter in a manner which, according to 
Bohr, is quite different from that imagined by Hertz ) 

As far as gravitation is concerned, we shall for the present 
adopt the point of view of the original Einstein Theory In it the 
(homogeneous) gravitational equations have (according to 31) a 
statical radially symmetrical solution, which depends on a single 
constant m, the mass. The flux of a gravitational field through 
a sufficiently great sphere described about the centre is not equal to 
0, as it should be if the solution were free from singularities, but 
equal to m We assume that this solution is characteristic of the 
moving particle in the following sense We consider the values 
traversed by the g^’a outside the canal to be extended over the 
canal, by supposing the narrow deep furrow, which the path of the 
material particle cuts out in the metrical picture of the world, 
to be smoothed out, and by treating the stream-filament of the 
particle as a line m this smoothed-out metrical field Let ds be 
the corresponding proper-time differential For a point of the 
stream-filament we may introduce a (‘ * normal ”) co-ordinate 
system suoh that, at that point, 

ds 2 = dx% - ( dx\ + dx% + dx\) 



304 THE GENERAL THEORY OF RELATIVITY 


the derivatives vanish, and the direction of the stream-filament 
is given by 

dx 0 ■ dx x . dx 2 dx 2 = 10 0 0 

In terms of these oo-ordmates the field is to be expressed by the 
above-mentioned statical solution (only, of course, in a certain 
neighbourhood of the world-point under consideration, from which 
the canal of the particle is to be cut out) If we regard the normal 
co-ordinates x l as Cartesian co-ordinates in a four-dimensional 
Euclidean space, then the picture of the world-line of the particle 
becomes a definite curve in the Euclidean space Our assumption 
is, of course, admissible again only if the motion is quasi-stationary, 
that is, if this picture-curve is only slightly curved at the point 
under consideration (The transformation of the homogeneous 
gravitational equations into non-homogeneous ones, on the right 
side of which the tensor /a u t ut appears, takes account of the singu- 
larities, due to the presence of masses, by fusing them into a con- 
tinuum , this assumption is legitimate only in the quasi-stationary 
case ) 

To return to the derivation of the meohamcal equations 1 We 
shall use, once and for all, the calibration normalised by F — const , 
and we shall neglect the cosmological terms outside the canal. The 
influence of the charge of the electron on the gravitational field is, as 
we know from § 32, to be neglected in comparison with the influence 
of the mass, provided the distance from the particle is sufficiently 
great Consequently, if we base our calculations on the normal co- 
ordinate system, we may assume the gravitational field to be that 
mentioned above The determination of the electromagnetic field is 
then, as in the gravitational case, a linear problem , it is to have the 
form f v t + fik mentioned above (with /,* = const on the surface of 
Q) But this assumption is compatible with the field-laws only if 
e = const To prove this, we shall deduce from a fictitious field 
that fills the canal regularly and that links up with the really 
existing field outside, that 

— = S', [&°dx,dx,,dx„ = e* 

3-r* J 123 

a 

in any arbitrary co-ordinate system , e* is independent of the choice 
of the fictitious field, inasmuch as it may be represented as a field- 
flux through the surface of O Sinoe (if we neglect the cosmological 
terms) the b*’s on this surface vanish, the equation of definition gives 
da* de* 

us, if = 0 is integrated, = 0 , moreover, the arguments set 
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out m § 33 show that e* is independent of the co-ordinate system 
chosen. If we use the normal co-ordmate system at one point, the 
representation of e* as a field-flux shows that e* = e. 

Passing on from the charge to the momentum, we must notice 
at once that, with regard to the representation of the energy- 
momentum components by means of field-fluxes, we may not refer 
to the general theory of § 35, because, by applying the process of 
partial integration to arrive at (84), we sacrificed the co-ordmate 
invariance of our A ation Hence we must proceed as follows With 
the help of the fictitious field which bridges the canal regularly, we 
define aSf by means of 

(Rf - *8fR) + 


The equation 



3 xt 


(92) 


is an identity for it. By integrating (92) we get (90), whereby 

J L = 

n 


K t expi esses itself as the field-flux through the surface !i In these 
expressions the fictitious field may be leplaced by the real one, and, 
moreover, in accordance with the gravitational equations, we may 
replace 

;( Bf - ¥>% by 18* 

If we use the normal co-ordmate system the part due to the gravi- 
tational energy drops out , for its components depend not only 

linearly but also quadratically on the (vanishing) derivatives 

We are, therefore, left with only the electromagnetic part, which is 
to be calculated along the lines of Maxwell Since the components 
of Maxwell’s energy-density depend quadratically on the field f + f, 
each of them is composed of three terms in accordance with the 
formula 

(/ + /)* =P + a/7 + 7* 

In the case of each, the first term contributes nothing, since the 
flux of a constant vector through a closed surface is 0 The last 
term is to be neglected since it contains the weak field / as a square , 
the! middle term alone remains. But this gives us 

K, = 
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Concerning the momentum-quantities we see (in the same way as 
in § 33, by using identities (92) and treating the cross-section of the 
stream-filament as infinitely small in comparison with the external 
field) (1) that, for co-ordinate transformations that are to be regarded 
as linear in the cross-section of the canal, the J,’s are the co-variant 
components of a vector which is independent of the co-ordinate 
system , and (2) that if we alter the fictitious field occupying the 
canal (in § 33 we were concerned, not with this, but with a charge 
of the co-ordinate system in the canal) the quantities J l retain their 
values. In the normal eo-ordmate system, however, for which the 
gravitational field that surrounds the particle has the form calculated 
in § 31, we find that, since the fictitious field may be chosen as a 
statical one, according to page 272 J, = / 2 = J 2 = 0, and — the 
flux of a spatial vector-density through the surface of O, and hence 
= m On account of the property of co-variance possessed by J u 
we find that not only at the point of the canal under consideration, 
but also just before it and just after it 



Hence the equations of motion of our particle expressed in the 
normal co-ordmate system are 

d ( mu J /qq\ 

2 t " = e /o‘ 

The 0th of these equations gives us = 0 , thus the field equations 

require that the mass be constant But in any arbitrary co-ordinate 
system we have 

~ = e fiaU k . (94) 


For the relations (94) are invariant with respect to co-ordinate 
transformations, and agree with (93) m the case of the normal co- 
ordinate system Hen ce, according to the field-laws, a necessary 
condition for a singularity canal, which is to fit into the remaining 
part of the field, and m the immediate neighbourhood of which the 
field has the required structure, is that the quantities e and m that 
characterise the singularity at each point of the canal remain con- 
stant along the canal, but that the world-direction of the canal 
satisfy the equations 


du v 

ds 


4 U a Vfi = — . fin • M* 

Oa; 1 m 


In the light of these considerations, it seems to the author that 
the opinion expressed in § 25 stating that mass and field-energy are 
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identical is a premature inference, and the whole of Mie’s view of 
matter assumes a fantastic, unreal complexion It was, of course, 
a natural result of the special theory of relativity that we should 
come to this conclusion It is only when we arrive at the general 
theory that we find it possible to represent the mass as* a field- 
flux, and to ascribe to the world relationships such as obtain in 
Einstein’s Cylindrical World 34), when there are cut out of 
it canals of circular cross-section which stretch to infinity in both 
directions This view of m states not only that inertial and 
gravitational masses are identical in nature, but also that mass as 
the point of attack of the metrical field is identical in nature with 
mass as the generator of the metrical field That which is 
physically important in the statement that energy has inertia still 
persists in spite ol this For example, a radiating particle loses 
inertial mass of exactly the same amount aB the electromagnetic 
energy that it emits (In this example Einstein first recognised the 
intimate relationship between energy and inertia ) This may be 
proved simply and rigorously from our present point of view 
Moreover, the new standpoint in no wise signifies a relapse to the 
old idea of substance, but it deprives of meaning the problem of 
the cohesive pressure that holds the charge of the electron together 

With about the same reasonableness as is possessed by 
Emstein’B Theory we may conclude from our results that a clock 

in quasi-stationary motion indicates the proper time jds which 

corresponds to the normalisation F = const * If during the motion 
of a clock (e g an atom) with infinitely small period, the world- 
distance traversed by it during a period weie to be transferred 
congruently from period to period in the sense of our world-geo- 
metry, then two clocks which set out from the same world-point A 
with the same period, that is, which traverse congruent world- 
distances m A during their first period will have, m general, 
different periods when they meet at a later world-point B The 
orbital motion of the electrons in the atom can, therefore, certainly 
not take place in the way described, independently of their previous 

* The invariant quadratics form F ds 3 is very far from being distinguished 
from eJl other forms of the type E ds 1 (E being a scalar of weight - 1) as is 
the ds 1 of Einstein's Theory, which does not contain the derivatives of the 
potentials at all. For this reason the inference made in our calculation of the 
displacement towards the infra-red (,p. 246), that similar atoms radiate 
the same frequency measured in the proper time ds corresponding to the 
normalisation F = const , is by no means as convincing as m the theory of 
Emstein it loses its validity altogether if a principle of action other than that 
here discussed holds. 
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histories, since the atoms emit spectral lines of definite frequencies 
Neither does a measuring rod at rest in a statical field undergo a 
congruent transference , for the measure l — <icr a of a measuring 
rod at rest does not alter, whereas for a congruent transference it 

would have to satisfy the equation ^ = —l <£• What is the 

source of this discrepancy between the conception of congruent 
transference and the behaviour of measuring rodB, clocks, and 
atoms? We may distinguish two modes of determining a quantity 
in nature, namely, that of persistence and that of adjustment. 
This difference is illustrated in the following example We may 
prescribe to the axis of a rotating top any arbitrary direction m 
space , but once this arbitrary initial direction has been fixed the 
direction of the axis of the top when left to itself is determined from 
it for all time by a tendency of persistence which is active from 
one moment to another , at each instant the axis experiences an 
infinitesimal parallel displacement Diametrically opposed to this 
is the case of a magnet needle in the magnetic field Its direction 
is determined at every moment, independently of the state of the 
system at other moments, by the fact that the system, in virtue of 
its constitution, adjusts itself to the field in which it is embedded 
There is no a prion ground for supposing a pure transference, 
following the tendency of persistence, to be mtegrable But even 
if this be the case, as, for example, for rotations of the top in 
Euclidean space, nevertheless two tops which set out from the 
same point with axes in the same position, and which meet after 
the lapse of a great length of time, will manifest any arbitrary 
deviations in the positions of the axes, since they can never be 
fully removed from all influences Thus although, for example, 
Maxwell’s equations for the charge e of an electron make necessary 

dc 

the equation of conservation ^ = 0, this does not explain why an 

electron itself after an arbitrarily long time still has the same 
charge, and why this charge is the same for all electrons This 
circumstance shows that the charge is determined not by per- 
sistence but by adjustment there can be only one state of 
equilibrium of negative electricity, to which the corpuscle adjusts 
itself afresh at every moment The same reason enables us to draw 
the same conclusion for the spectral lines of the atoms, for what 
is common to atoms emitting equal frequencies is their constitution 
and not the equality of their frequencies at some moment when 
they were together far back in time. In the same way, obviously, 
the length of a measuring rod is determined by adjustment , for it 
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would be impossible to give to this rod at thiB point of the field 
any length, say two or three times as great as the one that it 
now has, m the way that I can prescribe its direction arbitrarily. 
The world-curvature makes it theoretically possible to determine a 
length by adjustment In consequence of its constitution the rod 
assumes a length which has such and such a value in relation to 
the radius of curvature of the world (Perhaps the time of rotation 
of a top gives us an example of a time-length that is determined by 
persistence , if what we assumed above is true lor direction then at 
each moment of the motion of the top the rotation vector would 
experience a parallel displacement ) We may briefly summarise as 
follows The affine and metrical relationship is an a priori datum 
telling us how vectors and lengths alter, if they happen to follow 
the tendenoy of persistence. But to what extent this is the case 
in nature, and in what proportion persistence and adjustment 
modify one another, can be found only by starting from the 
physical laws that hold, 1 e from the principle of action 

The suhject of the above discussion is the principle of action, 
compatible with the new axiom of calibration invariance, which 
most nearly approaches the Maxwell-Einstein theory We have 
seen that it accounts equally well lor all the phenomena which are 
explained by the latter theory and, indeed, that it has decided 
advantages so far as the deeper problems, such as the cosmological 
problems and that of matter are concerned Nevertheless, I doubt 
whether the Hamiltonian function (83) conesponds to reality 
We may certainly assume that W has the form W Jg,m which W 
is an invariant of weight - 2 formed m a perfectly rational manner 
from the components of curvature Only four of these invariants 
may be set up, from which every other may be built up linearly by 
means of numerical co-effioients (vide note 40). One of these is 
Maxwell’s 

l = v*f* (95) 

another is the F* used just above. But curvature is by its nature 

a linear matrix-tensor of the second order According 

to the same law by which (95), the square of the numerical value, 
is produoed from the distance-curvature /,* we may form 

. ’ (96) 

from the total curvature The multiplication is m this case to be in- 
terpreted as a composition of matrices ; (96) is therefore itself agam 
a matrix. But its trace L is a scalar — of weight - 2 The two 
quantities L and l seem to be invariant and of the kind sought, and 
they can be formed most naturally from the curvature ; invariants 
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of this natural and simple type, indeed, exist only in a four-dimen- 
sional world at all. It seems more probable that W is a linear 
combination of L and l Maxwell’s equations become then as 
above (when the calibration has been normalised by F = const.) 
s‘ = a constant multiple of and h lk = t*. The gravitational 

laws in the statical case here, too, agree to a first approximation 
with Newton's laws Calculations by Pauli [vide note 41) have 
indeed disclosed that the field determined in $ 81 is not only a 
rigorous solution of Einstein’s equations, but also of those favoured 
here, so that the amount by which the perihelion of Mercury’s 
orbit advances and the amount of the deflection of light rays owing 
to the proximity of the sun at least do not conflict with these 
equations But in the question of the mechanical equations and 
of the relationship holding between the results obtained by 
measuring-rods and clocks on the one hand and the quadratic 
form on the other, the connecting link with the old theory seems 
to be lost , here we may expect to meet with new results 

One serious objection may be raised against the theory in its 
present state it does not account for the inequality of positive 
and negative electrioity (vide note 42) There seem to be two 
ways out of this difficulty Either we must introduce into the law 
of action a square root or some other irrationality , in the discussion 
on Mie’s theory, it was mentioned how the desired inequality could 
be caused m this way, but it was also pointed out what obstacles 
lie in the way of such an irrational Action Or, secondly, there is 
the following view which seems to the author to give a truer state- 
ment of reality We have here occupied ourselves only with the 
field which satisfies certain generally invariant functional laws. 
It is quite a different matter to inquire into the excitation or cause 
of the field-phases that appear to be possible according to these 
laws, it directs our attention to the reality lying beyond the field. 
Thus in the aether there may exist convergent as well as divergent 
electromagnetic waves, but only the latter event can be brought 
about by an atom, situated at the centre, which emits energy owing 
to the jump of an electron from one orbit to another in accordance 
with Bohr’s hypothesis This example shows (what is immediately 
obvious from other considerations) that the idea of causation (in 
contradistinction to functional relation) is intimately connected 
with the unique direction of progress characteristic of Time, 
namely Past -*■ Future. This oneness of sense m Time exists 
beyond doubt — it is, indeed, the most fundamental fact of our per- 
ception of Time — but a priori reasons exolude it from playing a part 
in physios of the field. But we saw above (§ 33) that the sign, too. 
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of an isolated system is fully determined, as soon as a definite sense 
of flow, Past -> Future, has been prescribed to the world-canal 
swept out by the system This connects the inequality of positive 
and negative electricity with the inequality of Past and Future , 
but the roots of this problem are not in the field, but lie outside it 
Examples of such regularities of structure that concern, not the 
field, but the causes of the field-phases are instanced by the 
existence of cylindrically shaped boundaries of the field by our 
assumptions above concerning the constitution of the field in their 
immediate neighbourhood lastly, and above all, by the facts of 
the quantum theory But the way in which these regularities 
have hitherto been formulated are, ot course, merely provisional m 
character Nevertheless, it seems that the theory of statistics 
plays a part m it which is fundamentally necessary We must 
here state in unmistakable language that physics at its present 
stage can in no wise be regarded as lending support to the belief 
that there is a causality of physical nature which is founded on 
rigorously exact laws The extended field, “aether,” is merely the 
transmitter of effects and is, of itself, powerless, it plays a part 
that is in no wise different from that which space with its rigid 
Euclidean metrical structure plays, according to the old view , but 
now the rigid motionless character has become transformed into 
one which gently yields and adapts itself But freedom of action 
in the world is no more restucted by the rigorous laws of field 
physics than it is by the validity of the laws of Euclidean geometry 
according to the usual view 

If Mie’s view were correct, we could recognise the field as ob- 
jective reality, and physics would no longer be far from the goal 
of giving so complete a grasp of the nature of the physical world, 
of matter, and of natural forces, that logical necessity would extract 
from this insight the unique laws that underlie the occurrence of 
physical events For the present, however, we must reject these 
bold hopes The laws of the metrical field deal less with reality 
itself than with the shadow-like extended medium that serves as a 
link between material things, and with the formal constitution of 
this medium that gives it the' power of transmitting effects Sta- 
tistical physics, through the quantum theory, has already reached 
a deeper stratum of reality than is accessible to field physics , but 
the problem of matter is still wrapt in deepest gloom But even 
if we recognise the limited range of field physics, we must grate- 
fully acknowledge the insight to which it has helped us. Whoever 
looks back over the ground that has been traversed, leading from 
the Euclidean metrical structure to the mobile metrical field which 



812 THE GENERAL THEORY OP RELATIVITY 

depends on matter, and which includes the field phenomena of 
gravitation and electromagnetism ; whoever endeavours to get & 
oomplete survey of what could be represented only successively 
and fitted into an articulate manifold, must be overwhelmed by a 
feeling of freedom won — the mind has cast off the fetters which 
have held it captive He must feel transfused with the conviotion 
that reason is not only a human, a too human, makeshift in the 
struggle for existence, but that, in spite of all disappointments and 
errors, it is yet able to follow the intelligence which has planned 
the world, and that the consciousness of each one of us is the 
centre at which the One Light and Life of Truth comprehends 
itself in Phenomena Our ears have caught a few of the funda- 
mental chords from that harmony of the spheres of which Pythag- 
oras and Kepler once dreamed 
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To distinguish “ normal ” co-ordinate systems among all others in the 
special theory of relativity, and to determine the metrical groundform in 
the general theory, we may dispense with not only rigid bodies but also 
with clocks 

In the .special theory of relativity the postulate that, for the trans- 
formation corresponding to the co-ordinates c, of a piece of the world to 
an Euclidean “ picture ” space, the world-lines of points moving freely 
under no forces ate to become straight lines (Galilei’s and Newton’s 
Principle of Inertia), fixes this picture space except for an afttne 
transformation. For the theorem, that affine transformations of a por- 
tion of space are the only 
continuous ones which 
transform straight lines 
into straight lines, holds 
This is immediately evi- 
dent if, in Mbbius’ mesh 
construction (Fig 12), 
we replace infinity by a 
straight line intersecting 
our portion of space 
(Fig 15) The pheno- 
menon of light propaga- 
tion then fixes infinity 
and the metrical struc- 
ture in our four-dimen- 
sional projective space , 
for its (three-dimensional) “ plane at infinity ” E is characterised by the 
property that the light-cones are projections, taken from different world- 
points, of one and the same two-dimensional conic section situated in E 

In the general theory of relativity these deductions are best ex- 
pressed in the following form The four-dimensional Riemann space, 
which Erastem imagines the world to be, is a particular case of general 
metrical spaoe (§ 16) If we adopt this view we may say that the pheno 
menon of light propagation determines the quadratic groundform d« a , 
whereas the linear one remains unrestricted Two different choices of 
the linear groundform which differ by dtp = tpidxi correspond to two 
different values of the affine relationship Their difference is, according 
to formula 49, § 16, given by 

IT*] = i(&' a 4>P + 
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The difference between the two vectors that are derived from a world- 
vector u* at the world point 0 by means of an infinitesimal parallel 
displacement of u l in its own direction (by the same amount d'A = t u { ), is 
therefore t times 

«*('£«“") - i4>'- (*) 

whereby we assume y a 0 it°-uP = 1 If the geodetic lines passing through O 
in the direction of the vector m* coincide for the two fields, then the 
above two vectors derived from it* by parallel displacement must be 
coincident m direction , the vector (*), and hence (f> 1 , must have the same 
direction as the vector u' If this agreement holds for two geodetic lines 
passing through 0 in different directions, we get <£» = 0 Henoe if we 
know the world-lines of two point-masses passing through 0 and moving 
only under the influence of the guiding field, then the linear groundform, 
as well as the quadratic groundform, is uniquely determined at O 
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Proof of the Theoiem, that, m Riemann’s space, It ts the sole mvanant 
that contains the derivatives of the gas’s only to the second ordei , and those 
of the second order only lineal ly 

According to hypothesis, the invariant; J is built up of the derivatives 
of the second order 

gik, rt - ' ( y Xr Q Xt 

thus 

J — hik, r«9i£, r« + X 


The X’s denote expressions in the g,k ' s and their hrst denvativoB, they 
satisfy the conditions of symmetry 

hfci,r>t — htic,sr = Xt k, rs 


At the point O at which we are considering the invariant, we introduce an 
orthogonal geodetio co-ordinate system, so that, at that point, we have 


qik 


3j/ii 

d*r 


= 0 


The X's become absolute constants, if these values aie inse"ted The 
unique character of the co-ordinate system is not affected by 

(1) linear orthogonal transformations , 

(2) a transformation of the type 

jc, = x i + — jfcX r x „ 


which contains no quadratic teims , the oo-efhcients a are symmetrical in 
k, r, and s, but are otherwise arbitrary 

Let us therefore consider in a Euclidean-Cartesian space (m which 
arbitrary orthogonal linear transformations are allowable) the biquadratic 
form dependent on two vectors x = (x,), y = (y t ), namely 

C = Stic, rffOiXkyrVi 

with arbitrary co-efficients gik, n that are symmetrical in i and k, as also in 
r and s , then 

• ( 1 ) 
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must be an invariant of this form Moreover, since as a result of the 
transformation (2) above, the derivatives g<jt, rs transform themselves, 
as may easily be calculated, according to the equation 

9 ik, ra = Stir, ?■* t 2 ( a krt "b a i rs) 

we must have 

Kk. r, a L« — 0 . (2) 

for every system of numbers a symmet ical m the three mdiceB k, r, s 
Let us operate further m the Euclidean-Cartesian space , (xy) is to 
signify the scalar product r.^y^ + x 2 i/j + . x n y n It will suffice to use 
for G a form of the type 

( * = ((ii) Q ( (>•/)* 

in which a. and b denote arbitrary vectors If we now again write x and y 
for a and b, then (1 ) expresses the postulate that 

A = A * • • (!*) 


is an orthogonal invariant of the two vectois x, y In (2) it is sufficient 
to choose 

a kr, = x i VkVrV, 


and then this postulate signifies that the form which is derived from A, 
by converting an x into a y, namoly, 


Ay 



»*. rMJkVry 




( 2 *) 


vanishes identically (It is got from A* by forming first the symmetrical 
bilinear form A**- in x, x' (it is related quadratically to y), which, if the 
senes of variables x 1 be identified with x, resolves into Ax, and by then 
replacing x' by y ) I now assert that it follows from (1*) that A is of the 
form 


and from (2*) that 


A - a(xx)(yy) - (3(xy) a 
a = (3 


(I) 

(II) 


This will be the complete result, for then we shall have 


J ~ “<>«, kk " St *, + ik) + X 


or since, in an orthogonal geodetic co-ordinate system, the Riemann 
scalar of curvature is 


we shall get 


K ~ 9ik, ik ~ 9u, kk 
J = — aR + A 


(*) 


Proof of I . We may introduce a Cartesian co-ordinate system such that 
x coincides with the first co-ordinate axis, and y with the (1, 2)th co- 
ordinate plane, thus , 


x = (x„ 0, 0, . 0), y = (y„ y„ 0, 

A = *1 (ay! + 26y,y, + cy\) 


0 ) 
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whereby the sense of the seoond co-ordinate axis may yet be chosen 
arbitrarily Since A may not depend on this ohoioe, we must have 6=0, 
therefore 

A = cxl(y ; + yl) + (a - cXa^) 2 = c(xx)(yy) + (a - c)(acy) a 

Proof of II Prom the A = A x which are given under I, we derive the 
forms 

A rx = a ( xx ')(yy) - P( x v)(*'y) 

Ay = (« - £)(*v)(yy) 

If Ay is to vanish then a must equal /3 

We have tacitly assumed that the metrical groundfoim of Biemann’s 
space is definitely positive , in case of a different index of inertia a slight 
modification is necessary in the “Proof of I” In order that the second 
derivatives be excluded from the volume integral J by means of partial 
integration, it is necessary that the \ k ,,’s depend only on the g lk s and not 
on their derivatives , we did not, however, require this fact at all m our 
proof Concerning the physical meaning entailed by the possibility, ex- 
pressed in (*), of adding to a multiple of R also a universal constant X, 
we refer to tj 34 Concerning the theorem here proved, cf Vermeil, Nachr 
d Gex d Wissenach zu Gottingen , 1917, pp 334-344 

In the same way it may be proved that g lk , Rq lk , R^ are the only tensors 
of the second order that contain derivatives of the g lk ‘s only to the seoond 
order, and these, indeed, only linearly 
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Note 35 (286) This fact, which here appears as a self-evident result, had 
been previously noted E. Cunningham, Proe of the London Mathem Society 
(2), vol viil (1910), pp 77-9S, H Bateman, idem, pp. 223-64 

Note 36 (295) Cf also W Pauli, Zur Theorio der Gravitation und der 
Elektrizitat von H Weyl, Physik Zeitschr , Bd 20 (1919), pp 457-67 Einstem 
arrived at partly similar results by means of a further modification of his 
gravitational equations in his essay Spielen Gravitationsfeldor lm Aufbau der 
matenellen Elementarteilchen cine wesenthche Rolle '> Sitzungsber d Preuss 
Akad. d Wissonsch , 1919, pp 349-56 

Note 37 (299) Concerning such existence theorems at a point of singu- 
larity, vide Picard, Traite d'Analyse, t 8, p 21. 

Note 38 (302) Ann d Physik, Bd 39 (1913). 

Note 89 (303). As described in the book by Sommerfeld, Atombau and 
Spektrallimen, Vieweg, 1919 and 1921 

Note 40 (309) This was pioved by R WeitzenbSck in a letter to the 
present author, his investigation will appear soon in the Sitzungsber. d Akad. 
d. Wissensch in Wien 

Note 41. (310) W Pauli, Merkur-Penhelbewegung und Strahlenablenkung 
in Weyl’sGravitationstheone, Verhandl. d. Deutschen physik. Ges , Bd. 21 (1919), 
p 742 

Note 42. (310) Pauli (l.o,* 8 }. 
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Abscissa, 9 
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Action (cf Hamilton's Function), 210 

— principle ot, 211 

— quantum nf, 281, 285 
Active past and future, 175 
Addition of tensors, 43 

— of tensor-donsities, 110 

— of vectors, 17 
Adjustment and persistence, 308 
-3£ther (as a substance), 160 

— (in a generalised sense), 160, 311 
Affine geometry (infinitesimal), 112 
(linear Euclidean), 16 

— manifold, 102 

— relationship of a metrical space, 125 

— transformation, 21 
Allowable systems, 177 
Analysis situs, 'J.TA, 279 
Angles, measurement of, 11, 29 

— right, 18, 29 
Angular momentum, 46 

— velocity, 47 
Associative law, 17 
Asymptotic straight line, 77, 78 
Atom, Bohr’s, 71, 303 
Axioms of affine geometry, 17 

— of metncalgeometry (Euclidean), 27 
(infinitesimal), 124 

Axis of rotation, 13 

Between, 12 

Bilinear form, 26 

Biot and Savart's Law, 73 ■ 

Bohr’s model of the atom, 71, 303. 
Bolyai’s geometry, 79, 80 

Calibration, 121. 

— (geodetic), 127 

Canomoal cylindrical co-ordinates, 206 
Cartesian co-ordinate systems, 29 
Cathode rays, 198. 

Causality, principle of, 207 
Cayley’s measure-determination, 82. 
Centrifugal forces, 222, 223 
Charge (at a substance), 214 

— (generally), 269, 294. 

Chios toSel’s 3- indices symbols, 132. 


Clocks, 7, 307 

Co-gredient transformations, 41, 42. 
Commutative law, 17. 

Components, co-vonant, and contra- 
variant of a displacement, 
35 

of a tensor, 37 (generally), 

103 

(in a linear manifold), 103 

of a vector, 20 

— of the affine relationship, 142. 

Conduction, 195 

Conductivity, 76 
Configuration, linear point, 20 
Congruent, 11, 81 

— transference, 140 

— transformations, 11, 28 
Conservation, law of, of electricity, 269, 

271 

of energy and momentum, 292 

Continuity, equation of, of electricity, 
101 

— of mass, 188 

Continuous relationship, 103, 104 
Continuum, 84, 85 

Contraction-hypothesis of Lorentz and 
Fitzgerald, 171 

— process of, 48 

Contra-gredient transformation, 84 
Contra-variant tensors, 35 

(generally), 103 

Convection currents, 195 
Co-ordinate systems, 9. 

Cartesian, 29. 

normal, 173, 813. 

Co-ordinates, curvilinear (or Gaussian), 
86 

— (generally), 9 

— (hexasphencal), 286 

— (in a linear manifold), 17, 28. 
Coriolis forces, 222 
Coulomb’s Law, 78 
Co-vanant tensors, 55. 

(generally), 108. 

Curl, GO. 

Current, conduction, 160. 

— convection, 195. 

— electric, 191. 

Curvature, direction, 126. 
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Curvature, distanoe, 124. 

— Gaussian, 95. 

— (generally) , 118. 

— of light rays in a gravitational field, 

245 

— scalar of, 184 

— vector, 118. 

Curve, 85 

Definite, positive, 27 
Density (based on the notion of sub- 
stance), 163, 291 

— (general conception), 197 

— (of electricity and matter), 1G7, 214, 

811. 

Dielectric, 70 

— constant, 72 

Differentiation of tensors and tensor- 
densities, 58 
Dimensions, 19 

— (positive and negative, of a quad- 

ratic form), 31 
Direction-curvature, 126 
Displacement current, 162 

— dielectric, 70 

— electrical, 71 

— infinitesimal, of a point, 103 

— of a vector, 110 

— of space, 38 

— towards red due to presence of great 

masses, 246 

Distance (generally), 121 

— (in Euclidean geometry), 20 
Distortion tensor, 60 
Distributive law, 17. 

Divergence (dw), 60 

— (more general), 163, 188 
Doppler’s Principle, 185 

Earlier and later, 7, 175 
Einstein's Law of Gravitation, 236 

(in its modified form), 291 

Electrical charge (as a flux of force), 
294 

(as a substance), 214 

— current, 131 

— displacement, 162 

— intensity of field, 65, 161. 

— momentum, 208 

— pressure, 208 

Electricity, positive and negative, 212 
Electromagnetic field, 64 

and electrostatic units 161 

(ongin in the metrics of the 

World), 282. 

— potential, 165. 

Eleotromotive force, 76 
Electron, 218, 260 
Electrostatic potential, 73 

Energy (acts gravitationally), 282, 237. 

— (possesses inertia), 204 

— (total energy of a system), 301, 


Energy density (m the eleotne field), 
70, 167. 

— (in the magnetic field), 73 
Energy-momentum, tensor (of Energy- 

momentum), 168. 

(for the whole system, including 

gravitation), 269. 

(general), 199 

(in the electromagnetic field), 

.168 

(in the general theory of rela- 
tivity), 269. 

— (in physical events), 292 

— — (kinetic and potential), 199 

(of an incompressible fluid), 205 

(of the electromagnetic field), 

291 

— - (of the gravitational field), 209 
theorem of (in the special theory 

of relativity), 168. 
Energy-steam or energy-flux, 163 
Eotvos' experiment, 225 
Equality of time lengths, 7 

— of vectors, 118 
Ether, vide eethor 
Euclidean geometry, §§ 1 4 

— group of rotations, 188 
manifolds, Chapter I (from the 

point of view of infinitesimal 
geometry), 119 
Euler’s equations, 51 

Fabaday’s Law of Induction, 161, 191 
Format’s Principle, 244 
Field action of eloctrn ity, 216 

— (electromagnetic), 194 

— energy, 166 

of gravitation, 231 

— forces (contrasted "with inertial 

forces), 282 

— (general conception), 68 

— ("guiding ’’ or gravitational), 283 

— intensity of electrical, 65 

of magnetic, 75 

- — (metrical), 100 

— momentum, 168 
Fimtude of space, 278 
Fluid, incompressible, 262 
Force, 38. 

— (electric), 68 

— (field force andmertial force), 282 

— (ponderomotive, of electrical field), 

68 

— (ponderomotive, of magnetio field), 

73 

— (ponderomotive, of electromagnetic 

field), 208 

— (ponderomotive, of gravitational 

field), 222 
Form, bilinear, 26. 

— linear, 22. 

— quadratic, 27. 
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Four-current (4-cuirent), 165. 
Four-force (4-force), 167 
Fresnel’s convection co-efficient, 186 
Future, active and passive, 177. 

Galilei’s Principle of Relativity and 
Newton’s Law of Inertia, 149 
Gaussian curvature, 95. 

General principle of relativity, ‘227, 2SC 
Geodetic calibration, 127 

— co-ordinato system, 112 

— lime (general), 114 

— — (in Riemanu’s space, 128 

— null-line, 127 

— systems of releronce, 127 
Geometry, affine, 10 

— Euclidean, §1) 1-4 

— infinitesimal, 142 

— metrical, 27 

— n dimensional, 19, 25 

— non-Euclidean (Bolyai - Lo b at- 

schefshy), 79, 80 

— on a surface, 87 

— Riemann’s, 84 

— spherical, 260 
Gradient, 59 

— (eonoraliscd), 100 

Gravitation, Emstem’s Law of (modi 
ued form), 291 

— Einstoin’s Law of (general form), 

230 

— Newton’s Law of, 229 
Gravitational constant, 243 
— • energy, 268 

— field, 240 

— mass, 225 

— potential, 24'3 

— radius of a great mass, 255 

— waves, § 30, 248 

Groundform, metrical (of a linear mani- 
fold), 28 

— (ill general), 140 
Groups, 9 

— infinitesimal, 144 

— of rotations, 138 

— of translations, 15 

Hamilton’s function, 209 

— principle (m the special theory of 

relativity), 210 

(according to Maxwell and Lor- 

entz), 236 

(according to Mio), 209 

(m tho general theory of rela- 
tivity), 292 

Height of displacement, 158 
Hexasphencal co-ordinates, 28b 
Homogeneity ol space, 91. 

— of the world, 155 
Homogeneous linear equations, 24. 
Homologous points, 11. 


Hydro-dynamics 205, 263 
Hydro-statio pressure, 206, 263. 

Impulse (momentum), 44 
Independent vectors, 19 
Induction, magnetic, 75 

— law of, 161, 191 

Inertia (as property of energy), 202. 

— moment of, 48 

— principle of (Galilei’s and Newton’s), 

152 

Inertial force, 801 

— index, 30 

— law of quadratic forms, 30. 

— mass, 225 
— • moment, 48 

Infinitesimal displacement, 110 

— geometry, 142 

— group, 144 

— operation of a group, 142 

— rotations, 146 
Integrablo, 108 
Intensity of field, 65, 101 
-- quantities, 109. 

Joule (heat-eq.uvalent), 1G2 

Kurus's model, 80 

Later, 5 

Light, electromagnetic theory of, 164. 

— ray, 183. 

— - — (curved m gravitational field), 
245 

Line, straight (in Euclidean geometry), 
12 

(generally), 18 

— — geodetic^ 114 
Lino-element (in Euclidean geometry), 

56 

— (generally), 103 
Linear equation, 

— point configuration, 20 

— tensor, 57, 104 

— tensor-density , 105, 109 

— vector manifold, 19 

transformation, 21, 22, 

Linearly independent, 19 
Lobatschefsky’s geomotry, 79, 80. 
Lorent7-Emstem Theorem of Relativity, 

165 

— -Fitzgerald contraction, 171 

— transformation, 166 

Magnetic induction, 75 

— intensity of field, 75 

— permeability, 75 
Magnetisation, 75 
Magnetism, 74 
Magnitudes, 99 

Mamfold, affinely connected, 112. 

— discrete, 97. 
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Manifold, metrical, 102, 121. 

Maas (as energy), 204 

— (as a flux of force), 805. 

— inertial and gravitational, 225 

— (producing a gravitational field), 

808, 806. 

Matrix, 39 
Matter, 68, 203, 272. 

— flux of, 188 

Maxwell’s application of stationary case 
to Riemann's space, 130 

— density of aotion, 286 

— stresses, 75 

— theory (derived from the world’s 

metrics), 285 

■ (general case), 161. 

(in the light of the general theory 

of relativity), 222 

— — (stationary case), 64 
Measure, electrostatic and electro- 

magnetic, 161 

— relativity of, 282 

— unit of, 40. 

Measure-index of a distance, 121 
Measurement, 176 

Mechanics, fundamental law of (de- 
rived from field laws), 
290, 298 

(in general theory of rela- 
tivity), 222, 226 

( in special theory of rela- 
tivity), 197 

of Newton’s, 44, 66 

— of the principle of relativity, § 24 
Metrical groundform, 28, 140 
Metrics or motrica) structure, 156 

(general), 121, 207, 282 

Mioholson-Morloy experiment, 170 
Mie’s Theory, 206 

Minor space, 157 
Molecular currents, 74. 

Moment, electrical, 208 

— mechanical, 44, 200 

— of momentum, 48 
Momentum, 44, 200 

— -density, 168 

— -flux, 168 

Motion (in mathematical sense), 105 

— (under no forces), 61, 229 
Multiplication of a tensor by a number, 

43 

— of a tensor-density by a number, 109 

— — by a tensor, 110 

— of tensors, 44 

— of a vector by a number, 17 

Newton’s Law of Gravitation, 229 
Non-degenerate bilinear and quadratic 
forms, 17. 

Non-Euohdean geometry, 77. 

— plane (Beltrami’s model), 93, 

(Klein’s model), 80. 


Non-Euolidean plane (metnoal ground- 
form of), 94. 

Non-bomogeneous bnear equations, 24. 
Normal calibration of Niemann’s apace, 
124 

— system of co ordinates, 173, 813. 
Now, 143 

Null-lines, geodetic, 127. 

Number, 8, 39. 

Ohm’s Law, 76. 

One-sided surfaces, 274. 

Order of tensors, 86 
Orthogonal transformations, 34 

Parallel, 14, 21 

— displacement (infinitesimal, of a 

contra-vanant vector), 
113 

co-vanant vector, 115. 

— projection, 157 
Parallelepiped, 20 
Parallelogram, 88 
Parallels, postulate of, 78 

Partial integration (principle of), 110. 
Passive past and future, 175 
Past, active and passive, 175 
Perihelion, motion of Mercury’s, 247 
Permeability, magnetic, 75 
Perpendicularity, 121 

— (in general), 29 
I’ersiatence, 808 
Phase, 219. 

Plane, 18 

— f Beltrami’s model), 98 

— (in Euclidean space), 13 

— (Klein’s model), 82 

— (metrical groundform), 94 

— (non-Euclidean), 80 
Planetary motion, 256 
Polarisation, 71. 

Ponderomotive force, of the electric, 
magnetic and electromag- 
netic field, 67, 73, 194 
of the gravitational field, 222, 

223 

Positive definite, 27 
Potential, electromagnetic, 165. 

— eloctrostatio, 164 

— energy-momentum tensor of, 199, 

200 

— of the gravitational field, 290 

— retarded, 164, 165, 250 

— vector-, 74, 163 
Poyntmg’s vector, 163 

Pressure, on all Bides, electrical, 208. 

hydrostatic, 205, 268 

Problem of one body, 254 
Product, etc , vide Multiplication. 

— of a tensor and a number, 43 

— scalar, 27 

— vectorial, 45. 
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Projection, 157. 

Propagation of electromagnetic dis- 
turbances, 164 

— of gravitational disturbances, 251. 

— of light, 1G4 
Proper-time, 178, 180, 197. 

Pythagoras’ Theorem, 91, 2‘28 

Quadratic forms, 81 
Quantities, intensity, 109 

— magnitude, 109 
Quantum Theory, 285, 803 

Radial symmetry, 252 
Reality, 213 

Red, displacement towards the, 246 
Relationship, affine, 112 

— continuous, 103, 104 

— metrical, 142 

— of a manifold as a whole (conditions 

of), 114 

— of the world, 273 
Relativity of magnitude, 283 

— of motion, 152, 282 

— principle of (Einstein's special), 

169 

(general), 227, 236 

— — — Galilei’s, 149 

— theorem of (Lorentz Einstein), 165 
Resolution of tensors into space and 

time of vectors, 158, 180 
Rest, 150 

Retarded potential, 164, 165, 250 
Riomann’s curvature, 132 

— geometry, 84 

— space, 132. 

Right angle, 29, 1 21 
Rotation (or curl), GO 

— (general), 155 

— (in geometrical sense), 13 

— (in kinematical sense), 47 

— relativity of, 155 
Rotations, group of, 138, 146 

Scalar-density, 109, 

Scalar field, 58 

— product, 27 
Similar representation or transforma- 
tion, 140 

Simultaneity, 174, 183 
Skew-symmetrical, 39, 55. 

Space (as form of phenomena), 1, 96 

— (as projection of the world), 158, 180 

— -element, 56 

— Euclidean, §§ 1-4, 

— -like vector, 179 

— metrical, 83, 37 

— n-dimensional, 24 
Special prmoiple of relativity, 169. 
Sphere, charged, 260. 

Spherical geometry, 88, 266. 

— transformations, 286. 


Static density, 197. 

— gravitational field, § 29, 240. 

— length, 176. 

— volume, 183 
Stationary field, 114, 240 

— orbits in the atom, 303 

— vectors, 114 
Stokes’ Theorem, 108 
Stresses, elastic, 58, 60 

— Maxwell’s, 75 
Substance, 214, 273 
Substance-action of electricity and 

gravitation, 215 

— (= mass), 300 
Subtraction of vectors, 17 
Sum of tensor-densities, 109. 

tensors, 43 

— — vectors, 17. 

Surface, 85, 274 
Symmetry, 26 
Systems of reference, 177. 

— — — geodetic, 127 

Tenbor (general), 60, 103 

— (m linear space), 83. 

— -density, 109 

field, 105 

(general), 58 

Time, 246 

like vectors, 179 

Top, spinning, 51 
Torque of a force, 46 
Trace of a matrix, 49, 146 
Traotrix, 98 

Transference, congruent, 140 
Transformation or representation, 
affine, 21 

— congruent, 11, 28 

— linear-vector, 21, 22 

similar, 140 1 

Translation of a point (in the geo- 
metrical sense), 10. 

— — — — (in the kinematical sense), 

115 

Turning moment of a force, 46. 

Twists, 13 

Two sided surfaces, 274 

Unit vectors, 104 

Vector, 16, 24 
I — curvature, 126 

— -density, 109 

— -manifold, linear, 19. 

— potential, 74, 163 

— product, 45 

— transference, 117 

— transformation, lmear, 21, 22 
Velocity, 105. 

— of propagation of gravitation, 251. 
of light, 164 
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Velocity of rotation, 47 
Volume-element, 210. 

Weight of tensors and tensor-densities, 
127 

Wilson's experiment, 192 


World ( = space-time), 189. 

— -oanal, 268. 

— -law, 212, 273, 276 

— -line, 149. 

— -point, 149. 

— -vectors, 165. 
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With Frontispieces Fcap, 8 vo Each 6f net 
The volumes are — 

1 Miscellaneous Prose n Elia and 
the Last Essay of Elia hi Books 
for Children iv Plays and Poems 
v and vi Letters 

THE ESSAYS OF ELIA With an Intro- 
duction by E V Lucas, and a8 Illustration 
by A. Garth Jones Fcap a vo 5 s rut 
Lankaater (Sir Ray). SCIENCE FROM 
AN EASY CHAIR Illustrated Thirteenth 
Edition Cr 8 00 ys 6 d net 
SCIENCE FROM AN EASY CHAIR 
Second Senes Illustrated Third Edition 
Cr 8 vo 7 f 6d net 

DIVERSIONS OF A NATURALIST 
Illustrated Third Edition Cr Zvo 
7f 6 d net 

SECRETS OF EARTH AND SEA. Cr, 
8vo 8f 6 d net 

Lodge (Sir Oliver). MAN AND THE 
UNIVERSE A Study of thb Infiubnce 
of the Advance in Scientific Know- 
ledge upon our Understanding of 
Christianity Ninth Edition. Crown Bvo 


7 s 6 d net 

THE SURVIVAL OF MAN . A Study in 
Unrecognised Human Faculty Seventh 
Edition Cr, 8 vo 7 * 6 d net 

MODERN PROBLEMS Cr 8 vo 71. bd 
rut 

RAYMOND , or Life and Death. Illus- 
trated Twelfth Edition Demy Boo 15*. 
rut 
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Lucas (E Y.)— 

The Life of Charles Lamb, a vo/s , 21 s 
net A Wanderer in Holland, lor 6 d net 
A Wanderer in London, 10s 6 d net 
London Revisited, iox 6 d net A Wan 
derek in Paris, ioj 6 d net and dr net A 
Wanderer in Florence, ioj 6 d net 
A Wanderer in Venice, 101 6 d. net Thf 
Open Road A Little Book for Wayfarers, 
dr 6 d net and 111 net The Friendi v 
Town A Little Book for the Urbane, 6 s 
net Fireside and Sunshine, 6s net 
Character and Comedy, 6j- net The 
Gentlest Art A Choice of Letters by 
Entertaining Hands, 6 s 6 d net Thf 
Second Post, 6s net Her Infinite 
Variety A Feminine Portrait Gallery, 6^ 
net Good Company A Rally of Men, 65 
net One Day and Another, 6t net 
Old Lamps for New, 6 s net Loiterer's 
Harvest, net Ciood and Silver, 6j 
net A Boswell of Baghdad, and other 
Fssavs, 6s net Twixt Eagi b and 
Dove, 6r net The Phantom Journal, 
and other Essays and Diversions, 6s 
net Spfciai lv Selected A Choice of 
Essays 7 s 6 d net 1 he British Schooi 
An Anecdotal Guide to the British Painters 
and Paintings m the N ational Gallery, 6 s net 
Roving East and Roving West Notes 
gathered in India, Japan, and America 
w net Urbanities Illustrated by G L 
Stampa, 7 s 6 d net Vermeer 

M (A ). AN ANTHOLOGY OF MODERN 
VERSE With Introduction by Robert 
Lynd Third Edition Ecap Bvo 6 s net 
Thin paper , leather , 7 s 6 ti net 

MoDoug&ll (William). AN 1 NTRODUC 
LION TO SOCIAL PSYCHOLOGY 
/sixteenth Edition Cr 8 vo 6 d net 

BODY AND MIND A History and a 
Defence of Animism Etfth Edition 
Demy 8 vo \is 6 d net 

Maolver (F. M.). THE ELEMENTS OF 
SOCIAL SCIENCE Cr 8 vo dr net 

Maeterlinck (Maurice)— 

The Blue Bird A F airy Play in Six Acts, 
6j net Mary Magdalene A Play in 
Ihree Acts, 5J net Death, 3 s 6 d net 
Our Eternity, dr net.* The Unknown 
Guest, 6s net Poem& 5«r net The 

Wrack of the Storms 6* net The 
Miracle of St Anthony A Play in One 
Act, 3J 6 d net The Burgomaster op 
Stilemonde A Play in Three Acts, y 
net The Betrothal , or, The Blue Bird 
i Chooses, dr net Mountain Paths, 6r 
net The Story of Tyltyl, air net 

Hllllft (A. A»). The Day's Play The 
Holiday Round Once a Week All 
Cr 8 vo ys 6 d net Not that it Matters 
Fcap 8 vo 6 s net If I May Fcap 8 vo 
6 s net The Sunny Side Ecap Bvo 
6 s net 


Oxen ham (John)— 

Bees in Amber , A Little Book of Thought 
ful Verse Alls Weli A Collection of 
War Poems The King’s High Way The 
Vision Sjiendid The Fiery Cross 
High Altars The Record of a ViMt to 
the Battlefields of France and Flanders 
Hearts Courageous All Clear* 
All /small Pott Bvo Paper, is 3 d net , 
cloth boards, as net Winds of the 
Dawn Gbnti emen— The King, 2r net 
Petrie (W. M. Flinders). A HISTORY 
OF EGYPT. Illustrated Six Volumes 
Cr Bvo Each 9 r net 

Vol 1 From the 1 st to the XVIth 
Dynasty Ninth Edition (iot 6 d net ) 
V01 II The XVII-ih and XVIIIth 
Dynasties Sixth Edition 
V01 III XIX-1H to XXXth Dynasties. 

Second Edition 

Vol IV Egypt under the Ptoiemaic 
Dynasty J P Mahaffy Second Edition 
Vol V Egypt under Roman Rule J G 
Milne Second Edition 
Vol VI Egypt d the Middle Ages 
Si anley Lane Pool e Second Editton 
SYRIA AND EGYP 1 , FROM THE 1 ELL 
EL AMARNA LETTERS Cr Bvo 

5 * net 

EGYPTIAN TALES Translated from the 
Papyri First Series, ivth to xnth Dynasty 
Illustrated Third Edition Cr 8 vo 

5 s net 

EGYPTIAN TALES Translated from the 
Papyri Second Series, xvmith to xixth 
Dynasty Illustrated Second Edition 
Cr Bvo 51 net 

Pollard (A. F). A SHORT HISTORY 
OF 1 HE GREAT WAR With « 9 Maps 
Second Edition Cr Bvo ioj 6 d net 
Pollltt (Arthur W ). THE ENJOYMENT 
OF MUSIC Cr 8 zfO 59 net 
Price (L L) A SHORT HISTORY OF 
POI ITICAL ECONOMY IN LNGLAND 
FROM ADAM SMITH TO ARNOLD 
IOYNBEE Tenth Edition Cr Bvo 
51 net 

Reid (0 Archdall). THE LAWS OF 
HEREDITY Second Edition. Demy Bvo 
j£i is net 

Robertion (C. Grant), SKLFCT STA1 
U 1 ES, CASES, AND DOCUMENTS. 
1660-1832 7 htrd Edition Demy Bvo 

i5 J net t 

Selous (Edmund)— 

Tommy Smiths Animals, 3r 6 d net. 
Iommy Smith s Other Animals, 3* 6 d 
Tommy Smith at the Zoo, as $d* 
Tommy Smith again at the Zoo, ar 9 d 
ack s Insects, 3s 6 d Jack’s Other 

NSECTS, 3 S 6 d 

Shelley (Percy Byssheh POEMS With 
an Introduction by A Glutton-Brock and 
Notes by C D Locock Two Volumes 
Demy One. £* ** net 

IV H 

k 
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Smith (Adam). THE WEALTH OF 
NATIONS Edited by Edwin Cannan 
Two Volume* Second Edition. Demy 
8 vo £t id net 

Smith (S 0 Kalnea) LOOKING AT 
PICTURES Illustrated Fcap 8 vo 

Stevenson (R. L.). THE LETTERS OF 
ROBERT LOUIS STEVENSON Edited 
by Sir Sidney Colvin A New Re- 
arranged Edition tnfottr volumes Fourth 

Edition Fcap 8 vo Each 6r net 

Surtees (B. 8 >- 

Handley Cross, 7s 6d net Mr 

Sponge’s Sporting Tour, 7s 6 d net 
Ask Mamma or, The Richest Commoner 
in England, 7 s 6 d net Jokrocks’k 
aunts and Jollities, fix net Mr 
achy Romford's Hounds, 7 s 6d net 
Hawbuck Grange, or, The Sporting 
Adventures of Thomas Scott, Esq , 6x 
net Plain or Ringlets 1 7s 6d net 
Hillingdon Hall, 7 x td net 

Tllden (W. T) THE AR 1 OF LAWN 
TENNIS Illustrated Third Edition 
Cr 8z’o 6s net 

Tlleston (Mary W ) DAILY STRENG 1 H 
FOR DAILY NEEDS Twenty seventh 
Edition Medium i6*no 3J 6 d net 

Townihend (R. B) INSPIRED GOLF 
Fcap t vo is 6 d net 

Turner (W J) MUSIC AND LIFE 
Crown 8 vo 7 x 6 d net 


Underhill (Evelyn). MYSTICISM A 
Study m the Nature and Development of 
Man s Spiritual Consciousness. Eighth 
Edition Demy 8 vo 15X net 

Yardon (Harry). HOW TO PLAY GOLF 
Illustrated Fourteenth Edition Cr 8 vo 
$s 6 d net 

Waterhouie (Elizabeth). A LITTLE 
BOOK OF LIFE AND DEATH 
Twenty first Edition Small Pott 81 >0 
Cloth , 2 s 6 d net 

Wells (J.). A SHORT HISTORY OF 
ROME Seventeenth Edition With 3 
Maps Cr 8 vo 6s 

Wilde (Oscar). THE WORKS OF OSCAR 
WILDE Fcap 8 vo Each 6s 6d net 
1 Lord Arthur Savii e s Crime and 
thk Portrait of Mr. W H 11 The 
Duchess of Padua iii Poems iv 
Lady Windermere’s Fan v A Woman 
of No Importance vi An Ideal Hus* 
band vii The Importance of Being 
Earnest viii A House of Pome 

GRANATES IX INTENTIONS X DE PRO 
FUNDIS AND PRISON LETTERS XI ESSAYS 

xii Salom£, A Florentine Tragedy, 
and La Sainte Courtisane xiii A 
Critic in Pall Mall xiv Selected 
Prose of Oscar Wilde xv Art and 
Decoration 

A HOUSE OF POMEGRANATES Illus- 
trated Cr 4 to 2ix net 

Yeatz (W B) A BOOK OF IRISH 
VERSE Fourth Edition Cr 8vo 7 x net 


Part II. — A Selection of Series 


Ancient Cities 

General Editor, Sir B C A WINDLE 
Cr %vo 6s net each volume 
With Illustrations by E H New, and other Artists 
Bristol Canterbury Chester Dub i Edinburgh Lincoln Shrewsbury. 
LIN J 


The Antiquary’s Books 

Demy 8 vo iar 6 d net each volume 

With Numerous Illustrations 


Ancient Painted Glass in England 
Archajologv and False Antiquities 
The Bells oy England The Bra sbs 
of England The Castles and Walled 
Towns of England Celtic Art in 
Pagan and Christian Times Church- 
wardens' Accounts The Domesday 
Inquest English Church Furniture 
English Costume English Monastic 
Life. English Seals Folk Lore as 
an Historical Science The Gilds and 
Companies of London The Hermits 
and Anchorites of England The 


Manor and Manorial Records The 
Medieval Hospitals of England 
Old English Instruments of Music 
Old English Libraries Old Service 
Books of the English Church Parish 
Life in Medieval England The 
Parish Registers of Engi and Re 

MAINS OF THE PREHISTORIC AGE IN ENG* 

land The Roman Era in Britain. 
Romano-British Buildings and Earth- 
works The Roval Forests of Eng- 
land The Schools of Medieval Eng- 
land. Shrine* of British Saints. 
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The Arden Shakespeare 

General Editor, R II CASE 
Demy Svo 6 s net each volume 

An edition of Shakespeare in Single Plays , each edited with a full Introduction, 
Textual Notes, and a Commentary at the foot of the page 


Classics of Art 


Edited by Dr J II W LAING 
With numerous Illustrations Wide Royal 8 vo 


The Aar ok thp Gnepks, 15* nef Thb 
Art of the Rowans, i6r net ( hardin, 
15X net Donaiello, »6x net George 
Romney, 151 net Ghirlandaio, 154 net 
Lawrence, 255 net Michelangelo, 


net Raphael ly net Rembrandt’s 
fcTf kings, 31X 6// net Rembrandt's 
Pain i ings, 42* net Tintoretto, i6x net 
Tn ian, i6x net Turner’s Sketches and 
Drawings, 15s tut Velazquez, 15* net 


The 1 Complete * Series 


Fully Illustrated 

The Complete Airman, j6j net The 
Complete Amateur Boxer, um 6 d net 
1 he Complete Association Poot 
BAUER, IOX 6 d tUt T HE COMPITIE 

Athietic Trainer, iox 6 d net Xhe 
Complete Billiard Player, 12s 6 d 
net The Compietk Cook, iox (>d net 
IheCompiete Crilketkk, iox 6 d net 
The Complete Foxhunter, 16 s net 
The Compietk Goiptr, iax 6 d net 
The Complete Hockey Pl/yek, iox 6 d 
net The Complete Horseman, 12s 6 d 


Demy Svo 

net The Complete jujitsu an Cr Bt/tt 5 x 
net Tde Complete Lawn Tennis Player, 
lax 6 d net The Compiete Motorist, 
jos 6 a net Thr Compi ETk Mountain 
fkr, i6x net The Compi Ktk Oarsman, 
15X net 1 HE Compllte Photographeh, 
15X net The Compjkik Rucey Foot 
BALLER, ON 1 HE NEW 7 EAIaND SYSTEM, 
1 ax 6 d net TheComwete Shot i6j 
net 1 he Compi ETE SwiMAiER, I ox 6 d 
net The Co mi lb, te Yachtsman, iBx 
net 


The Connoisseur’s Library 

With numerous Illustrations Wide Royal Svo 25 s net each volume 

Kngi ish Coloured Books Etchings I Ivories Jewelikry Mezzotints 
European Enameis Fine Books Miniatures Porcelain Seals 
Glass Goldsmiths' and Silversmiths Wood Sculpture 
Work Illuminated Manuscripts | 


Handbooks of Theology 

Demy 8tw 


The Doctrine of the Incarnation, 151 
«et A History of Early Christian 
Doctrine, 16s tut Introduction to 
the History of Religion, irj id tut 
An Introduction to the History of 


the Creeds, iaj id tut The Philosophy 
of Religion in Engiand and America, 
12s id rut The XXXIX Articles of 
the Church of England, ijs tut 


Health Series 


Fcap 8 vo. 

The Baby The Care of the Body The 
Care of the Teeth The Eyes of our 
Children Health for the Middle 
Aged The Health of a Woman The 
Health of the Skin How to Live 


is 6 d. tut 

Long The Prevention of the Common 
Cold Staying the Pi ague Throat 
and Ear Troubles Tuberculosis The 
Health of the Child, zj tut. 
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The Library of Devotion 

Handy Editions of the great Devotional Books, well edited. 
With Introductions and (where necessary) Notes 
Small Pott 8 vo, cloth, y net and 31 6 d. net 


Little Books on Art 


With many Illustrations Demy 1 6 mo 51 net tack volume 


Each volume consists of about 200 pages, and contains from 30 to 40 Illustrations, 
including a Frontispiece in Photogravure 


Albrecht DDrkk The Arts o» Japan 
Bookplates Bon Tien li BurneJonfs 
Cellini Christian Symbolism Chkim 
in Art Ciaudb C< ’Nstabj e Corot 
Eakly English Water Coi our Lna 
mels Frederic Leighton Geori e 
Romney Greek Art Greuze and 


Boucher Holbein Illuminated 
Manuscripts Jewellery John Hopp- 
ner Sir Joshua Reynolds Millet. 
Miniatures OurLadyinArt Raphael. 
Rodin Turner Vandyck Velasquez 
Watts 


The Little GuideB 

With many Illustrations by E. H N RW and other artists, and from photographs 
Small rott 8 vo 4J net, 55 net, and 6s net 
Guides to the English and Welsh Counties, and some well-known districts 
The mam features of these Guides are (1) a handy and charming form , (2) 
illustrations from photographs and by well known artists , (3) good plans and 
maps , (4) an adequate but compact presentation of everything that is interesting 
in the natural features, history, archaeology, and architecture of the town or 
district treated 


The Little Quarto Shakespeare 

Edited by W. J CRAIG With Introductions and Notes 

Pott 16 me. 40 Volumes Leather, prut is 9 d. net each volume 
Cloth, ix 6 d. 


Plays 


Flap 8 vo. 

Milestones. Arnold Bennett and Edward 
Knoblock. Ntntk Edition. 

Ideal Husband, An Oscar Wilde Acting 
Edition 

Kismet Edward Knob Joclc. Fourth Edt 
turn. 

The Great Adventure. Arnold Bennett. 
F{flh Edition. 


3j 6 d net 

Typhoon A Play in Four Acts Melchior 
Lengyel English Version by Laurence 
Irving Second Edition. 

Ware Case, The. George Pleydell, 
General Post J E. Harold Terry Second 
Edition 

The Honeymoon Arnold Bennett. Thtrd 
Edition. 
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Sports Series 

Illustrated Fcap 8vo 


All About Flying, 3 s ntt Golf Do’s 
and Dont’s, 25 6 d net The Goi fing 
Swing, ar 6 d net Quick Cuts to Good 
Golp, as 6 d net Inspired Goi f, 2s 6 d 


net How to Swim, 25 net Lawn 
1 ennis, 3# net Skating, 3* net Cross 
Country Ski ing, $s net Wrestling, 
2 s net Hockey, 4 s net 


The Westminster Commentaries 

General Editor, WALTER LOCK 


Demy 8 vo 


The Acts of the Apostles, i6t net 
Amos, 8 s 6d net I Corinthians, 8s 
6 d net Exodus, 15* net Ezekirl, 
laj (at net Genesis, idr net Hebrews, 
84 6 d net Isaiah, i6i net Jeremiah, 


16s net Job, 8 r 6d net The Pastoral 
Epimifs, 8^ Sd net The Philippians, 
8 5 6 d net Sr Iames, 8 x 6 d net St 
Matthew, 15J net 


Methuen’s Two-Shilling Library 

Cheap Editions of many Popular Books 
Fcap 8 vo 


Part III. — A Selection of Works of Fiction 


Bennett (Arnold)— 

Clavhanger, 8 r net Hilda Lkssways, 
8 5 6 d net These Twain The Card 
The Regent A Five Towns Story of 
Adventure in London T he Pricp op 
Love Buried Alive A Man from ihk 
Norjh The Matador of the Five 
Towns Whom God hath Joined A 
(treat Man A Frolic AlLjs 6 d net 
Birmingham (George A )— 

Spanish Gold The Search Party 
Lalage’s Lovers The Bad Times Up, 
the Rebels Alljs bd net Imshefny, 
8x 6 d net The Lost Lawyer, 7 s 6 d net 
Burroaghi (Edgar Rice)— 

Tarzan of the Apes, 6 j net The 
Return of Tarzan, 6 s net 1 he Beasts 
op Tarzan, 6 s net The Son of Tartan, 
6 s net Jungle Tales op Tarzan, 6 s 
net Tarzan and the Jewels of Opar, 
6 s net Tarzan theUntamed, rr 6 d net 
A Princess of Mars, &r net The Gods 
of Mars, 6 s net The Warlord op 
Mars, dr net Thovia, Maid of Mars, 
6 s net Tarzan the Terrible, 2X 6 d net 
The Man without a Soul dr net 
Gonrad (Joseph). A Set of Six, 7 s 6 d net 
Victory An Island Tale CV too as 
net The Secret Agent A Simple Tale 
Cr too 91 net Under Western Eyes. 
Cr too 91 net Chaj£E Cr too gs net 


Corelli (Marie)— 

A Romance of Two Worlds, 7 s 6d net 
Venom ta or, The Story of One For 

f otten, 8r net Ihbima A Norwegian 
'rincess, 8 j 6 d net Ardath The Story 
of a Dead Self, 7s 6 d net The Soul of 
Limit, 7* 6 d net Wormwood A Drama 
of Paris,, 8j net Bakabbas A Dream of 
the World s Tragedy, 8j net The Sorrows 
of Satan, js 6 d net The Master 
Christian, 8j 6 d net Temporal Power 
A Study in Supremacy, 6s ^ fat God's 
Good Man A Simple Lc 


A Study in Supremacy, 6 s fat God's 
Good Man A Simple Love Story, Bf 6 d 
net Holy Orders The Tragedy of a 
Quiet Life, 8 j 6 d net 1 he Mighty Atom, 
7 s 6 d net Boy A Sketch, •js 6 d net 
Cameos, 6j net The Life Evkri asting, 
8r 6 d net The Love op Long Ago, and 
Other Stories, 8 s 6 d net Innocent, 
js 6 d net The Secret Power A 
Romance of the Time, js 6 d net 

Hlohene (Robert)— 

Tongufs of Conscience, js 6 d net 
Felix Three Years in a Life, js 6 d net 
The Woman with the Fan, js 6 d net 
Bykways, js 6 d net Ihe Garden of 
Allah, is 6 d net The Call of the 
Blood, 8 s 6 d net Barbary Sheep, 6 s 
net The Dweller on the Threshold, 
js 6 d net The Way of Ambition, js 
6 d net In the Wilderness, js 6 d net 
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Hope (inthony)— 

A Change ok Air A Man of Mark 
The Chronicles ok Count Antonio 
Simon Dale The Kings Mirror. 
uisANTfc The Doily Dialogues 
ales of Two People A Servant of 
the Public Mrs Maxon Protests 
A Young Man s Yeah Beaumaroy 
Home prom the Wars All js 6 d net 

Jacobi (W WH 

Many Cargoes, 5 s net Sea Urchins, 
5X net and 3X bd net A Master ok 
Craft, 5* net Light Freights, 5 s net 
The Skipper's Wooing, 5^ *** At Sun 
wich Port, net Dialstqne Lane, 
jx net Odd Craft, sx net The Lady 
of the Barge, $s net Salthavkn, sx 
net Saiiors Knots, 5 s net Short 
Cruises, 6j net 

London (Jack) WHITE FANG Ninth 
Edition Cr 8 vo 7 s bd net 

Lucas (K. Y.)— 

Listener s Lure An Oblique Narration, 
6x net Over Rkmkkton’s An Easy 

f ouig Chronicle, 6x net Mr Ingieside, 
s net London Lavender, 6r net 
Landmarks, 7 s 6 d net The Vermilion 
Box, 7s 6d net Vekena in the Midst, 
8x 6 d net Rose and Rose, 7* 6 d net 
McKenna (Stephen)— 

Sonia Between Two Worlds, 8x net 
Ninety Six Hours' Leave, 7 s 6 d net 
The Sixth Sense, 6x net Midas & Son, 
8 s net 

M&let (Lucas)— 

The History ok Sir Richaro Calmady 
A Romance ior net The Cakissima 
Ihb Dateless Barrier Di adham 
Hard All 75 bd net The Wages op 
Sin 8x net 

Mason (A E W) Cl EMENTINA 
Illustrated Ninth Edition Cr 8 vo 7 s 
6 d net 

Maxwell (W B )— 

Vivien Thp Guarded Flamf Odd 
Lengths Hill Rise The Rest Cure 
All 75 6 d net 

Oxenham (John)— 

Profit and Loss The Song of Hva 
cinth, and Other Stones The Coil op 
Carne 1 he Quest op the Golden Rose 
Mary All 4 lone Bkoken Shackles 
“ 1914 " All 75 6d net 


Parker (Gilbert)— 

Pierre and his People Mrs Falchion 
The Translation of a Savage When 
Valmond cams to Pontiac The Story of 
a Lost N apoleon An Adventurer of the 
North The Last Adventure* of ‘Pretty 
Pierre ’ The Seats op the Mighty The 
Battle ok the Strong A Romance 
of Two Kingdoms The Pomp of the 
Lavilettes Northern Lights All 
7 x bd net 

Phlll pott* (Eden)— 

Chiidren op the Mist The River 
Demeter’s Daughter The Human Boy 
and the War A117S 6 d net 

Ridge (W Pett}— 

A Son dp the State, 7J 6 d net The 
Remington Sentence, 75 bd net 
Madame Prince, 7 s bd net Top Speed, 
7s bd net Special Performances, 6j 
net The Bustling Hours, 75 bd net 
Bannertons Agency, 7 s bd net Well 
to do Arthur, 7s bd net 

Rohmer (Sax)— 

Ihe Devil Doctor Tales of Secret 
Kcypt The Orchard of Tears The 
Golden Scorpion AU 75 bd net 

Swlnnerton (P \ SHOPS AND HOUSES 

rhird Edition Cr bvo 7s bd net 
SEPTEMBER Third Edition Cr 8 vo 
7 s bd net 

THE HAPPY tAMILY Second Edition 
7s bd net 

ON THE STAIRCASE Third Edition 
7 s bd net 

COQUETTE Cr 8 vo 7s bd net 

Wells (H G ) BEALBY Fourth Edition 
Cr 8 vo 7 x bd net 

Williamson (C N. and k M )— 

The Lightning Conductor The Strange 
Adventures of a Motor Car Lady Betty 
across the Water Lord Loveland 
discovers America The Guests of 
Hercules It Happened in Egypt A 
Soldier of the Legion The Shop 
Girl The Lightning Conductress 
Secret History The Love Pirate 
All 7s bd net Crucifix Corner dr 
net 


Methuen’s Two-Shilling Novels 

Cheap Editions of many of the most Popular Novels of the day 
Write for Complete List 
Fcap. 8 vo 



